
Lagrangian systems. Natural Mechanical systems. 
Symmetry vs topological constraints.  Works of: Gordon, 
Poincaré, me.  Braids. Planarity. Strong vs weak forces.  

Shape space, shape sphere, reduction. The Eight

Hard core functional analysis. Two point  problem. 
The eight again.  time permitting:  Marchall. 

Infinitely many syzygies and coplanarities.  Riem. 
geom methods.

Open ending. Open problems.
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Course Overview

Recall: 



Lecture 2.  Shape space, shape sphere. Reduction.  
Application to the Eight

Wto Geogebra… 
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Hill 
Region.

Fix energy = H =-h < 0. Hill region:part of shape space for which 
there is a v and H(q,v) = -h.  Domain where motion occurs. 
Identical to region with U(q) > +h 



Galileo: The laws of physics are  
invariant under the group  
G of isometries of space161600 

GG:  translations, rotations, reflections

(N-body) Eqns: dN coupled 2nd order ODEs on the …
Configuration space Q = N-fold product of space 

G � Q

How does this picture arise out of 
the planar 3- body problem? 



Galileo: 
G is a subset of the  
Galilean group of isometries of space, 
or time, and of space-time `boosts’

161600 
qa(t) solves () qa(t) + d solves

() Rqa(t), R 2 O(d), solves

() qa(t� t0) solves

() qa(�t) solves

() qa(t) + tv solves

qa(t) solves
(space translations)

(space rotations)

(time translations)

(time reflection)

(boosts)



`for each continuous 
symmetry there is a conserved 
quantity’

space translation  <—> linear momentum

space rotation  <—> angular momentum

time translation  <—> energy

To get rid of translational degrees of freedom: 
using a boost can make  
 linear momentum =0  

then fix the center of mass of the system =0  
using a translation



Derivation of shape space metric 
now.  .. rough idea of reduction..

TQ ! (TQ)/G

<latexit sha1_base64="DqYm03SgW0SyMm7YCxCatcHfZkQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmKCF2wJRo9ED3qEhK8EGrJdtrBhu627WxLS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmeRFnStv2t5XZ2Nza3snu5vb2Dw6P8scnLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG174/u5355QqVgoGnoaUTfAQ8F8RrA2ktuoo54OUbFRv7x66OcLdsleAK0TJyUFSFHr5796g5DEARWacKxU17Ej7SZYakY4neV6saIRJmM8pF1DBQ6ocpPF0TN0YZQB8kNpSmi0UH9PJDhQahp4pjPAeqRWvbn4n9eNtX/rJkxEsaaCLBf5MUfmz3kCaMAkJZpPDcFEMnMrIiMsMdEmp5wJwVl9eZ20yiWnUrquVwrVuzSOLJzBORTBgRuowiPUoAkEnuAZXuHNmlgv1rv1sWzNWOnMKfyB9fkDa6qQlA==</latexit>

T ⇤Q ! (T ⇤Q)/G

<latexit sha1_base64="/mDvou6vopxYex2JLYQHSnQ4zgc=">AAAB+nicbZDLTgIxFIbP4A3xNujSTSMxQRc4YzC6JLrQJSTcEhhJp3SgoXNJ29EQ5FHcuNAYtz6JO9/GDsxCwT9p8uU/56Tn/G7EmVSW9W1kVlbX1jeym7mt7Z3dPTO/35RhLAhtkJCHou1iSTkLaEMxxWk7EhT7Lqctd3ST1FsPVEgWBnU1jqjj40HAPEaw0lbPzNfvT2uoq0JUTOjk7LZnFqySNRNaBjuFAqSq9syvbj8ksU8DRTiWsmNbkXImWChGOJ3murGkESYjPKAdjQH2qXQms9Wn6Fg7feSFQr9AoZn7e2KCfSnHvqs7fayGcrGWmP/VOrHyrpwJC6JY0YDMP/JijvSlSQ6ozwQlio81YCKY3hWRIRaYKJ1WTodgL568DM3zkl0uXdTKhcp1GkcWDuEIimDDJVTgDqrQAAKP8Ayv8GY8GS/Gu/Exb80Y6cwB/JHx+QMkOpH9</latexit>

or

Lagrangian side Hamiltonian  side

Identify with..

T ⇤(Q/G)� something

<latexit sha1_base64="IQHygfYaC36bZNu33Pd2BPl1w4I=">AAACC3icbVA9SwNBEN3zM8avqKXNYhDUIt5JRMughZYRjAkkMextJsmSvd1jd04MR3ob/4qNhSK2/gE7/42bmMKvBwOP92aYmRfGUlj0/Q9vanpmdm4+s5BdXFpeWc2trV9ZnRgOFa6lNrWQWZBCQQUFSqjFBlgUSqiG/dORX70BY4VWlziIoRmxrhIdwRk6qZXburze27nYP9ulDR3LxNIGwi2mVkeAPaG6Q0pbubxf8Megf0kwIXkyQbmVe2+0NU8iUMgls7Ye+DE2U2ZQcAnDbCOxEDPeZ12oO6pYBLaZjn8Z0m2ntGlHG1cK6Vj9PpGyyNpBFLrOiGHP/vZG4n9ePcHOcTMVKk4QFP9a1EkkRU1HwdC2MMBRDhxh3Ah3K+U9ZhhHF1/WhRD8fvkvuTooBMXC4UUxXzqZxJEhm2SL7JCAHJESOSdlUiGc3JEH8kSevXvv0XvxXr9ap7zJzAb5Ae/tEzpumfE=</latexit>

