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<latexit sha1_base64="AprVSqCMo+q2eF+Aa38sqYNPENo="></latexit>

He took a sabbatical at my university and there he challenged me to

understand why the singularities of a certain class of distributions,

the “Goursat distributions” seem to grow like the Fibonacci numbers

<latexit sha1_base64="lVpLdhtbmJXhFW7c2keQv8vgbrI="></latexit>

I met Misha Zhitomirskii through singularity theory, specifically the singu-
larity theory of distributions - sub-bundles of the tangent bundle of a manifold.

<latexit sha1_base64="2KTCCGy3bqga9cr188P4Ei9hW/Q="></latexit>

We largely completed the classification of the Goursat distributions. To do
so we introduced the “Monster tower”. The whole area was enough o↵ the
beaten track that it yielded good thesis topics, at least 5.

<latexit sha1_base64="kJ+J0BTgpAZeoq6YdAaepViAu2I="></latexit>

Alex de Castro was one of these 5. He uncovered work of Gary K. and Susan

C. on the same tower, under another name, the “Semple tower’, and for reasons

internal to enumerative alg. geometry.



<latexit sha1_base64="QslMk/ynG/2YA08ksd6vOUJRQP8="></latexit>

Each Mi is endowed with a rank 2 distribution �i

<latexit sha1_base64="qQ0M2QXDPd59u0XeJHsjNOPbIPY="></latexit>

(Mk+1,�k+1) is constructed from (Mk,�k)
by the process of ‘prolongation’



<latexit sha1_base64="LjO/es5UrrwsNe0sGFjwxvYQ/6Y="></latexit>

Points in the Tower
<latexit sha1_base64="V/4U/qbRAlkwH1Zv0ENuDIu27rQ="></latexit>

Legendrian curve germs
in 3-space

<latexit sha1_base64="UfmqvD5e/zVCzVZQwKbSuxiZzHI="></latexit>

Plane curve germs

<latexit sha1_base64="ilXWo4Z+KNHElmEqXvPR0MOlT48=">AAACFnicdVDLSsNAFJ3UV62vqBvBzWARXJW0GHVZdOOygn1ADWUyvWmHTh7MTKQh1O/wA9zqJ7gTt279An/DSRuxil4Y5nDOfR434kwqy3o3CguLS8srxdXS2vrG5pa5vdOSYSwoNGnIQ9FxiQTOAmgqpjh0IgHEdzm03dFFprdvQUgWBtcqicDxySBgHqNEaapn7jViJiEeYzokglAFQs9ktIR7Ztmq2JaOGrYq2X9s45yxcXXKWFYZ5dHomR83/ZDGPgSKciJlt2pFykmJ0O04TEo3sYSI0BEZQFfDgPggnXR6wQQfaqaPvVDoFyg8ZecrUuJLmfiuzvSJGsrfWkb+pXVj5Z05KQuiWEFAZ4O8mGMV4swO3GcCqOKJBoQKpnf9dkKW8HwrwrmTjpOJdubrfPw/aNUq1ZOKfVUr189zj4poHx2gI1RFp6iOLlEDNRFFd+gBPaIn4954Nl6M11lqwchrdtGPMN4+Ac7an7A=</latexit>

Puiseux characteristic
<latexit sha1_base64="Dk0xEZbp6UuszLsp6WHqgI6U8SI=">AAACBnicdVBLTsMwFHTKr4RfgSUbiwqJVZRWBFhWsGFZUH+ijSrHcVqrjhPZDiKKuucAbOEI7BBbrsEJuAZOG6SCYCTLo5n37PfGixmVyrY/jNLS8srqWnnd3Njc2t6p7O51ZJQITNo4YpHoeUgSRjlpK6oY6cWCoNBjpOtNLnO/e0eEpBFvqTQmbohGnAYUI6Wl25tOC+LIJyYcVqq25dgadWhb+X3iwEJxYG2m2HYVFGgOK58DP8JJSLjCDEnZr9mxcjMkFMWMTM1BIkmM8ASNSF9TjkIi3Ww28RQeacWHQST04QrO1MWODIVSpqGnK0OkxvK3l4t/ef1EBeduRnmcKMLx/KMgYVBFMF8f+lQQrFiqCcKC6lkhHiOBsNIhmXDxKcSYm92nU53M9/rwf9KpW7VTy7muVxsXRUZlcAAOwTGogTPQAFegCdoAAw4ewRN4Nh6MF+PVeJuXloyiZx/8gPH+BRtumM4=</latexit>

