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Abstract—The optimal power flow (OPF) problem can be
rapidly and reliably solved by employing responsive online solvers
based on neural networks. The dynamic nature of renewable
energy generation and the variability of power grid conditions
necessitate frequent neural network updates with new data
instances. To address this need and reduce the time required for
data preparation time, we propose a semi-supervised learning
framework aided by data augmentation. In this context, ridge
regression replaces the traditional solver, facilitating swift pre-
diction of optimal solutions for the given input load demands.
Additionally, to accelerate the backpropagation during training,
we develop novel batch-mean gradient estimation approaches
along with a reduced branch set to alleviate the complexity of gra-
dient computation. Numerical simulations demonstrate that our
neural network, equipped with the proposed gradient estimators,
consistently achieves feasible and near-optimal solutions. These
results underline the effectiveness of our approach for practical
implementation in real-time OPF applications.

Index Terms—Optimal power flow, neural networks, semi-
supervised learning, gradient estimation.

I. INTRODUCTION

Timely clearing of real-time energy markets is an important
task carried out by independent system operators (ISOs).
When the constraints of this resource allocation problem
encompass nonlinear equations that represent network physics,
it is referred to as alternating-current optimal power flow
(AC-OPF). In practical applications, the computational burden
associated with solving AC-OPF compels ISOs to resort to
linear approximations, such as DC-OPF, to meet real-time
operating requirements. However, the rising penetration of
renewables and fluctuations in load demand make it imperative
to employ AC-OPF. This is crucial to prevent network losses
that may arise from the low-fidelity modeling inherent in DC-
OPF. Consequently, there is a need to explore alternatives to
traditional OPF solvers, as they are unsuitable for real-time
scenarios [1], [2].

In recent times, there has been a surge in research exploring
deep learning-based approaches, driven by their notable gener-
alization capabilities and efficient inference times. Considering
the data-driven nature, it is critical to frequently and promptly
update the neural network (NN) with new data instances
[3]. In this paper, we propose a semi-supervised learning
framework to shorten data preparation times compared to the
current supervised learning literature. Additionally, we propose
a novel physics-informed gradient estimation technique to ac-
celerate backpropagation during NN training. The cumulative
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impact results in the swift assessment of AC-OPF, concurrently
maintaining the underlying neural network updated through
frequent re-training.

A. Literature Review

Both supervised and unsupervised learning techniques have
been applied to address the AC-OPF problem. In the super-
vised learning framework, traditional solvers are commonly
used to generate input-output data pairs by finding the optimal
solution to the given load demand. [4] and [5] utilize fully con-
nected neural networks (FCNNs) to output all decision vari-
ables. [3] proposes a two-stage approach for scalable learning
while [6] employs compact optimization learning to compress
the space of optimal solutions. By contrast, [7] and [8] focus
on outputting voltage phasors and recovering active/reactive
power generation via power balance equations. Some studies
leverage the power grid’s topology information by using graph
neural networks, convolutional neural networks (CNNs), and
Chebyshev CNNs in place of FCNNs; see [9]–[11]. However,
a major drawback of these approaches is the lack of constraint
satisfaction. [12] proposes a physics-informed NN that outputs
the primal and dual variables and adds the KKT condition
violations in the loss term. To address the load mismatch
issue, [13] and [14] utilize FCNNs to predict a partial set
of decision variables and reconstruct the remaining variables
using power flow (PF) solvers. Furthermore, the time required
for data pair preparation in existing works remains substantial
due to the long solve times of conventional solvers generating
the data. Frequent training on such data is important to ensure
that the quality of NN solutions does not degrade [15]. In the
modern smart grid, the Internet of Things framework allows
ISOs to rapidly acquire system states through the advanced
communication network, such as monitoring the load demands
and controlling distributed energy resources by smart devices
[16].

Recent research has used unsupervised learning as a tool
to streamline the laborious process of data preparation. In
unsupervised learning techniques, the training process of NNs
itself ensures that its outputs are feasible and optimal solutions
to AC-OPF without requiring explicit targets. [17] and [18]
incorporate both the OPF objective function and a penalty for
constraint violations in their training loss. Other approaches,
such as [19], exploit duality theory to jointly train primal and
dual networks with a loss function inspired by the augmented
Lagrangian method. [20] formulates the multi-period OPF
as a stochastic nonlinear programming problem and solves
the Markov decision process by employing reinforcement
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learning. To fulfill load balance, [21] and [22] employ a
variable splitting (VS) scheme, which predicts a subset of
decision variables and reconstructs the remaining variables
using PF solvers (e.g., fast decoupled power flow (FDPF)). The
unsupervised learning framework typically relies on bounded
activation functions in the output layer to ensure the automatic
satisfaction of inequality constraints. However, in the worst-
case scenario, subsequent PF solvers may fail to find feasible
solutions, which leads to unsuccessful training. However,
variable splitting introduces new challenges when it comes
to computing gradients. During each training iteration, the
gradient of the reconstructed variables with respect to the pre-
dicted variables needs to be calculated. Based on the implicit
function theorem, [21] employs the inverse Jacobian matrix to
derive the gradient. To alleviate the computational complex-
ity, [13] and [14] adopt the zeroth-order estimation method
[23]. Nevertheless, training can still be time-consuming, as it
requires more iterations to converge to the optimal solution.
Consequently, these existing schemes are ill-suited for timely
and frequent updates of the NNs.

B. Contributions
To reduce the time required for data preparation and enhance

the quality of the deep learning-based OPF solution, this study
introduces a semi-supervised learning framework incorporat-
ing data augmentation techniques. Semi-supervised learning
has been applied to detecting events and diagnosing faults
in scenarios where labeled data are missing or imbalanced
[24] and [25]. In AC-OPF, iteration-based optimization solvers
are typically utilized to compute the target variables. Relying
on the conventional solver to generate thousands of data
pairs imposes an additional heavy burden on the NN-based
supervised learning framework. Thus, inspired by the pseudo-
labeling technique, we construct a hybrid training dataset
comprising ground truth data given by a conventional solver
and pseudo data obtained through a data-driven regression.
By utilizing a limited set of input-output data pairs obtained
from a traditional solver, we employ ridge regression to learn
the mapping from load demands to optimal decision variables.
Subsequently, the trained model is used to predict pseudo
target values for other demand samples.

Moreover, during the initial training epochs, we incorporate
the ℓ2 loss function as part of warm-up training. Following
the warm-up period, the training loss is adjusted to include a
penalty for constraint violations, which promotes feasibility. In
addition, we address the computational and memory storage
challenges associated with the Jacobian tensor by introducing
a novel batch gradient estimator. Additionally, we curtail
unnecessary computations by excluding branches (power lines)
that are unlikely to be binding to their flow limits; this is
done before training commences. This design is motivated by
the fact that a significant number of apparent branch flow
constraints are non-binding (cf. [26] and [27]). Computing
gradients for these non-binding constraints is unnecessary
since their violation loss is zero and does not impact weight
updates.

