
someone asked 
    `Is the shape sphere and shape space covered in the  
references’’

W

A correction/clarification

Yes. sec 0.4, p 46-  50 



Lagrangian systems. Natural Mechanical systems. 
Symmetry vs topological constraints.  Works of: Gordon, 
Poincaré, me.  Braids. Planarity. Strong vs weak forces.  

Shape space, shape sphere, reduction. The Eight

Functional analysis for the direct method.Two point 
boundary value  problem. The eight again.  time 
permitting:  Marchall. 

Infinitely many syzygies and coplanarities.  Riem. 
geom methods.

Open ending. Open problems.
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q̈ = rU(q) (1)

<latexit sha1_base64="daqxlfhAanSEZ7yA1LEeYohQ4xk=">AAACIXicbVDLSgMxFM3UV62vUZdugkWomzJTFLsRim5cVrAP6JSSydy2oZnMNMkIZeivuPFX3LhQpDvxZ0wfi9p6IHA451xu7vFjzpR2nG8rs7G5tb2T3c3t7R8cHtnHJ3UVJZJCjUY8kk2fKOBMQE0zzaEZSyChz6HhD+6nfuMZpGKReNKjGNoh6QnWZZRoI3XssudDj4kUhslMGee8IIg0HuJbjD1BfE5wDReGlzkPRLAU69h5p+jMgNeJuyB5tEC1Y0+8IKJJCEJTTpRquU6s2ymRmlEOZm+iICZ0QHrQMlSQEFQ7nV04xhdGCXA3kuYJjWfq8kRKQqVGoW+SIdF9tepNxf+8VqK75XbKRJxoEHS+qJtwrCM8rQsHTALVfGQIoZKZv2LaJ5JQbUqdluCunrxO6qWie1W8fizlK3eLOrLoDJ2jAnLRDaqgB1RFNUTRC3pDH+jTerXerS9rMo9mrMXMKfoD6+cXsoWilQ==</latexit>

Given: q0, q1 2 E and a time T > 0.

<latexit sha1_base64="VcYk2/PhyA975+YdCJ2wUpdoKOE="></latexit>

Find a solution q(t) satisfying q(0) = q0, q(T ) = q1

<latexit sha1_base64="VM1dNBXRUYEElg2Qx4zXVURv/Bo="></latexit>

L (q, v) = K(v) +U(q)

<latexit sha1_base64="/IvMSEVvpDG1gtVtXhQLDvkrtKE=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEKUqZKYpuhKIbQRcVnLbQDiWTpm1oJjNNMoUyFPwVNy4Ucet3uPNvTNtZaOuByz2ccy+5OX7EqFS2/W1klpZXVtey67mNza3tHXN3ryrDWGDi4pCFou4jSRjlxFVUMVKPBEGBz0jN799M/NqQCElD/qhGEfEC1OW0QzFSWmqZB/fQGpzCYQFewTtLtxPXGhRaZt4u2lPAReKkJA9SVFrmV7Md4jggXGGGpGw4dqS8BAlFMSPjXDOWJEK4j7qkoSlHAZFeMj1/DI+10oadUOjiCk7V3xsJCqQcBb6eDJDqyXlvIv7nNWLVufQSyqNYEY5nD3ViBlUIJ1nANhUEKzbSBGFB9a0Q95BAWOnEcjoEZ/7Li6RaKjpnxfOHUr58ncaRBYfgCFjAARegDG5BBbgAgwQ8g1fwZjwZL8a78TEbzRjpzj74A+PzByP9kmQ=</latexit>