RVT code

<latexit sha1_base64="RNojBOy2gp8jzCOLIKw/E4K7UgI="></latexit>

Value set

(Zariski; Hefez-Hernandes)

<latexit sha1_base64="NjwV51TsPtFTor9X/16pmsvx8cM=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4KpkBa7tq0Y3LivYB7VAyaaYNzWSGJCMOQxd+gFv9BHfi1k/xC/wNM22FKnogcDjn3pt7jxdxpjRCH1ZuZXVtfSO/Wdja3tndK+4ftFUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTS4zv3NHpWKhuNVJRN0AjwTzGcHaSDf1OhwUS6iMDCoVmBG7imxDarWq49SgPbMQKoEFmoPiZ38YkjigQhOOlerZKNJuiqVmhNNpoR8rGmEywSPaM1TggCo3na06hSdGGUI/lOYJDWfqckeKA6WSwDOVAdZj9dvLxL+8Xqz9qpsyEcWaCjL/yI851CHM7oZDJinRPDEEE8nMrpCMscREm3QKcHkU5txN75OpSeb7fPg/aTtlu1I+u3ZKjYtFRnlwBI7BKbDBOWiAK9AELUDACDyCJ/BsPVgv1qv1Ni/NWYueQ/AD1vsXoiCWaA==</latexit>

??

<latexit sha1_base64="lQ2NdB2qhvpOWqdq4glpEjqEnZM="></latexit>

Gary K. to Justin Lake: Answer “??”:
What invariant(s) or subclasses in the Tower,
does the value set of a curve repesent?



<latexit sha1_base64="QslMk/ynG/2YA08ksd6vOUJRQP8="></latexit>

Each Mi is endowed with a rank 2 distribution �i

<latexit sha1_base64="qQ0M2QXDPd59u0XeJHsjNOPbIPY="></latexit>

(Mk+1,�k+1) is constructed from (Mk,�k)
by the process of ‘prolongation’



<latexit sha1_base64="cRl1bagkwFkJGNF9f7EOJZ+je40="></latexit>

Prolongation.
Start: (M,D), a manifold-with-distribution ,
so D ⇢ TM is a linear sub-bundle. Assume rank D = 2.
End product : a new manifold-with-distribution (M 0, D0)
which fibers over M with fiber P1.

M 0 = PD0

with points (p, `), p 2 M, ` ⇢ D(p)

<latexit sha1_base64="CwCLOQZl8NSwvaihuF1vIGorRCk="></latexit>

D0(p, `) = d⇡�1(`)

<latexit sha1_base64="qhM3F8l52CRXzsUh4IvIqzgLj9I=">AAACD3icbVDLSsNAFJ3UV62vVJduBovoqiTiayMUdeFGqGAf0IYymU7aoZNJmJmoIeQj/AC3+gnuxK2f4Bf4G07aLGrrgYHDOffeORw3ZFQqy/o2CguLS8srxdXS2vrG5pZZ3m7KIBKYNHDAAtF2kSSMctJQVDHSDgVBvstIyx1dZX7rgQhJA36v4pA4Phpw6lGMlJZ6Zvn2AF7ApOsjNXRdWE+ve2bFqlpjwHli56QCctR75k+3H+DIJ1xhhqTs2FaonAQJRTEjaakbSRIiPEID0tGUI59IJxlHT+G+VvrQC4R+XMGxOr2RIF/K2Hf1ZBZRznqZ+J/XiZR37iSUh5EiHE8+8iIGVQCzHmCfCoIVizVBWFCdFeIhEggr3VYJTp9CjDnJU5zqZuzZHuZJ86hqn1ZP7o4rtcu8oyLYBXvgENjgDNTADaiDBsDgEbyAV/BmPBvvxofxORktGPnODvgD4+sXlDmbsw==</latexit>