To sum up, the major contributions of this paper are three-
fold: (1) A semi-supervised learning framework with pseudo-

labeling is proposed to significantly reduce data preparation
time. (2) The proposed warm-up training epochs facilitate
finding feasible PF solutions even in the initial training stage,
thereby expediting the neural network training process. (3)
Efficient batch gradient estimation techniques, along with
a reduced branch set, are developed to alleviate the high
computation burden of the training.

The remaining part of this paper is organized as follows.
Section II formulates the AC-OPF problem. Section III details
the proposed learning framework and approaches. Section IV
shows the numerical results tested on four benchmark systems.
Finally, Section V presents the concluding remark.

Notation: Upper (lower) boldface letters are used for matri-
ces (column vectors). Sets are denoted by calligraphic letters.
(·)⊤ and (·)−1 are vector/matrix transpose and matrix inverse,
respectively. ∥ · ∥2 denotes the vector ℓ2-norm.

II. AC-OPF PROBLEM FORMULATION

Consider a power network consisting of N buses (denoted
by N ) and M power lines (denoted by M). There are three
types of buses: one reference bus, the set of Nd load buses
(denoted by Nd), and the set of Ng generator buses (denoted
by Ng). Let N d := N \ Nd collect all generator buses
and the reference bus. Our AC-OPF formulation minimizes a
single objective function, such as total generation cost, while
satisfying a set of operational constraints, as given below:

min
V,θ,Pg,Qg

∑
i

ci(Pg,i) , (1a)

s.t. Pg,i=Pd,i+Vi

N∑
j=1

Vj(Gij cos θij+Bij sin θij), (1b)

Qg,i=Qd,i+Vi

N∑
j=1

Vj(Gij sin θij−Bij cos θij), (1c)

pij=−GijV
2
i +ViVj(Gij cos θij+Bij sin θij) , (1d)

qij=BijV
2
i +ViVj(Gij sin θij−Bij cos θij) , (1e)

s2ij = p2ij+q2ij , ∀(i, j) ∈ M , (1f)

s2ij ≤ (smax
ij )2, ∀(i, j) ∈ M , (1g)

Pmin
g,i ≤Pg,i ≤ Pmax

g,i , ∀i ∈ N d , (1h)

Qmin
g,i ≤Qg,i ≤ Qmax

g,i , ∀i ∈ N d , (1i)

V min
i ≤Vi ≤ V max

i , ∀i ∈ N , (1j)
Pg,i=Qg,i = 0 ,∀i ∈ Nd , (1k)
θref=0 . (1l)

The objective function (1a) captures the total generation cost.
ci(·) is the generation cost function of generator i. Pg,i, Qg,i,
Pd,i and Qd,i denote the active/reactive power generations and
load demands of bus i. Vi is the voltage magnitude of bus i.
θij := θi − θj is the voltage angle difference between bus
i and j. pij and qij refer to the active/reactive branch flows
from bus i to bus j. Gij and Bij denote the real/imaginary
parts of the (i, j)-th element of the nodal admittance matrix
Y ∈ CN×N , respectively. (1b) and (1c) refer to the PF
equations based on Kichoff’s law. (1d) and (1e) represent the
branch flow equations, and (1g) shows the apparent power flow
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Fig. 1. The proposed FCNN learning framework for the AC-OPF problem.

constraints. Besides, (1h)-(1j) refer to the box constraints of
active/reactive power generations and voltage magnitudes. (1k)
indicates the load bus does not connect to any generators. (1l)
shows the phase angle at the reference bus, which serves as the
reference value for determining the phase angles of all other
buses. Without fixing one bus angle, there would be infinitely
many solutions differing by a uniform phase shift. Setting the
reference bus angle to zero eliminates this redundancy, leading
to a unique solution for the voltage angles. The reference
value is set to 0 by convention. AC-OPF problem is highly
non-linear and non-convex and cannot generally be solved
in polynomial time. We propose a semi-supervised learning
framework for rapid AC-OPF predictions. Our approach learns
an end-to-end mapping from load demands to active/reactive
power generation and voltage phasors.

III. PROPOSED APPROACH

A. FDPF-Embedded Learning Framework

Let v = [θ;V] ∈ R2N collect all voltage phasors and
x = [Pd;Qd] ∈ R2N collect all active/reactive demands.
Pg and Pg,ref denote active power outputs of all generator
buses and the reference bus, respectively. Similarly, define
Qg and Qg,ref for the reactive power counterparts. We select
y = [Pg;VNd

] ∈ R2Ng+1 as the output. The remaining OPF
variables are collected by z1 = [θNg∪Nd

;Vd] ∈ R2Nd+Ng

and z2 = [Pg,ref ;Qg,ref ;Qg; s
2] ∈ R2+Ng+M , where s2 =

[s21, s
2
2, . . . , s

2
M ]⊤ are the squared apparent power flows.

As shown in Fig. 1, the variable splitting scheme in our
proposed framework guarantees the satisfaction of the equality
constraints. Specifically, given x and y, the FDPF solver
computes z1 based on the active power balance equations
at load/generator buses and reactive power balance equations
at load buses. They are denoted by (1b)Nd∪Ng and (1c)Nd

,
respectively. We can rewrite those 2Nd + Ng PF equations
as f(y, z1(y)) = 0. Let fr(·) denote the unique mapping
from v 7→ z2, which can be obtained by solving the equality
constraints (1b)ref , (1c)ref , (1b)Ng

, and (1d)-(1f).
We design an FCNN with L layers to learn the mapping

x 7→ y. The forward propagation is given as follows:

h1 = x , (2a)
hl+1 = σ (Wlhl + bl) , l = 1, 2, . . . , L− 2 , (2b)

ỹ = tanh(WL−1hL−1 + bL−1) , (2c)
y = ProjBy

(ỹ) , (2d)

where W := {Wl,bl}L−1
l=1 collect all weights and biases. The

final layer utilizes the tanh(·) activation function, whereas
all other layers employ the ReLU activation function σ(·).
Let Byi

:= [ymin
i ,ymax

i ] denote the interval between the
minimum and maximum values of the output’s i-th component.

Algorithm 1 OPF data generation using pseudo-labeling
Input: Load demand dataset X .
Output: Augmented load demand dataset X̂ .

1: Use a conventional solver to find the optimal solutions to
a small fraction of demand samples in X .

2: Train a regression model to learn the input-output mapping
for data points (x,y) obtained from the previous step.

3: Use the trained regression model to predict pseudo values
y for the remaining samples in X . Project the violated
pseudo values into their corresponding box constraints,
i.e., y = min{max {y, ymin}, ymax}

4: Compute z1 via the FDPF solver and z2 using equations
(1b)-(1f).

Operator ProjBy
(·) performs a component-wise projection of

its argument onto By given as

yi = ProjByi
(ỹi) := λiy

max
i + (1− λi)y

min
i , (3)

where λi =
1+ỹi

2 ∈ [0, 1] is the coefficient of the above convex
combination that guarantees the fulfillment of the associated
box constraint.