A(q(·)) =
R T
0 L(q(t), q̇(t))dt

<latexit sha1_base64="dijYx3ycveGCx1ziI+GgPbcrC8I=">AAACGnicbZDLSgMxFIYz3q23qks3B1uhBSkzouhGqLpx4ULBtkKnDpk0taGZzJicEUrpc7jxVdy4UMSduPFtTC8LbwcCH/9/TpLzh4kUBl3305mYnJqemZ2bzywsLi2vZFfXqiZONeMVFstYX4XUcCkUr6BAya8SzWkUSl4LOycDv3bHtRGxusRuwhsRvVGiJRhFKwVZL39UuC34rBljsQiH4AuFgQvXlwBnYB0sboNvTRhgEZqYD7I5t+QOC/6CN4YcGdd5kH23F7A04gqZpMbUPTfBRo9qFEzyfsZPDU8o69AbXreoaMRNozdcrQ9bVmlCK9b2KISh+n2iRyNjulFoOyOKbfPbG4j/efUUWweNnlBJilyx0UOtVALGMMgJmkJzhrJrgTIt7F+BtammDG2aGRuC93vlv1DdKXm7pb2LnVz5eBzHHNkgm6RAPLJPyuSUnJMKYeSePJJn8uI8OE/Oq/M2ap1wxjPr5Ec5H1+D3Zwy</latexit>

Problem Minimize the action A(q(·)) over all paths q : [0, T ] ! E such that
q(0) = q0 and q1 = q(T ).

<latexit sha1_base64="qrrJGpzyIL02OCiiNUoT7jRm/4M="></latexit>

Solution: Direct method of the calculus of variations

<latexit sha1_base64="eFH1yE8rooSz1Yyn/Qn9bBPCXvM=">AAACHnicdVBNSwMxFMz6WevXqkcvwSJ4KluxKJ5EPXisaGuhlpJN37bB7GZJXgql+Eu8+Fe8eFBE8KT/xmy7gooOBCYzb0jehKkUBoPgw5uanpmdmy8sFBeXlldW/bX1hlFWc6hzJZVuhsyAFAnUUaCEZqqBxaGEq/DmJPOvBqCNUMklDlNox6yXiEhwhk7q+NULJW1GD+mp0MCRxoB91aUqotgHypnkVlqT3QdMi3HMdPxSUK4GGWhQDr5IrlRypURy1Dr+23VXcRtDglwyY1qVIMX2iGkUXMJt8doaSBm/YT1oOZqwGEx7NF7vlm47pUsjpd1JkI7V74kRi40ZxqGbjBn2zW8vE//yWhajg/ZIJKlFSPjkochKiopmXdHuuBE5dIRxLdxfKe8zzTi6RouuhK9N6f+ksVuu7JWr57ulo+O8jgLZJFtkh1TIPjkiZ6RG6oSTO/JAnsizd+89ei/e62R0ysszG+QHvPdPW8Oipw==</latexit>



If the minimum exists and is sufficiently smooth, it solves our 
two-point boundary value problem

W

⌦ = space of absolutely continuous paths q : [0, T ] ! E

<latexit sha1_base64="ZHJmO42nyB5EOpT3BvEiATDuWOk="></latexit>

a = inf
c2⌦

A(c).

<latexit sha1_base64="NlhocKI2z6cybB19awoau1Uls5Q=">AAACCXicbVC7TsMwFHXKq5RXgJHFokEqS5RUIFiQCixsFIk+pLaKHNdprTpOZDtIVdSVhV9hYQAhVv6Ajb/BaTNAy5Gu7tE598q+x48Zlcpxvo3C0vLK6lpxvbSxubW9Y+7uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj64zv/VAhKQRv1fjmPRCNOA0oBgpLXkmtCx0AbuUB16Ksw67tyEZoAm8rOBj27I8s+zYzhRwkbg5KYMcdc/86vYjnISEK8yQlB3XiVUvRUJRzMik1E0kiREeoQHpaMpRSGQvnV4ygUda6cMgErq4glP190aKQinHoa8nQ6SGct7LxP+8TqKC815KeZwowvHsoSBhUEUwiwX2qSBYsbEmCAuq/wrxEAmElQ6vpENw509eJM2q7Z7Yp3fVcu0qj6MIDsAhqAAXnIEauAF10AAYPIJn8ArejCfjxXg3PmajBSPf2Qd/YHz+AFO3l40=</latexit>

cn 2 ⌦ such that limn!1 A(cn) = a.