M 0 = PD



<latexit sha1_base64="lahoDp+SAS2OggmlmeBvQeVZ8gU="></latexit>

Symmetries of Mk: = (local) di↵eos of Mk preserving �k

<latexit sha1_base64="5jFoYFe/BX/tEr34ef60db7BJy0="></latexit>

(M0,�0) = (surface, tangent space of surface)
(Mk+1,�k+1) = prolongation of (Mk,�k)

(M1,�1) = (contact 3-fold, contact distribution)

<latexit sha1_base64="ibI3YLwAhqfgAJFccrZKQqODmwM="></latexit>

prolongation acts on symmetries giving an injective homomorphism
prol: Symm(Mk) ! Symm(Mk+1)

<latexit sha1_base64="1cDv+F5Ig6QF/MszdV6tUU0PAQs="></latexit>

Thm. [Bäcklund, 1880s]. prol : Symm(Mk) ⇠= Sym(Mk+1) when k � 1.

Symm(M0) = Diff(M0),
Symm(M1) = contact di↵eos of (M1,�1)
Symm(M1) is much larger than (the image under prol of )Symm(M0)
Symm(Mk) = (the image under prol of ) Symm(M1), k � 1



<latexit sha1_base64="ub7Vn6U1eBqbIrjxs3ba96ZA9h8="></latexit>

Contactomorphisms act
<latexit sha1_base64="7J7upzEdW9xNlTtAerpLJ2B87JU=">AAACCHicdVDLSgMxFM34rPVVdekmWARXZTrah7uiG5cV+oJ2kEx6a4OZZEgyahn6A36AW/0Ed+LWv/AL/A0zbYUqeuDC4Zx7k3tPEHGmjet+OAuLS8srq5m17PrG5tZ2bme3pWWsKDSp5FJ1AqKBMwFNwwyHTqSAhAGHdnBznvrtW1CaSdEwowj8kFwLNmCUGCv1pMBmCLgh70Bd5fJu4bRa9koedguuW/GOyynxKifeMS5aJUUezVC/yn32+pLGIQhDOdG6W3Qj4ydEGUY5jLO9WENE6A25hq6lgoSg/WSy8xgfWqWPB1LZEgZP1PmJhIRaj8LAdobEDPVvLxX/8rqxGVT9hIkoNiDo9KNBzLGROA0A95kCavjIEkIVs7tiOiSKUGNjyuL5pwjnfnI/Gttkvs/H/5OWVyiWC6VLL187m2WUQfvoAB2hIqqgGrpAddREFEXoET2hZ+fBeXFenbdp64Izm9lDP+C8fwErv5qa</latexit>

on the Tower

<latexit sha1_base64="R+AeXY8NXRGf3azYtCSkXkqpWc0="></latexit>

PROBLEM: Classify the orbits in the Tower under the action

of the full (contact) symmetry group.

<latexit sha1_base64="3TB0WcwG5m8SBohhBhWbIPk9Ei4="></latexit>

after deleting the zeroth level





<latexit sha1_base64="ub7Vn6U1eBqbIrjxs3ba96ZA9h8="></latexit>

Contactomorphisms act
<latexit sha1_base64="7J7upzEdW9xNlTtAerpLJ2B87JU=">AAACCHicdVDLSgMxFM34rPVVdekmWARXZTrah7uiG5cV+oJ2kEx6a4OZZEgyahn6A36AW/0Ed+LWv/AL/A0zbYUqeuDC4Zx7k3tPEHGmjet+OAuLS8srq5m17PrG5tZ2bme3pWWsKDSp5FJ1AqKBMwFNwwyHTqSAhAGHdnBznvrtW1CaSdEwowj8kFwLNmCUGCv1pMBmCLgh70Bd5fJu4bRa9koedguuW/GOyynxKifeMS5aJUUezVC/yn32+pLGIQhDOdG6W3Qj4ydEGUY5jLO9WENE6A25hq6lgoSg/WSy8xgfWqWPB1LZEgZP1PmJhIRaj8LAdobEDPVvLxX/8rqxGVT9hIkoNiDo9KNBzLGROA0A95kCavjIEkIVs7tiOiSKUGNjyuL5pwjnfnI/Gttkvs/H/5OWVyiWC6VLL187m2WUQfvoAB2hIqqgGrpAddREFEXoET2hZ+fBeXFenbdp64Izm9lDP+C8fwErv5qa</latexit>