B. Semi-supervised Learning with pseudo-labeling

As the amount of available data increases, the accuracy of
the machine learning training model improves. To speed up the
training data preparation process, we combine semi-supervised
learning with pseudo-labeling for deep-learning based OPF
frameworks. Applying an off-the-shelf OPF solver to a small
portion of demand samples, we first obtain their corresponding
optimal solutions that are treated as the ground truth. Then,
a regression model is trained to learn the mapping x 7→ y.
The trained model is used to predict the optimal solutions,
named pseudo values, for all remaining demand samples.
Those pseudo values may not be optimal or even feasible,
but they play a guidance role during the training. Algorithm 1
shows the proposed process of data augmentation.

We propose to use ridge regression for the data augmen-
tation. Given a small dataset, excessive features of the OPF
problem can contribute to overfitting by introducing higher
model complexity. This in turn raises the likelihood of redun-
dant features and the inclusion of irrelevant features that have
no bearing on the prediction. The primary benefit of ridge
regression lies in its ability to effectively shrink coefficients
and reduce model complexity. Furthermore, standard deviation
(std) and ranges of OPF outputs y are typically small (cf.
IV-D1). Ridge regression has shown promising performance
in predicting outputs with small variance.

C. Training Loss

The training loss function should take into account the opti-
mality and feasibility of the decision variables. Our framework
shown in Fig. 1 automatically guarantees the satisfaction of all
equality constraints (1b)-(1f). Hence, besides the generation
cost Lo in (1a), we incorporate two additional terms to the
training loss: i) Ls as the error between pseudo values and
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estimates and ii) Lc as the penalty of inequality constraint
violation. The overall training loss is thus designed as:

ℓ(y, z1, z2) := Lc + woLo + wsLs , (4)

where wo, ws are the weighting parameters balancing different
terms. The supervised learning loss Ls is given as:

Ls(Pg,v) = ∥Pg − P̃g∥2 + ∥v − ṽ∥2 , (5)

where P̃g and ṽ are the pseudo values of the corresponding
variables. Note that the estimation error of z2, which is
uniquely determined by v, is not included in Ls. The inequality
constraint violation loss Lc is constructed as:

Lc(z2,Vd) = lc(z2) + wvlc(Vd) , (6)

where wv balances the violation losses between z2 and Vd.
The box constraint violation loss function lc(c) is defined as:

lc(c) := ∥ReLU (c− cmax)∥2 + ∥ReLU (cmin − c)∥2 . (7)

Remark 1 (The role of weight wv). Using the weight param-
eter wv is critical in the feasibility guarantee. The motivation
is to avoid the potential vicious cycle described as follows. In
the backpropagation, the chain rule applies:

dLc(z2(Vd),Vd)

dVd
=

∂lc(z2)

∂z2

dz2
dVd

+ wv
d lc(Vd)

dVd
, (8)

where dz2

dVd
is related to the power grid parameters that can

have large values (see Section III-D). It is desirable to have wv

and the grid parameters in a similar order of magnitude. This
ensures no loss terms will be ignored in the loss function by the
minimization problem because we assign similar importance
to different loss terms. In the forward propagation, z2 depends
on Vd through the power and branch flow equations. Thus,
if Vd is far from the feasible region, the further obtained z2
will have a large violation loss. In this case, more efforts will
be put into minimizing the first loss term while increasingly
ignoring the second one, which leads to a vicious cycle.

1) Warm-up epoch loss: In the first few warm-up epochs
of training, we propose to use the loss function:

Lwp(Pg,VNd
) = ∥Pg − P̃g∥2 + wwp∥VNd

− ṼNd
∥2. (9)

The weight parameter wwp balances the two loss terms. Output
y automatically satisfies the inequality constraints thanks to
the Proj operator. It is important to introduce the supervised
training loss. First, the model is unlikely to yield good initial
values of y during the early stage of neural network training.
In the worst scenario, the FPDF solver may fail to find a
feasible PF solution, leading to training failure. Second, wide
feasible ranges of those decision variables lead to a longer
training time. Using the neural network weights parameterized
by a pre-trained model rather than random initialization helps
reduce the optimality gap [14]. Specifically, they pre-train an
FCNN using the ground truth data to approximate the mapping
x 7→ y. We are inspired to train the neural network only with
the estimation error of y yielding a small optimality gap.

D. Implicit Gradient Computation

For the backpropagation, we need to calculate the derivatives
dℓ
dW = dℓ

dy × dy
dW , where dy

dW is straightforward to compute. For
the other factor dℓ

dy , we have by the chain rule:

dℓ(y, z1(y), z2(y, z1(y)))

dy
=

∂ℓ

∂y
+

∂ℓ

∂z1

dz1
dy

+
∂ℓ

∂z2

dz2
dy

, (10)

dz2(y, z1(y))

dy
=

∂z2
∂y

+
∂z2
∂z1

dz1
dy

. (11)

Based on the power flow and branch flow equations, ∂z2

∂y , ∂z2

∂z1

and dz1

dy can be derived from the nodal and branch Jacobian
matrices as follows.

The nodal Jacobian matrix Jnodal collects the gradients of
the active/reactive power injections w.r.t. the voltage phasors.
It can be divided into four blocks given as:

Jnodal :=

[
JPθ JPV

JQθ JQV

]
∈ R2N×2N . (12)

Each block is an N×N matrix whose elements can be derived
from the PF equations (1b)-(1c). By the apparent branch flow
equation (1f), we have

∂ s2

∂ vj
= 2p⊙ Jab

(:,j) + 2q⊙ Jrb
(:,j) ∈ RM , (13)

where p = [p1, p2 . . . , pM ]⊤ and q = [q1, q2 . . . , qM ]⊤ are ac-
tive and reactive branch flows, respectively. Jab ∈ RM×2N and
Jrb ∈ RM×2N represent the gradients of the active/reactive
power flows w.r.t. the voltage phasors, which are derived by
using (1d)-(1e). Jab

(:,j) and Jrb
(:,j) denote the j-th column of Jab

and Jrb, respectively. vj is the j-th element of v and ⊙ is the
point-wise product.

Note that except for Pg , all other variables in y and z1 are
voltage phasors. The variables in z2 are determined by voltage
phasors, we get ∂z2

∂Pg
= 0. Furthermore, ∂z2

∂y and ∂z2

∂z1
can be

found as the corresponding entries of (12) an (13).
Next, based on the implicit function theorem, we show how

to compute dz1

dy via the PF equations f(y, z1(y)) = 0 [21]:

dz1(y)

dy
= −

(
∂f

∂z1

)−1 (
∂f

∂y

)
∈ R(2Nd+Ng)×(2Ng+1) .

(14)

Besides, ∂f
∂z1

can be derived by extracting the corresponding
elements of Jnodal:

∂f

∂z1
:= Jz1 =

[
JPθ
z1 JPV

z1

JQθ
z1 JQV

z1

]
∈ R(2Nd+Ng)×(2Nd+Ng) .

(15)

In addition, ∂f
∂y consists of two parts:

∂f

∂y
:= Jy =

[
∂f

∂Pg

∂f

∂VNd

]
∈ R(2Nd+Ng)×(2Ng+1) .