<latexit sha1_base64="P7Jnb4IMrwpw1+LF26+hDNqWdwU=">AAACJnicbVDLSgMxFM34tr6qLt0EW0E3ZUYU3Qg+Nu6sYFuhLcOdNNMGk8yQ3BHK0K9x46+4caGIuPNTTB8LXxcuHM6D5J4olcKi7394U9Mzs3PzC4uFpeWV1bXi+kbdJplhvMYSmZjbCCyXQvMaCpT8NjUcVCR5I7q7GOqNe26sSPQN9lPeVtDVIhYM0FFh8aTMQk1bwu2V4l0oU5uxHqXYA6TllhQqzJ2GydATY39Az3ZdYo+eUKiUw2LJr/ijoX9BMAElMplqWHxpdRKWKa6RSbC2GfgptnMwKJjkg0IrszwFdgdd3nRQg+K2nY/OHNAdx3RonBi3GumI/Z7IQVnbV5FzKsCe/a0Nyf+0ZobxcTsXOs2QazZ+KM4kdVcPO6MdYThD2XcAmBHur5T1wABD12zBlRD8PvkvqO9XgoPK4fV+6fR8UscC2SLbZJcE5IickktSJTXCyAN5Ii/k1Xv0nr03731snfImmU3yY7zPL52tosU=</latexit>

To get existence: 

We construct the minimizer c⇤ as a limit of a subsequence of the cn

<latexit sha1_base64="DxpB6Iaj1Fa24chBUx64Ci15ktE="></latexit>

having q(0) = q0, q(T ) = q1 and A(q) < 1

<latexit sha1_base64="b3+R94uO5yxg9i/zo91G23HBgqc="></latexit>

and set: 

so that there exists : 



W

STEPS.
  Show:

STEP 1. A subsequence of the cn converges uniformly to a continuous c⇤.

<latexit sha1_base64="yuy43feuLJCMbYNUBcGB4mNWB1Q="></latexit>

STEP 2. c⇤ 2 ⌦.

<latexit sha1_base64="EicSaStoEom2nOiK4MOmLBP9UwE=">AAACBXicbVDLSsNAFJ3UV62vqEtdDLaCuAhJUXRZFMGdFfuCJoTJdNIOnZmEmYlQSjdu/BU3LhRx6z+4829M2iy0euDC4Zx7ufeeIGZUadv+MgoLi0vLK8XV0tr6xuaWub3TUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXmZ++55IRSPR0KOYeBz1BQ0pRjqVfHP/rnFVh1ULQljB/jF0qYDuDSd9VLFKvlm2LXsK+Jc4OS mDHHXf/HR7EU44ERozpFTXsWPtjZHUFDMyKbmJIjHCQ9Qn3ZQKxInyxtMvJvAwVXowjGRaQsOp+nNijLhSIx6knRzpgZr3MvE/r5vo8NwbUxEnmgg8WxQmDOoIZpHAHpUEazZKCcKSprdCPEASYZ0Gl4XgzL/8l7SqlnNind5Wy7WLPI4i2AMH4Ag44AzUwDWogybA4AE8gRfwajwaz8ab8T5rLRj5zC74BePjG+7xlQk=</latexit>

STEP 3. A(c⇤) = a.