on the Tower

<latexit sha1_base64="R+AeXY8NXRGf3azYtCSkXkqpWc0="></latexit>

PROBLEM: Classify the orbits in the Tower under the action

of the full (contact) symmetry group.

<latexit sha1_base64="3TB0WcwG5m8SBohhBhWbIPk9Ei4="></latexit>

after deleting the zeroth level

<latexit sha1_base64="uy+8/kW/BtIGTvKzV1EFgsZWEpQ="></latexit>

This action preserves levels and maps fibers to fibers.
So the action leaves invariant two families of curves within each level k > 1

- the fibers (V’s)

- the prolongations (*) of fibers from lower levels (T’s) – for k > 2

<latexit sha1_base64="wi5AuDyT7GBkftMFnjlji8LdE2U="></latexit>

The action preserves the tangent line field to these curve families, –
a line sub-bundle V ⇢ �k and
a line sub-bundle T ⇢ �k|crit only defined along a hypersurface ‘crit’

<latexit sha1_base64="F1GEUHTBujnOfReiGibdcyljjIo="></latexit>

A coarser equivalence relation on the Mk’s
than lying on the same contact orbit: having the same RVT class

<latexit sha1_base64="NyhP315EBeDu0esJIlm+UCxl5Rk=">AAACEnicbVDLSsNAFJ34rPUVHzs3g0VwVZKCj2WpghZEqjRtoQ1lMp20QycPZiZiDP0LP8CtfoI7cesP+AX+htM0i9p64MLhnPviOCGjQhrGt7awuLS8sppby69vbG5t6zu7DRFEHBMLByzgLQcJwqhPLEklI62QE+Q5jDSd4cXYbz4QLmjg12UcEttDfZ+6FCOppK6+X7GqN5fV2yt436hDzJAQRHT1glE0UsB5YmakADLUuvpPpxfgyCO+TFe0TSOUdoK4pJiRUb4TCRIiPER90lbURx4RdpJ+P4JHSulBN+CqfAlTdXoiQZ4QseeoTg/JgZj1xuJ/XjuS7rmdUD+MJPHx5JAbMSgDOI4C9ignWLJYEYQ5Vb9CPEAcYakCy8PpVYgxO3mMRyoZczaHedIoFc3T4sldqVCuZBnlwAE4BMfABGegDK5BDVgAgyfwAl7Bm/asvWsf2uekdUHLZvbAH2hfv8dAnOA=</latexit>

BUILDING RVT classes
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<latexit sha1_base64="0Dkj/Tbsf/sy46S/m0ldcgek5Lc="></latexit>

Words for level k have length k � 2.
There are F2k�3 RVT words of length k � 2.

=) MK decomposes into the disjoint union
of F2k�3 RVT classes. Each class is a union of orbits



<latexit sha1_base64="GDeuWg2xA2lVDW6dAU0vXz5u/pI="></latexit>

RVT classes = Contact Orbits UP TO LEVEL 6.



<latexit sha1_base64="5BdOOYOj4zqy/v2zLd6LENHCHH4="></latexit>

At level k = 7 four RVT classes
break up, each into two orbits for 93 = 89 + 4

<latexit sha1_base64="3mGwQ7/vbrhfBnDnvxI+W45km38="></latexit>

At level k = 8 at least one RVT class

breaks up into a continuum of orbits

Which ones? How?