(16)

For the function f , the variables in Pg only get involved
in (1b)Ng . Thus, C ∈ R(2Nd+Ng)×Ng is a sparse matrix,
and we have Cij = −1 when the j-th generator bus
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in Pg is connected to the i-th bus in Nd ∪Ng . Besides,
∂f

∂VNd

∈ R(2Nd+Ng)×(Ng+1) can be derived by extracting the

corresponding elements of Jnodal.
To this end, by plugging (11) and (14) into (10), we get

dℓ

dy
=

∂ℓ

∂y
+

∂ℓ

∂z2

∂z2
∂y

+

(
∂ℓ

∂z1
+

∂ℓ

∂z2

∂z2
∂z1

)(
−J−1

z1 Jy

)
.

(17)

In practice, we can solve a system of linear equations instead
of directly calculating the matrix inverse as follows:

dℓ

dy
=

∂ℓ

∂y
+

∂ℓ

∂z2

∂z2
∂y

− k⊤Jy , (18)

where k ∈ R2Nd+Ng can be calculated by solving:

∂ℓ

∂z1
+

∂ℓ

∂z2

∂z2
∂z1

= k⊤Jz1 . (19)

E. Proposed Batch Gradient Estimation

During the training, the neural network employs the mini-
batch gradient descent to update the weights and biases. Let
Jz1 ∈ R(2Nd+Ng)×(2Nd+Ng)×b be the tensor version of Jz1,
where b is the batch size. Computing the batch gradient
based on (18) can be practically challenging. Given Jz1, the
computation complexity of solving (19) using lower–upper
decomposition is O(b× (2Nd +Ng)

3). It is important to note
that this computation needs to be performed in every training
iteration. As the scale of the power grid increases, the size of
the problem grows approximately cubically, which is further
amplified by the batch size. Furthermore, even with mini-batch
training, memory resources can still pose a concern. While
the gradient accumulation mechanism helps overcome memory
limitations, it can potentially increase the training time due to
the need for additional training iterations.

In this context, we introduce three models aiming to allevi-
ate the computational burden, as elaborated below.

1) Linearized Jacobian model: The mapping from voltage
phasors to the Jacobian matrix is non-linear. Linear approx-
imations of the PF equations have been widely applied for
solving PF [28] and OPF problems [29]. We are naturally
motivated to derive a linearized Jacobian formulation based
on the following two assumptions:

(A1) The phase angle difference between two connected buses
is small enough. Hence, cos θij ≈ 1 and sin θij ≈ θij .

(A2) Let v̄i denote the mean value of the pseudo voltage
magnitude at bus i. It is assumed that

Vi sin θij ≈ v̄iθij ,

Vj sin θij ≈ v̄jθij ,

ViVj sin θij ≈ v̄iv̄jθij ,

ViVj cos θij ≈ v̄iVj .

Based on (A1)–(A2), the off-diagonal elements in each block
of (12) can be simplied as:

JPθ
ij = v̄iv̄jGijθi − v̄iv̄jGijθj − v̄iBijVj , (20a)

JPV
ij = v̄iBijθi − v̄iBijθj +GijVi , (20b)

JQθ
ij = −v̄iv̄jBijθi + v̄iv̄jBijθj − v̄iGijVj , (20c)

JQV
ij = v̄iGijθi − v̄iGijθj −BijVi , (20d)

which can be compactly written as a linear system:[
JPθ
ij JPV

ij JQθ
ij JQV

ij

]⊤
= A(ij)v(ij) , (21)

where

v(ij) := [θi θj Vi Vj ]
⊤
, (22)

A(ij) =


v̄iv̄jGij −v̄iv̄jGij 0 −v̄iBij

v̄iBij −v̄iBij Gij 0

−v̄iv̄jBij v̄iv̄jBij 0 −v̄iGij

v̄iGij −v̄iGij −Bij 0

 .

(23)

Similarly, all diagonal elements in the linearized Jacobian
can be written as:[

JPθ
ii JPV

ii JQθ
ii JQV

ii

]⊤
= A(i)v , (24)

where A(i) ∈ R4×2N is a sparse matrix with non-zero columns
given as follows. Its i-th and (i+N)-th columns are:

A(i), [:,i,i+N ] =



−v̄i
∑
j ̸=i

v̄jGij 0∑
j ̸=i

v̄jBij 2Gii

v̄i
∑
j ̸=i

v̄jBij 0∑
j ̸=i

v̄jGij −2Bii


, (25)

and the j-th and (j+N)-th columns (for any bus j connected
with bus i) are:

A(i), [:,j,j+N ] =


v̄iv̄jGij v̄iBij

−v̄jBij Gij

−v̄iv̄jBij v̄iGij

−v̄jGij −Bij

 . (26)

Based on (1d) and (1e), we can readily derive the linearized
Jacobian for the branch flows whose details are omitted here.
It is worth noting that all involved coefficient matrices can be
pre-computed offline before the training. Thus, the computa-
tion complexity of Jacobian calculations is reduced through
linearization compared to the original non-linear mappings.

2) Decoupled Jacobian model: The key idea of decoupled
PF is that P-θ and Q-V have strong coupling relationships. In
(19), let k := [kp;kq]. We propose a decoupled formulation to
calculate kp and kq separately by solving the following linear
system:

∂ℓ

∂z1
+

∂ℓ

∂z2

∂z2
∂z1

=
[
k⊤
p J

Pθ
z1 k⊤

q J
QV
z1

]
. (27)

The decoupled formulation (27) solves two smaller dimen-
sional vector kp ∈ RNd+Ng and kq ∈ RNd . Hence, the
computation complexity is reduced from O((2Nd +Ng)

3) to
O((Nd +Ng)

3) + O(N3
d ).
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3) Batch-mean Jacobian tensor estimates: During the mini-
batch training, the size of Jacobian tensors Jz1 and Jvg

grows quadratically with the scale of the power grid, which
is amplified by the batch size. We propose a batch-mean
estimation mechanism to reduce the computational burden
significantly by avoiding the batch dimension. The complexity
of solving (19) can be reduced from O(b× (2Nd +Ng)

3) to
O((2Nd +Ng)

3). Let T ∈ R2N×b and Tij ∈ R4×b represent
the tensor expression of v and v(ij), respectively. Let T̄ij
and T̄ denote their mean values averaged over batch samples.
Consider (21) and (24), the estimates of batch-mean Jacobian
tensors are given as

Jij ≈ A(ij)T̄ij ∈ R4, Jii ≈ A(i)T̄ ∈ R4 . (28)

In the following, we will analyze the approximation error
induced by the batch-mean estimation mechanism. Let Θij ∈
Rb and Vi ∈ RN denote the batching samples of θij and Vi

whose mean values of are Θ̄ij and V̄i, respectively. Therefore,
for a given sample, the absolute errors due to the batch-mean
replacement in J Pθ

ij and JQV
ij are given as:

ePθ
ij =

∣∣v̄iv̄jGij(θij − Θ̄ij)− v̄iBij(Vj − V̄j)
∣∣ , (29)

eQV
ij =

∣∣v̄iGij(θij − Θ̄ij)−Bij(Vi − V̄i)
∣∣ . (30)

These errors are small due to the following facts: 1) the value
of (θij−Θ̄ij) is generally small; 2) the conductance value Gij

is typically smaller than susceptance value Bij ; and 3) small
value of (Vj − V̄j) leads to the small value of Bij(Vj − V̄j).