<latexit sha1_base64="N7XVQbsBDovSz4k1AwrADw28M5E=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgZboboISVV0I1RFcFmxL2hDmEwn7dDJg5mJUEI3/oobF4q49TPc+TdO2iy09cCFwzn3cu89bsSokKb5reUWFpeWV/KrhbX1jc0tfXunKcKYY9LAIQt520WCMBqQhqSSkXbECfJdRlru8Cb1W4+ECxoGdTmKiO2jfkA9ipFUkqPvPdRva/DEgLB0VcbO8RG8hKhkFBy9aBrmBHCeWBkpggw1R//q9kIc+ySQmCEhOpYZSTtBXFLMyLjQjQWJEB6iPukoGiCfCDuZPDCGh0rpQS/kqgIJJ+rviQT5Qox8V3X6SA7ErJeK/3mdWHoXdkKDKJYkwNNFXsygDGGaBuxRTrBkI0UQ5lTdCvEAcYSlyiwNwZp9eZ40K4Z1apzdV4rV6yyOPNgHB6AMLHAOquAO1EADYDAGz+AVvGlP2ov2rn1MW3NaNrML/kD7/AFrsJJw</latexit>

STEP 4. A is di↵erentiable.

<latexit sha1_base64="+hlf0H00fbkaPJbMXXdwO1cTwvg=">AAACCHicbVC7SgNBFL3rM8bXqqWFg4lgteyGiJZRESwj5gXJEmYns8mQ2Qczs0JYUtr4KzYWitj6CXb+jZNkC008MHA45z7mHi/mTCrb/jaWlldW19ZzG/nNre2dXXNvvyGjRBBaJxGPRMvDknIW0rpiitNWLCgOPE6b3vB64jcfqJAsCmtqFFM3wP2Q+YxgpaWueXRfu6misoWKl0XEJOox36eChophPcJCXbNgW/YUaJE4GSlAhmrX/Or0IpIEegThWMq2Y8fKTbFQjHA6zncSSWNMhrhP25qGOKDSTaeHjNGJVnrIj4R+oUJT9XdHigMpR4GnKwOsBnLem4j/ee1E+RduysI4UTQks0V+wpGK0CQVfbagRPGRJpgIpv+KyAALTJTOLq9DcOZPXiSNkuWUrbO7UqFylcWRg0M4hlNw4BwqcAtVqAOBR3iGV3gznowX4934mJUuGVnPAfyB8fkD8siXbA==</latexit>

dA(c⇤)(h) = 0 for all variations h tangent to ⌦.

<latexit sha1_base64="LCGb+RW1xPyiNyN9TM/0d8GcAsk="></latexit>

STEP 5. This minimizer c⇤ satisfies Newton’s equations.

<latexit sha1_base64="YoKQMozZpmia7FlLeYxf/MpahYA="></latexit>



W

Overview of how the steps are done

STEP 1. Arzela-Ascoli

<latexit sha1_base64="9lc8+4Bc3fkz7RHG2JTR52Kd5Dk=">AAACA3icbVDLSgMxFM34rPU16k43wSK4cZgpii5bRXBZsS9oh5JJ77ShmQdJRqil4MZfceNCEbf+hDv/xkw7C209cOFwzr3JvceLOZPKtr+NhcWl5ZXV3Fp+fWNza9vc2a3LKBEUajTikWh6RAJnIdQUUxyasQASeBwa3uAq9Rv3ICSLwqoaxuAGpBcyn1GitNQx9++q1xXsWBjjsngATk7KUr/KMM53zIJt2RPgeeJkpIAyVDrmV7sb0SSAUFFOpGw5dqzcERGKUQ7jfDuREBM6ID1oaRqSAKQ7mtwwxkda6WI/ErpChSfq74kRCaQcBp7uDIjqy1kvFf/zWonyL9wRC+NEQUinH/kJxyrCaSC4ywRQxYeaECqY3hXTPhGEKh1bGoIze/I8qRct59Q6uy0WSpdZHDl0gA7RMXLQOSqhG1RBNUTRI3pGr+jNeDJejHfjY9q6YGQze+gPjM8fsUWVAQ==</latexit>

STEP 2. Banach-Alaoglu. Notion of weak compactness.

Work in Sobolev space H
1
, a Hilbert space closely related to ⌦.

<latexit sha1_base64="Mm/rKtXNWArY/kNDnXmveXoLhJk="></latexit>

STEP 3. Ideas from steps 1 and 2.