<latexit sha1_base64="2hh14L12PXEt6fkmrSjfiFH9noc=">AAACB3icdVDLSgMxFM34rPVVdekmWARXZaZq7eyKblxWsA+YDiWTZtrQTDIkGXEY+gF+gFv9BHfi1s/wC/wNM22FKnogcDjn3pt7TxAzqrRtf1hLyyura+uFjeLm1vbObmlvv61EIjFpYcGE7AZIEUY5aWmqGenGkqAoYKQTjK9yv3NHpKKC3+o0Jn6EhpyGFCNtJA/WXdjTArqnsF8q2xXboFaDOXHqtmOI69arVRc6U8u2y2COZr/02RsInESEa8yQUp5jx9rPkNQUMzIp9hJFYoTHaEg8QzmKiPKz6coTeGyUAQyFNI9rOFUXOzIUKZVGgamMkB6p314u/uV5iQ7rfkZ5nGjC8eyjMGHQHJnfDwdUEqxZagjCkppdIR4hibA2KRXh4ijEmJ/dpxOTzPf58H/SrlacWuX85qzcuJxnVACH4AicAAdcgAa4Bk3QAhgI8AiewLP1YL1Yr9bbrHTJmvccgB+w3r8ABkmYuA==</latexit>

89 ! 93

<latexit sha1_base64="7fZpprU2x4uGscKdRkdGYpYGSa0=">AAACCnicdVDLSgMxFM34rPVVdekmWARXJTPV2u6KblxWsA9ox5JJM21oJjMkGXEY+gd+gFv9BHfi1p/wC/wNM22FKnogcDjn3pt7jxdxpjRCH9bS8srq2npuI7+5tb2zW9jbb6kwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG19mfvuOSsVCcaOTiLoBHgrmM4K1kW6dchn2dAh7TPg66ReKqIQMKhWYEbuKbENqtarj1KA9tRAqgjka/cJnbxCSOKBCE46V6too0m6KpWaE00m+FysaYTLGQ9o1VOCAKjedbj2Bx0YZQD+U5gkNp+piR4oDpZLAM5UB1iP128vEv7xurP2qmzIRxZoKMvvIjzk0d2YRwAGTlGieGIKJZGZXSEZYYqJNUHm4OApz7qb3ycQk830+/J+0nJJdKZ1dnxbrF/OMcuAQHIETYINzUAdXoAGagAAJHsETeLYerBfr1XqblS5Z854D8APW+xe1LZrX</latexit>

233 ! 1

<latexit sha1_base64="OmJSIqKCujsJLnE6MxNESGLiuBc="></latexit>

F2k�3 !??
<latexit sha1_base64="7h6qtnpidScHQz6P+Mxx87Sv8ok="></latexit>

At the general level k there are F2k�3 RVT classes.

Which ones break up into more orbits? How do they break up?



<latexit sha1_base64="OK40K0uGUSPIzPGlQsqtNpT2pQk=">AAACFXicbZDLSgMxFIYz9VbrbdSFCzfBIrgqMwUvy+ogtGBprb1BO5RMmrahmQtJRhyGPocP4FYfwZ24de0T+Bqml0VtPRD4+P9zTpLfCRgV0jC+tcTK6tr6RnIztbW9s7un7x/UhR9yTGrYZz5vOkgQRj1Sk1Qy0gw4Qa7DSMMZWmO/8Ui4oL5XlVFAbBf1PdqjGEkldfSjfOGhWqoUrOs7CK1SsXhbsQqKO3rayBiTgstgziANZlXu6D/tro9Dl3gSMyREyzQCaceIS4oZGaXaoSABwkPUJy2FHnKJsOPJB0bwVCld2PO5Op6EE3V+IkauEJHrqE4XyYFY9Mbif14rlL0rO6ZeEEri4elFvZBB6cNxGrBLOcGSRQoQ5lS9FeIB4ghLlVkKzq9CjNnxUzRSyZiLOSxDPZsxLzLn99l07maWURIcgxNwBkxwCXIgD8qgBjAYgRfwCt60Z+1d+9A+p60JbTZzCP6U9vULz9qctA==</latexit>