In addition, the absolute error resulting from the batch-mean
replacement in J Pθ

ii is shown in Eq. (31) and its bound is given
in Eq. (32):

ePθ
ii = |

∑
j ̸=i

v̄iv̄jGij(θij − Θ̄ij)− v̄iBij(Vj − V̄j)| , (31)

ePθ
ii ≤

∑
j ̸=i

ePθ
ij . (32)

Similarly, the absolute error for JQV
ii is given in Eq. (33):

eQV
ii ≤|2Bii(Vi−V̄i)|+

∑
j ̸=i

|v̄jGij(θij−Θ̄ij)−Bij(Vj−V̄j)| .

(33)

Compared with the off-diagonal entries, diagonal entries are
likely to have larger error values due to the summation over
N −1 buses. However, the summation only contains a limited
number of non-zero values because the topology of a power
grid is typically sparse. To this end, we have demonstrated
that the proposed batch-mean estimation mechanism efficiently
bypasses the tensor dimension, resulting in negligible approx-
imation errors.

F. Reduced Branch Set

According to (1d)–(1e), the values of active/reactive branch
flows can vary significantly across different batch samples
of voltage phasors. Therefore, the aforementioned batch-mean
replacement may not be applicable to the nonlinear mapping
{p,q} 7→ s2 in (1f) (cf. (13) for its gradient). To alleviate the
computational burden of branch gradients, we now propose a

reduced branch set as follows. For any branch (i, j) ∈ M, let
S̃2
ij collect the pseudo values of the apparent power squared.

Note that as the pseudo value approaches the upper bound,
the likelihood of violating the constraint increases. Thus, we
define an indicator function

lp(i, j) :=
∑

s̃ij∈S̃2
ij

ReLU
(
s̃2ij − β(smax

ij )2
)
, (34)

where parameter β ∈ [0, 1] helps quantify the likelihood of
constraint violation. The indicator function is calculated for
all branches in M.

To this end, we can define the reduced branch set Mr :=
{(i, j) ∈ M| lp(i, j) ≥ 0}, which contains only Mr = |Mr|
lines that are likely to violate the flow limit constraints. To
reduce the computation burden during the training, we only
calculate the gradients for those branches in Mr. It is worth
noting that the branches in M \ Mr have a low risk of
constraint violation. This is due to the inclusion of Ls in
the training loss, which encourages estimates to be in close
proximity to the pseudo values. The summary of the proposed
framework is shown in Algorithm 2.

IV. NUMERICAL RESULTS

We evaluate the effectiveness of the proposed work on
four different benchmark systems given in MATPOWER 7.0:
IEEE-118, PEGASE-1354, PEGASE-2869, and PEGASE-
9241 bus systems. The load demand data are sampled uni-
formly in the range of 0.8 to 1.2 times the nominal values.

A. Simulation Setup

We generate 4,000 demand samples for the PEGASE-
9241 bus system and 10,000 samples for each of the other
three systems. The distribution of training, validation, and test
samples follows a ratio of 7:1:2. The conventional solver MIPS
calculates the optimal decision variables for only 100 samples
in the training set X . We conduct the experiments on an iMac
equipped with a 3.2 GHz CPU and 32 GB RAM. The Adam
optimizer is used with Pytorch 1.12.1. The mini-batch
size is 32. We stop training when the loss has stabilized without
noticeable improvement [30].

B. Competing Methods

Table I summarizes state-of-the-art methods and our pro-
posed semi-supervised learning framework. The optimal deci-
sion variables are obtained by the conventional optimization
solver in the supervised learning framework. The training loss
function includes the ℓ2 norm loss of the NN output and the
labels. In the unsupervised learning framework, the output
labels are not necessary. The optimality and feasibility of
the decision variables are ensured by properly designing the
training loss function, i.e., minimizing the generation cost and
penalizing constraint violations. In addition, three VS schemes
are detailed as follows:

• VS1 (cf. Fig.1): predict y and reconstruct z1 using the
FDPF solver. After obtaining v, compute the remaining
variables via z2 = fr(v). The gradient of z1 w.r.t. y
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Algorithm 2 Semi-supervised OPF learning framework utiliz-
ing batch-mean gradient estimation
Input: Load demand dataset X .
Output: The trained FCNN.

1: Construct the hybrid load demand dataset X̂ using the
Algorithm 1. ▷ Pseudo-labeling

2: Calculate the indicator function Eq.(34) to identify the
reduced branch set Mr.

3: for episode e = 1, 2, . . . , ntol do
▷ The variable splitting scheme

4: Feed demand samples into the FCNN and retrieve
the decision variables y, z1, and z2; see Fig. 1.

▷ The branch set
5: if the method M0 is adopted then
6: Compute the Jacobian of all branches in M using

Eq. (13).
7: else if for the method M1-M4 then
8: Compute the Jacobian of branches in the reduced

branch set Mr using Eq. (13).
9: end if

▷ The Jacobian computation

10: if for the method M0, M1, or M3 then
11: Compute the nodal Jacobian matrix (12) based on

the PF equations (1b)-(1c).
12: else if for the method M2 or M4 then
13: Compute the linearized Jacobian matrix using

Eqs. (21) and (24).
14: end if
15: Compute batch-mean gradient using the Eq. (28)

▷ The training loss
16: if e ≤ nwp then:
17: Calculate the training loss function Eq. (9) for

the warm-up epochs. Jump to Line 26.
18: else
19: Calculate the training loss function Eq. (4).
20: end if

▷ The decoupled formulation
21: if for the method M0, M1, or M2 then
22: Calculate the derivative dℓ

dy using Eq. (18).
23: else if for the method M3 or M4 then
24: Calculate the derivative dℓ

dy using the decoupled
formulation Eq. (27).

25: end if
26: Update the weights of the FCNN through backprop-

agation until the training loss converges.
27: end for

is implicit due to the inverse PF equations, see Eq.(17),
which is the main focus of this paper. The gradient of
z2 w.r.t. v is straightforward due to the explicit forward
power flow and branch flow equations, i.e., a submatrix
of the nodal Jacobian Jnodal and the Jacobian matrix of
the branch flow Jab and Jrb.

• VS2 ((cf. Fig.2): predict v and compute the remaining
variables Pg and z2 based on power and branch flow

equations. The gradient computation is straightforward
because the mapping v 7→ {Pg, z2} are explicitly de-
scribed in forward power flow and branch flow equations,
i.e., the nodal Jacobian matrix Jnodal and the Jacobian
matrix of the branch flow Jab and Jrb.

Fig. 2. The NN learning framework based on VS2 for the AC-OPF problem.

• VS3: output v, Pg and Qg simultaneous by the NN. It
does not require gradient computation among the decision
variables.

Unlike VS3, VS1 and VS2 only predict partial decision
variables and reconstruct the remaining decision variables.
Besides, VS1 solves the inverse PF equations using the PF
solver and computes the gradient implicitly and complicated.
VS2 calculates the forward PF equations, and the gradient
computation is explicit and straightforward. Note that our
proposed work relies on VS1 because VS2 and VS3 often yield
load mismatch. The proposed gradient estimation methods aim
to relieve the computational burden arising from VS1.