T (Q/G)� something

<latexit sha1_base64="gsLl0j74f3viOLYkxs4JOqO1MTQ=">AAACCXicbVA9SwNBEN3z2/h1ammzGITYxDuJaClaaJmASYQkhL3NJFnc2z1258RwpLXxr9hYKGLrP7Dz37iJKdT4YODx3gwz86JECotB8OnNzM7NLywuLedWVtfWN/zNrZrVqeFQ5Vpqcx0xC1IoqKJACdeJARZHEurRzfnIr9+CsUKrKxwk0IpZT4mu4Ayd1PbpVaFycLFPmzqRqaVNhDvMrI4B+0L1hpS2/XxQDMag0ySckDyZoNz2P5odzdMYFHLJrG2EQYKtjBkUXMIw10wtJIzfsB40HFUsBtvKxp8M6Z5TOrSrjSuFdKz+nMhYbO0gjlxnzLBv/3oj8T+vkWL3pJUJlaQIin8v6qaSoqajWGhHGOAoB44wboS7lfI+M4yjCy/nQgj/vjxNaofFsFQ8qpTyp2eTOJbIDtklBRKSY3JKLkmZVAkn9+SRPJMX78F78l69t+/WGW8ys01+wXv/AhA9mVU=</latexit>

Q/G = Shape space

<latexit sha1_base64="hUePVeAlCbIuV9ratNbNI4Dwnis=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXcloo0QtNAyQfOAJITZyU0yZPbBzF0xLCls/BUbC0Vs/Qg7/8bJo9DEAxcO59w7c+/xIik0Os63lVpaXlldS69nNja3tnfs3b2qDmPFocJDGaq6xzRIEUAFBUqoRwqY70moeYOrsV+7B6VFGNzhMIKWz3qB6ArO0EhtO1s+vqYXlDYRHjC57bMIqI4YhxGlbTvn5J0J6CJxZyRHZii17a9mJ+SxDwFyybRuuE6ErYQpFFzCKNOMNZi3B6wHDUMD5oNuJZMjRvTQKB3aDZWpAOlE/T2RMF/roe+ZTp9hX897Y/E/rxFj97yViCCKEQI+/agbS4ohHSdCO0IBRzk0hHElzK6U95liHE1uGROCO3/yIqme5N1C/rRcyBUvZ3GkSZYckCPikjNSJDekRCqEk0fyTF7Jm/VkvVjv1se0NWXNZvbJH1ifP0Zelps=</latexit>

Q/G = Shape space

<latexit sha1_base64="hUePVeAlCbIuV9ratNbNI4Dwnis=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXcloo0QtNAyQfOAJITZyU0yZPbBzF0xLCls/BUbC0Vs/Qg7/8bJo9DEAxcO59w7c+/xIik0Os63lVpaXlldS69nNja3tnfs3b2qDmPFocJDGaq6xzRIEUAFBUqoRwqY70moeYOrsV+7B6VFGNzhMIKWz3qB6ArO0EhtO1s+vqYXlDYRHjC57bMIqI4YhxGlbTvn5J0J6CJxZyRHZii17a9mJ+SxDwFyybRuuE6ErYQpFFzCKNOMNZi3B6wHDUMD5oNuJZMjRvTQKB3aDZWpAOlE/T2RMF/roe+ZTp9hX897Y/E/rxFj97yViCCKEQI+/agbS4ohHSdCO0IBRzk0hHElzK6U95liHE1uGROCO3/yIqme5N1C/rRcyBUvZ3GkSZYckCPikjNSJDekRCqEk0fyTF7Jm/VkvVjv1se0NWXNZvbJH1ifP0Zelps=</latexit>

‘something’ is foliated by level sets of Noether’s conserved momenta

<latexit sha1_base64="n/1ndp88uK7CT2Ryl6igTCByl0w="></latexit>

in case of planar N-body problem: ‘something’ coordinatized by angular
momentum J

<latexit sha1_base64="Ay04g/WqXYqoT1Kfn33+DVxKs/o="></latexit>



Derivation of shape space metric, 
shape sphere ..  now.  ..  

Q/G = Shape space

<latexit sha1_base64="hUePVeAlCbIuV9ratNbNI4Dwnis=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXcloo0QtNAyQfOAJITZyU0yZPbBzF0xLCls/BUbC0Vs/Qg7/8bJo9DEAxcO59w7c+/xIik0Os63lVpaXlldS69nNja3tnfs3b2qDmPFocJDGaq6xzRIEUAFBUqoRwqY70moeYOrsV+7B6VFGNzhMIKWz3qB6ArO0EhtO1s+vqYXlDYRHjC57bMIqI4YhxGlbTvn5J0J6CJxZyRHZii17a9mJ+SxDwFyybRuuE6ErYQpFFzCKNOMNZi3B6wHDUMD5oNuJZMjRvTQKB3aDZWpAOlE/T2RMF/roe+ZTp9hX897Y/E/rxFj97yViCCKEQI+/agbS4ohHSdCO0IBRzk0hHElzK6U95liHE1uGROCO3/yIqme5N1C/rRcyBUvZ3GkSZYckCPikjNSJDekRCqEk0fyTF7Jm/VkvVjv1se0NWXNZvbJH1ifP0Zelps=</latexit>

to blackboard ! 



Min. Action A(q) 
among all paths 

q in shape space 
connecting the Euler Ray (Eu_1) 

to the Isosceles subspace  
with 2 as vertex (ISOSC_2)



 

..Every free homotopy class…

Figure 8: 123123



Blackboard pictures in shape 
space.

FINI, lecture 2