HISTORICAL COMMERCIAL



<latexit sha1_base64="3PyxXhAIe+CIdJH1Ap7PhjVUsQM="></latexit>

Our original motivation for climbing up the Tower:

<latexit sha1_base64="oxjqH8Ujh4/pfNSiga/GWC9Yv30="></latexit>

to CLASSIFY GOURSAT DISTRIBUTIONS



<latexit sha1_base64="DhsYxp5I8yUUkX2x47FKEI8yb+o="></latexit>D or D

<latexit sha1_base64="7zukjWm3flzYgPsjaPVXJKWngkk="></latexit>

(From Susan Colley’s slides )



<latexit sha1_base64="FMjJ8K1Peg814faRBxaaQU9mHUg="></latexit>

�k is Goursat

<latexit sha1_base64="ASytoeOEqndRpjxWBG3KGrvLlDY=">AAACBHicdVDLSsNAFJ34rPVVdelmsBVchSS1D3dFNy4r2Ae0oUymk3boZBJmJmII3foBbvUT3Ilb/8Mv8DectBWq6IGBwzn33rn3eBGjUlnWh7Gyura+sZnbym/v7O7tFw4O2zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxJleZ37kjQtKQ36okIm6ARpz6FCOlpW6pLxmS49KgULTMi3rVqTjQMi2r5pSrGXFq504Z2lrJUAQLNAeFz/4wxHFAuMJ6guzZVqTcFAlFMSPTfD+WJEJ4gkakpylHAZFuOtt3Ck+1MoR+KPTjCs7U5Y4UBVImgacrA6TG8reXiX95vVj5dTelPIoV4Xj+kR8zqEKYHQ+HVBCsWKIJwoLqXSEeI4Gw0hHl4fIoxJib3idTncz3+fB/0nZMu2pWbpxi43KRUQ4cgxNwBmxQAw1wDZqgBTBg4BE8gWfjwXgxXo23eemKseg5Aj9gvH8B1xiYwg==</latexit>

/
<latexit sha1_base64="zqBxBXS2nxQ7s09VP5ammj3Dn8I=">AAACAHicdVDLSsNAFJ34rPVVdelmsAiuQpLah7uiG5cV7APaUCbTSTN0MgkzEzGEbvwAt/oJ7sStf+IX+BtO2gpV9MDA4Zx779x7vJhRqSzrw1hZXVvf2CxsFbd3dvf2SweHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k6vc794RIWnEb1UaEzdEY059ipGaSQGBw1LZMi8aNafqQMu0rLpTqeXEqZ87FWhrJUcZLNAalj4HowgnIeEKMyRl37Zi5WZIKIoZmRYHiSQxwhM0Jn1NOQqJdLPZrlN4qpUR9COhH1dwpi53ZCiUMg09XRkiFcjfXi7+5fUT5TfcjPI4UYTj+Ud+wqCKYH44HFFBsGKpJggLqneFOEACYaXjKcLlUYgxN7tPpzqZ7/Ph/6TjmHbNrN445eblIqMCOAYn4AzYoA6a4Bq0QBtgEIBH8ASejQfjxXg13ualK8ai5wj8gPH+BQzRlzw=</latexit>

the<latexit sha1_base64="rLLW2ViwziDWDe1JEisdGRKUPA0="></latexit>

(over n’importe quelle surface M0;
or contact manifold M1 or Engel manifold M2)



<latexit sha1_base64="OrB2R93Tq3+SbV0dARePaQQqdkA="></latexit>

Every Goursat germ on a k + 2 dimensions is di↵eomorphic
to (p, U,�k|U) for some p 2 Mk with U some nbhd of p

<latexit sha1_base64="n4+8pLfGY8R+0fJ0bo9PLCPeNt0="></latexit>

Two such Goursat germs at di↵erent points p, p0 2 Mk are
loc. di↵eo () 9 a contact di↵eo � : Mk ! Mk with �(p) = p0

<latexit sha1_base64="laJstMHzk16YeibpgNPDHJnrb3M="></latexit>

Problem of classifying Goursat germs up to di↵eo
()
Problem of decomposing Tower into orbits w.r.t contact
symmetry group action