In addition, the NN weights of MSTRT are initialized from a
pre-trained FCNN model, while MFCNN initializes the weights
with random values. The unsupervised learning framework
MDC3 and MDUAL do not require the conventional solver to
generate the data pairs and thus the data preparation time is
negligible. MDC3 employs the ℓ2 norm as the loss function,
while MDUAL uses the augmented Lagrangian. MCHC and
MCNN use CNNs to utilize the topology information of
the power grid. In addition, MCOMP incorporates principal
component analysis to compress the FCNN output dimension.
Besides, they use post-processing to obtain the remaining
decision variables z1 and z2 upon the completion of training.
By contrast, MFCNN reconstructs z1 and z2 to calculate the
loss function during training. These variables require the as-
sociated gradient computation. Additionally, M1 is compared
with M0 to show the advantage of the reduced branch set.
The effectiveness of the linearized and decoupled models is
verified by comparing M2 and M3 with M1, respectively. By
combining the linearized and decoupled Jacobian models, M4

has the least computational burden.

C. Performance Criteria

The performance of the proposed approaches is evaluated
by using the following metrics.

• Optimality gap: let C and Co denote the optimal cost
given by the NN and the solver MIPS, respectively. The
optimality gap is lcost =

C−Co

Co
× 100%.

• Feasibility: let za = [Pg;Pg,ref ;Qg;Qg,ref ;V; s2] col-
lect quantities for all branches. The inequality constraint
violation is given by lv(za) = ReLU (za − zmax

a ) +
ReLU

(
zmin
a − za

)
. Its maximum and mean values are

denoted as lmax
v and l̄v , respectively.
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TABLE I
METHODS FOR COMPARISON. THE SECOND COLUMN SHOWS VS SCHEMES. THE THIRD COLUMN SHOWS NN STRUCTURES. THE LAST COLUMN

SUMMARIZES THE GRADIENT COMPUTATION METHODS AND THE GRADIENT ESTIMATION METHODS.

Framework VS NN Method Gradient computation method

Supervised

VS1

FCNN MFCNN [13] Zeroth-order estimation based on the training loss function
MSTRT [14] Zeroth-order estimation based on the training loss function

Chebyshev MCHC [10] Post-processing with the PF solver, no extra gradient computation required
CNN MCNN [10] Post-processing with the PF solver, no extra gradient computation required

VS2 FCNN MFCNNV [7] Explicit nodal Jacobian matrix using the forward PF equations; see Eq.(12)

VS3
FCNN MCOMP [6] Post-processing with the PF solver, no extra gradient computation required
LSTM MLSTM Post-processing with the PF solver, no extra gradient computation required

Unsupervised VS1 FCNN MDC3 [21] Implicit Jacobian based on the inverse PF equations; see Eq.(12) and Eq.(17)
MDUAL [22] Implicit Jacobian based on the inverse PF equations; see Eq.(12) and Eq.(17)

VS2 FCNN MNGT [17] Explicit nodal Jacobian matrix using the forward PF equations; see Eq.(12)

Semi-supervised VS1 FCNN

M0 Batch-mean estimation with all branches
M1 Batch-mean estimation & reduced branch set
M2 Linearized Jacobian & batch-mean estimation & reduced branch set
M3 Decoupled Jacobian & batch-mean estimation & reduced branch set
M4 Linearized decoupled Jacobian & batch-mean estimation & reduced branch set

TABLE II
THE AVERAGE STD VALUES AND THE RIDGE REGRESSION PARAMETERS OF

THE DECISION VARIABLES.

System std (Pg) std (VNd
) αp αv

118 0.032 0.002 0.01 0.1
1354 0.067 0.001 1 1
2869 0.082 0.001 10 10
9241 0.062 0.003 100 500

• Load mismatch: ratio of the absolute error of load
demand estimate to the ground truth, denoted by el.

• Computational time: let ttrain and Ttrain represent the
training time of each epoch and the total training time.
Tprop and Topt denote the testing time of our proposed
methods and the conventional optimization solver, respec-
tively.

• Storage: required memory size of the data.

D. Simulation Results

1) Data preparation: Given 100 pairs of the ground truth
data, we split them into the training and validation dataset with
a ratio of 8:2. As shown in Table II, the average std values
of Pg and VNd

are small. For ridge regression, αp and αv

represent the hyper-parameters that control the regularization
strength of Pg and VNd

, respectively. In addition, Table III
shows the validation errors between ridge regression estimates
and ground truth are small. Thus, it is reliable to construct the
pre-computed coefficient matrix based on the pseudo values
and incorporate the supervised training loss Ls. Finally, Table
IV shows that the proposed semi-supervised learning frame-
work significantly reduces the data preparation time compared
with the supervised learning counterpart.

2) Training setup: Table III shows the orders of magnitude
of the different loss values, which can guide us to tune the
weight parameters in the joint training loss function. Besides,
as shown in (20d), the value of wv should have a similar
order of susceptance values. As shown in Table V, a larger
value of β leads to a smaller set Mr. We set β = 0.7
in the simulations. Branches in M \ Mr do not violate the

TABLE III
THE ℓ2 NORM OF PREDICTION ERRORS OF THE RIDGE REGRESSION.

System ℓ2(Pg) ℓ2(Qg) ℓ2(V) ℓ2(θ)
118 0.165 0.278 0.018 0.219
1354 1.828 1.235 0.042 0.691
2869 4.279 2.061 0.083 2.993
9241 5.599 4.615 0.406 8.825

TABLE IV
TRAINING DATA PREPARATION TIME.

System Learning framework Time

118
Supervised 0.2h
Unsupervised 0.02s
Semi-supervised 0.2min

1354
Supervised 2.2h
Unsupervised 0.3s
Semi-supervised 3min

2869
Supervised 6.4h
Unsupervised 0.6s
Semi-supervised 9min

9241
Supervised 12.2h
Unsupervised 0.9s
Semi-supervised 20.5min

constraints, but the computational burden of the training is
greatly reduced. In addition, the number of warm-up epochs is
determined when no significant change of Lwp can be observed
during the training. The warm-up epochs play a critical role
in guaranteeing that a feasible PF solution can be found by
the FDPF solver in the initial training stage. Besides, we use
Pytorch’s MultiStepLR function that decays the learning
rate lr by γ once the number of epochs reaches the milestone.
Given limited training time, we adopt the learning rate sched-
ule strategy to improve training convergence and stability. A
large learning rate is employed at the beginning of training
to accelerate the learning process. Towards the later stages of
training, we reduce the learning rate to prevent oscillations and
facilitate convergence to a local minimum. Finally, Table VI
lists the FCNN structure, the weight parameters, the number
of warm-up epochs nwp and total training epochs ntol, and the
learning rate.
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TABLE V
THE SIZE OF REDUCED BRANCH SET WITH DIFFERENT β . THE THIRD

COLUMN SHOWS THE RATIO OF Mr TO M .