<latexit sha1_base64="mLE0Twxq60cchFhuFTc9YuPjLFw=">AAACDXicbVDLSgNBEJz1GeMr6tFLYxQ8LbtR0WNQBL1FzAuSEGZne5Mhs7PLzKwQQn7Ai7/ixYMiXr1782/cPA6aWNBQVHXT3eXFgmvjON/WwuLS8spqZi27vrG5tZ3b2a3qKFEMKywSkap7VKPgEiuGG4H1WCENPYE1r3c18msPqDSPZNn0Y2yFtCN5wBk1qdTOHd6Xr0twYsOtj1RDoKIQtMFYgwtU+lCwAbLtXN6xnTFgnrhTkidTlNq5r6YfsSREaZigWjdcJzatAVWGM4HDbDPRGFPWox1spFTSEHVrMP5mCEep4kMQqbSkgbH6e2JAQ637oZd2htR09aw3Ev/zGokJLloDLuPEoGSTRUEiwEQwigZ8rpAZ0U8JZYqntwLrUkWZSQMcheDOvjxPqgXbPbXP7gr54uU0jgzZJwfkmLjknBTJDSmRCmHkkTyTV/JmPVkv1rv1MWldsKYze+QPrM8fI9mYbQ==</latexit>

STEP 4. first quarter calculus, really

<latexit sha1_base64="agRnNdvFyPWhu1/c8i0BcuTfmYA=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoQkJSKrosiuCyYl/QhjKZTNqhk0mch1BKf8GNv+LGhSJu3bnzb5y2WWjrgYHDOfcx9wQpo1K57reVW1ldW9/Ibxa2tnd29+z9g6ZMtMCkgROWiHaAJGGUk4aiipF2KgiKA0ZawfBq6rceiJA04XU1Sokfoz6nEcVIGalnl+7q1zVYcWBEhVTwXiOhiIAYMayZlqfQDGNsBGHPLrqOOwNcJl5GiiBDrWd/dcME65hwhRmSsuO5qfLHZj7FjEwKXS1JivAQ9UnHUI5iIv3x7KIJPDFKCKNEmMcVnKm/O8YolnIUB6YyRmogF72p+J/X0Sq68MeUp1oRjueLIs2gSuA0HhhSQbAyB4cUYUHNXyEeIIGwSUUWTAje4snLpFl2vIpzdlsuVi+zOPLgCByDEvDAOaiCG1ADDYDBI3gGr+DNerJerHfrY16as7KeQ/AH1ucPJ02b/A==</latexit>

STEP 5. Fundamental theorem of the calculus of variations.

<latexit sha1_base64="/LvdUcU0NSQYUP1jGEuvm+2ERwY=">AAACJnicbVDLSgMxFM34tr6qLt0Ei+BqmCkW3QhFUVxW7EOopdxJM20wkwx5FErp17jxV9y4UETc+Slm2i609UDg5Nx7uPeeKOVMmyD48hYWl5ZXVtfWcxubW9s7+d29upZWEVojkkt1H4GmnAlaM8xwep8qCknEaSN6vMzqjT5VmklRNYOUthLoChYzAsZJ7fz5XfWqgks+vraiAwkVBjg2PSoVTbCMM4oJcGK51dm/D4qNrdrPYdzOFwI/GAPPk3BKCmiKSjv/9tCRxGZzCAetm2GQmtYQlGGE01HuwWqaAnmELm06KtxGujUcnznCR07p4Fgq94TBY/W3YwiJ1oMkcp0JmJ6erWXif7WmNfFZa8hEag0VZDIoti4HibPMcIcpSgwfOAJEMbcrJj1QQIxLNudCCGdPnif1oh+e+KXbYqF8MY1jDR2gQ3SMQnSKyugGVVANEfSEXtAbeveevVfvw/uctC54U88++gPv+wet66QU</latexit>



on the  Board!

W

DETAILS: 