<latexit sha1_base64="dneTHhe+P3yCpQCljrZdtTJhlEI="></latexit>

END. HISTORICAL COMMERCIAL



<latexit sha1_base64="gbSJbA2WurTTnGShVO01sArr34M="></latexit>

Case of M0 = P2. Then M1 = PTM0

and
PGL(3) ⇢ Diff(P2) ⇢ Cont(M1)

<latexit sha1_base64="qzLXw/zuMtV/JtPrTpeS8fv2S6c="></latexit>

Montgomery-Zhitomirskii Colley-Kennedy symbol

distribution focal bundle �k

fiber divisor at infinity Vk; Ik;⇡�1(pk�1)

symmetries contact di↵eos proj. transf’s Cont(M1);
or di↵eos of surface PGL(3) or Diff(M0)

<latexit sha1_base64="W+0sTyNr/NBoylGaR3ETds1kP0c="></latexit>

CONNECTIONS TO COLLEY-KENNEDY



<latexit sha1_base64="5BdOOYOj4zqy/v2zLd6LENHCHH4="></latexit>

At level k = 7 four RVT classes
break up, each into two orbits for 93 = 89 + 4

<latexit sha1_base64="3mGwQ7/vbrhfBnDnvxI+W45km38="></latexit>

At level k = 8 at least one RVT class

breaks up into a continuum of orbits

Which ones? How?

<latexit sha1_base64="2hh14L12PXEt6fkmrSjfiFH9noc=">AAACB3icdVDLSgMxFM34rPVVdekmWARXZaZq7eyKblxWsA+YDiWTZtrQTDIkGXEY+gF+gFv9BHfi1s/wC/wNM22FKnogcDjn3pt7TxAzqrRtf1hLyyura+uFjeLm1vbObmlvv61EIjFpYcGE7AZIEUY5aWmqGenGkqAoYKQTjK9yv3NHpKKC3+o0Jn6EhpyGFCNtJA/WXdjTArqnsF8q2xXboFaDOXHqtmOI69arVRc6U8u2y2COZr/02RsInESEa8yQUp5jx9rPkNQUMzIp9hJFYoTHaEg8QzmKiPKz6coTeGyUAQyFNI9rOFUXOzIUKZVGgamMkB6p314u/uV5iQ7rfkZ5nGjC8eyjMGHQHJnfDwdUEqxZagjCkppdIR4hibA2KRXh4ijEmJ/dpxOTzPf58H/SrlacWuX85qzcuJxnVACH4AicAAdcgAa4Bk3QAhgI8AiewLP1YL1Yr9bbrHTJmvccgB+w3r8ABkmYuA==</latexit>

89 ! 93

<latexit sha1_base64="7fZpprU2x4uGscKdRkdGYpYGSa0=">AAACCnicdVDLSgMxFM34rPVVdekmWARXJTPV2u6KblxWsA9ox5JJM21oJjMkGXEY+gd+gFv9BHfi1p/wC/wNM22FKnogcDjn3pt7jxdxpjRCH9bS8srq2npuI7+5tb2zW9jbb6kwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG19mfvuOSsVCcaOTiLoBHgrmM4K1kW6dchn2dAh7TPg66ReKqIQMKhWYEbuKbENqtarj1KA9tRAqgjka/cJnbxCSOKBCE46V6too0m6KpWaE00m+FysaYTLGQ9o1VOCAKjedbj2Bx0YZQD+U5gkNp+piR4oDpZLAM5UB1iP128vEv7xurP2qmzIRxZoKMvvIjzk0d2YRwAGTlGieGIKJZGZXSEZYYqJNUHm4OApz7qb3ycQk830+/J+0nJJdKZ1dnxbrF/OMcuAQHIETYINzUAdXoAGagAAJHsETeLYerBfr1XqblS5Z854D8APW+xe1LZrX</latexit>

233 ! 1

<latexit sha1_base64="OmJSIqKCujsJLnE6MxNESGLiuBc="></latexit>

F2k�3 !??
<latexit sha1_base64="7h6qtnpidScHQz6P+Mxx87Sv8ok="></latexit>

At the general level k there are F2k�3 RVT classes.