System β Mr Mr/M

118

0.9 29 0.15
0.7 33 0.17
0.5 55 0.29
0.3 94 0.50

1354

0.9 18 0.009
0.7 42 0.02
0.5 113 0.05
0.3 245 0.12

2869

0.9 30 0.006
0.7 51 0.01
0.5 101 0.02
0.3 243 0.05

9241

0.9 37 0.002
0.7 73 0.004
0.5 134 0.008
0.3 356 0.022

3) Performance comparison results: Table VII shows the
performance of our proposed schemes and competing methods.
For PEGASE-1354/-2869/-9241 bus systems, the proposed
M0–M4 achieve smaller constraint violations. Note that the
training fails for MFCNN, MDC3 and MDUAL on the PEGASE-
9241 system because the follow-up FDPF solver cannot find
feasible PF solutions. Furthermore, compared with MFCNN

and MDC3, M0–M4 have significantly smaller optimality gaps.
The proposed approaches result in solutions that demonstrate
improved feasibility compared to MSTRT, while only sacri-
ficing little in optimality. Moreover, our schemes effectively
address the issue of load mismatch by reconstructing the
partial decision variables from the FDPF solver. MCOMP and
MLSTM have achieved promising results in minimizing lcost
because of the supervised loss of active power generation
outputs. Both methods adopt VS3 scheme which requires a
PF solver in the post-processing phase to satisfy the power
flow balance equations. However, the inequality constraints
cannot be satisfied, resulting in significant violations. LSTM
architectures excel in capturing long-term dependencies in
sequential data, while FCNNs demonstrate robust capabilities
for universal function approximation in single-period OPF
analysis with non-temporal data. Additionally, the performance
of M1 is similar to that of M0, indicating that removing
unlikely violated constraints does not significantly impact
training accuracy. M1 and M2 have comparable performance,
which indicates that the linearized Jacobian approximation is
sufficiently accurate for training purposes. Finally, M2 slightly
outperforms M4 that uses the decoupled model.

Table VIII shows the training time and the storage require-
ments (one batch of training samples) for different gradient
computation methods. Our proposed M2 and M4 are capable
of completing the training (including hyperparameter tuning)
one day in advance. When considering the benchmark systems
(excluding the PEGASE-9241 system), the speedup ratios of
M2 and M4 compared with MDC3 for the training time ttrain
are 7x/7x, 10x/12x, and 14x/18x, respectively. This clearly
demonstrates the computational advantages of our proposed
linearized (decoupled) Jacobian, particularly as the size of
the power grid increases. Furthermore, the per-epoch training

times of M2 and M4 are similar to those of MFCNN and
MSTRT. The total training time consists of the data preparation
time and the neural network training time. Based on Tables
IV and VIII, our proposed methods can complete the training
process one day ahead and achieve daily updates based on
the latest data instances. By shifting the computational burden
offline, the neural network can rapidly solve the optimal power
flow problem for the actual load demand in the real-time
market. Considering the varying load demand, a short market
clearing time enables the ISO to optimize energy dispatch
promptly. As shown in Table IX, the trained neural network
can be used as a rapid online solver to complete the market
clearing in seconds or minutes.

The proposed techniques demonstrate the ability to achieve
optimal solutions with fewer training epochs, resulting in
reduced total training times compared to using zeroth-order
gradient estimation. Furthermore, when compared to M0, M1

exhibits reduced computational time and memory require-
ments, validating the effectiveness of the reduced branch set.
The computational time of M4 is also lower than that of
M2, indicating that the decoupled formulation successfully
reduces the computational burden. Ultimately, both M2 and
M4 surpass other methods in terms of feasibility and com-
putational efficiency. While M2 outperforms M4 in terms of
feasibility, it requires more computational time. Additionally,
the swift computational time for testing validates the real-time
applicability of our proposed techniques.

4) Learning process comparison results: Fig. 3 shows the
training loss trajectory of different gradient computation meth-
ods. The gradient computation of the zeroth-order gradient
estimation is straightforward. However, it cannot accurately
approximate the gradient of non-linear and non-convex power
flow and branch flow equations. With the inaccurate gradient
descent direction, the zeroth-order estimation method performs
worst in the learning process. Compared to the ground truth
Jacobian gradient, the proposed gradient estimation method
M4 achieves a comparable convergence performance. The
proposed physics-informed gradient methods require less train-
ing time and storage than the ground truth model, offering
advantages when computing resources is limited.

We independently train the neural network five times using
the proposed method M4. Fig. 4 and Fig. 5 show the training
loss trajectory on the IEEE-30 and PEGASE-1354 bus sys-
tems. We observe that the training loss decreases, stabilizes,
and eventually converges to a local minimum as the number
of training epochs increases. Due to the random initialization
of neural network weights, these independent runs converge
to different local minima. However, the final training loss
values are desirable and closely aligned. The neural network is
considered converged when the training loss ceases to decrease
significantly over successive epochs and stabilizes within an
acceptable range. For instance, in the case of the IEEE-118 bus
system, from epoch 100 to epoch 120, the training loss values
do not continue to decrease but instead fluctuate within narrow
ranges: 0.0005, 0.0008, 0.0008, 0.0007, and 0.0003 for the
five runs, respectively. Concurrently, the trained neural network
demonstrates promising results on the validation dataset based
on optimality and feasibility evaluation metrics. Consequently,
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TABLE VI
THE FCNN STRUCTURE, WEIGHT PARAMETERS, THE TRAINING EPOCHS, AND THE LEARNING RATE OF OUR PROPOSED SCHEMES.

System FCNN structure wwp wv wo ws nwp ntol Learning rate schedule (lr & milestone & γ)
118 [236, 50, 236] 10 10 0.1 0.1 1 100 0.0005 & 90 & 0.2

1354 [2708, 50, 50, 2708] 10 100 0.01 0.01 1 100 0.0005 & 70 & 0.2
2869 [5738, 50, 50, 50, 5738] 10 100 0.001 0.01 1 10 0.0005 & 1 & 0.1
9241 [18482, 50, 50, 50, 18482] 10 100 0.0001 0.01 5 15 0.001 & 5 & 0.01

TABLE VII
COMPARISON RESULTS: FEASIBILITY AND OPTIMALITY. TRAINING FAILURE (✗) IS INDICATED WHEN THE FDPF SOLVER CANNOT FIND FEASIBLE PF

SOLUTIONS. THE WINNERS OF METHODS WITHOUT LOAD MISMATCH ARE HIGHLIGHTED IN BOLD.

System Evaluation metrics MFCNN MSTRT MFCNNV MCHC MCNN MCOMP MLSTM MDC3 MDUAL MNGT M0 M1 M2 M3 M4

118

lmax
v (10−1) 0.33 0.01 0.89 0.46 3.05 2.25 0.53 0.01 0.05 0.00 0.04 0.02 0.03 0.10 0.06
l̄v(10−4) 0.68 0.02 5.45 1.60 7.84 11.2 2.73 0.02 0.13 0.00 0.07 0.04 0.05 0.18 0.12
lcost 0.88 0.30 0.00 0.00 0.00 0.04 0.02 0.27 0.04 -1.22 0.32 0.25 0.26 0.49 0.54
el (%) 0 0 10 0 0 0 0 0 0 10 0 0 0 0 0

1354

lmax
v (10−1) 5.8 3.8 26.4 10.1 31.1 42.4 16.3 4.8 3.7 4.0 1.6 1.3 1.3 1.3 1.4
l̄v(10−4) 8.6 2.8 26.2 5.1 14.7 38.0 18.2 2.3 3.0 3.4 0.63 0.44 0.41 0.46 0.44
lcost 0.98 0.03 0.08 0.00 0.00 0.00 0.00 0.76 0.80 -2.99 0.05 0.05 0.05 0.06 0.06
el (%) 0 0 12 0 0 0 0 0 0 22 0 0 0 0 0

2869

lmax
v (10−1) 13.5 6.6 72.3 32.6 66.4 72.5 134.6 6.1 7.0 3.6 4.1 3.6 3.6 4.1 3.9
l̄v(10−4) 43.4 6.7 22.0 9.9 13.2 19.8 78.2 1.8 5.0 1.5 1.3 0.9 1.1 1.1 1.2
lcost 0.91 0.08 0.12 0.00 0.00 0.00 0.01 0.80 1.49 -2.24 0.04 0.04 0.04 0.09 0.09
el (%) 0 0 544 0 0 0 0 0 0 284 0 0 0 0 0

9241

lmax
v (10−1)

✗

165.2 52.6 18095

-

129.2 567.7

✗ ✗

2.2 33.6 23.6 27.7 29.2 28.4
l̄v(10−4) 70.0 10.2 1455 41.8 74.9 4.6 5.4 4.0 3.9 4.8 4.0
lcost 0.01 0.05 0.03 0.12 0.00 -3.13 0.03 0.03 0.03 0.03 0.03
el (%) 0 484 0 0 0 128 0 0 0 0 0

TABLE VIII
THE TRAINING TIME AND THE MEMORY SIZE OF THE GRADIENT DATA.

System Gradient calculation Method Storage ttrain Ttrain

118

zeroth-order MFCNN 0.02MB 2s 6min
MSTRT 2s 6min

Jacobian MDC3 14.4MB 29s 48min

batch mean

M0 0.58MB 17s 28min
M1

0.47MB

11s 18min
M2 4s 7min
M3 11s 18min
M4 4s 7min

1354

zeroth-order MFCNN 0.13MB 2.1min 17.5h
MSTRT 1.3min 4.3h

Jacobian MDC3 1.87GB 16.0min 6.6h

batch mean

M0 0.06GB 3.5min 5.8h
M1

0.05GB

2.4min 4.0h
M2 1.5min 2.5h
M3 2.2min 3.6h
M4 1.3min 2.1h

2869

zeroth-order MFCNN 0.260MB 7.9min 26.3h
MSTRT 6.1min 10.1h

Jacobian MDC3 8.432GB 89.0min 14.8h

batch mean

M0 0.266GB 10.9min 101min
M1

0.263GB

8.1min 75min
M2 6.0min 56min
M3 7.0min 62min
M4 4.9min 47min

9241

zeroth-order MFCNN 0.73MB ✗ ✗
MSTRT 39.3 min 10.1h

Jacobian MDC3 87.457GB ✗ ✗

batch mean

M0 2.745GB 49.5min 8.2h
M1

2.737GB

44.5min 7.4h
M2 32.7min 5.4h
M3 32.4min 5.4h
M4 31.1min 5.1h

TABLE IX
THE COMPARISON RESULTS OF THE TOTAL COMPUTATIONAL TIME ON ALL

TESTING SAMPLES.

System Tprop Topt

118 0.3s 3.4min
1354 10.4s 37.7min
2869 50.2s 109.7min
9241 361.7s 209.1min

Fig. 3. The training loss trajectory of different gradient estimation methods.
The learning rate is set to 0.0005 for the initial 90 epochs, then reduced to
0.0001 for the last 30 epochs.

we terminate the training at epoch 100 to optimize training
time. It is noteworthy that the observed oscillations are at-
tributed to a larger learning rate rather than the proposed
gradient estimation technique. With a smaller learning rate,
the training loss stabilizes and converges to a local minimum.

We have tried different learning rates for the learning rate
schedule during the hyper-parameter tuning process. As shown
in Fig. 6, a constant learning rate 0.0001 leads to a slow learn-
ing process, while a significant learning rate 0.0005 has more
oscillating. Besides, a considerable breakpoint epoch helps
improve training efficiency by using a significant learning rate
in more beginning training epochs. We use epoch 90 as the
breakpoint instead of epoch 80 because the former performs
better in convergence.
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Fig. 4. The total training loss trajectory of the proposed method M4 over
epochs on the IEEE-118 bus system. The learning rate is 0.0005 in the first
90 epochs and 0.0001 in the last 30 epochs.

Fig. 5. The total training loss evolution process of the proposed method M4

over epochs on the PEGASE-1354 bus system. The learning rate is 0.0005 in
the first 70 epochs and 0.0001 in the last 50 epochs.

Fig. 6. The total training loss trajectory of the proposed method M4 over
epochs using different learning rate schedules on the IEEE-118 bus system.
The plot starts from the second epoch for better demonstration.

V. CONCLUSION AND DISCUSSION

In this paper, we propose a deep learning framework as a
rapid solution to the real-time AC-OPF problem. The frame-
work involves utilizing ridge regression in pseudo-labeling.
This technique utilizes the creation of a hybrid dataset, thus
reducing the time needed to prepare many ground truth data
pairs required by traditional solvers. Additionally, we introduce
innovative methods for computing the gradient of recon-
structed variables in relation to the neural network outputs.
To balance computational complexity and ensure satisfactory
training performance, we employ a linearized decoupled Jaco-
bian formulation. Moreover, a batch-mean estimation mecha-
nism is devised specifically for mini-batch training, effectively
reducing the computational load associated with calculating
the Jacobian tensor. Furthermore, we present a reduced branch
set that mitigates the computational complexity arising from
the branch flow gradient. The simulation results validate the
effectiveness of the proposed techniques, showing high feasi-
bility and a minimal optimality gap in medium and large-scale
power systems. Specifically, the optimality gap is under 1%,
and average constraint violations are on the order of 10−4.
For the PEGASE-9241 bus system, the computation time per
data instance is under one second, and the proposed learning
framework achieves a 35x speed-up over conventional opti-
mization solvers. Additionally, the gradient estimation method
accelerates neural network training, providing an average 12x
speed-up compared to the ground Jacobian computation.

The high penetration of renewable energy sources (RESs)
in the power grid poses significant challenges to independent
system operators. Battery energy storage systems (BESS)
enable flexible energy storage and release, essential for in-
tegrating RESs. However, incorporating BESS introduces a
multi-period OPF problem with dynamic battery constraints,
and conventional solvers often lack the speed needed for real-
time energy markets and system operations.

To address the uncertainty of renewable generation and
enable rapid solutions, we propose a learning-based con-
troller. Future work will explore advanced techniques such
as transformers, graph neural networks, diffusion models, and
reinforcement learning (RL), which show promise in handling
stochastic, multi-period optimization problems. Additionally,
large language models (LLMs) may serve as meta-learners or
assist in optimization framework design and scenario analysis.
These cutting-edge approaches aim to advance multi-period
OPF solutions for high-RES penetration scenarios.
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