Which ones break up into more orbits? How do they break up?

<latexit sha1_base64="97VKGZ/nyWcOvpQJPYO06KB1DQY=">AAACF3icbVDLSgMxFM3UV62vqitxEyyCqzJT8LGsSsGCtrX2Je1QMmmmDc08SDLiMBS/ww9wq5/gTty69Av8DdPHorYeuHA4596b3GP5jAqp699abGFxaXklvppYW9/Y3Epu79SEF3BMqthjHm9YSBBGXVKVVDLS8DlBjsVI3epfDv36A+GCem5Fhj4xHdR1qU0xkkpqJ/fKuUq1XICVIrw5zxfgXaVYvofX+UKunUzpaX0EOE+MCUmBCUrt5E+r4+HAIa7EDAnRNHRfmhHikmJGBolWIIiPcB91SVNRFzlEmNHohAE8VEoH2h5X5Uo4UqcnIuQIETqW6nSQ7IlZbyj+5zUDaZ+ZEXX9QBIXjx+yAwalB4d5wA7lBEsWKoIwp+qvEPcQR1iq1BJwehVizIwew4FKxpjNYZ7UMmnjJH18m0llLyYZxcE+OABHwACnIAuuQAlUAQZP4AW8gjftWXvXPrTPcWtMm8zsgj/Qvn4BX6Cdiw==</latexit>

RETURN TO MAIN STORY LINE



<latexit sha1_base64="tPVF7gjaf3BpwEvUcl8rCH2ah4c="></latexit>

Every point in the class RVTRR is realized as the
6-fold prolongation (@ t = 0) of a Legendrian curve equivalent to
either (t3, t7, 3

10 t
10) or its cousin (t3, t7, 3

10 t
10 + 3

11 t
11)





<latexit sha1_base64="HMMrDvt+M7A+Ap2J8UW+Qeypopc=">AAACEXicbVDbSgJBGJ61k9nJ8rKbIQm6kl2hw6VkYUKIRR5AF5kdZ3VwdnaZmY2WxafoAbqtR+guuu0JeoJeo1H3wrQPfvj4vv/E5wSMSmWa30ZqZXVtfSO9mdna3tndy+4fNKUfCkwa2Ge+aDtIEkY5aSiqGGkHgiDPYaTljMoTv/VIhKQ+f1BRQGwPDTh1KUZKS71srtKoXlVrFVi/r9bK1frtNYS9bN4smFPAZWIlJA8S1HvZn27fx6FHuMIMSdmxzEDZMRKKYkbGmW4oSYDwCA1IR1OOPCLtePr8GB5rpQ9dX+jiCk7V+YkYeVJGnqM7PaSGctGbiP95nVC5F3ZMeRAqwvHskBsyqHw4SQL2qSBYsUgThAXVv0I8RAJhpfPKwPlViDE7forGOhlrMYdl0iwWrLPC6V0xX7pMMkqDQ3AEToAFzkEJ3IA6aAAMIvACXsGb8Wy8Gx/G56w1ZSQzOfAHxtcvVpabaw==</latexit>

GUIDING PRINCIPLE



<latexit sha1_base64="98sY+XdapfdMh3d21G7ZevDIkvs="></latexit>

The Contact Creed: Everything is Legendrian
<latexit sha1_base64="2CQyIqHkI/NuaWCVUJ+gOh70O8M="></latexit>

–paraphrasing Alan Weinstein

<latexit sha1_base64="UObbDDHDCfp4UVABzg93MN7LB5I="></latexit>

Our classification problem must be encoded into

a problem about Legendrian curve germs

<latexit sha1_base64="F+rSSybDOEuSrBmEWQ1BEvMAJoE="></latexit>

Since our group is the group of all (germs of) contact transformations,
our questions are questions in contact geometry.



<latexit sha1_base64="7SjjrIV+j/hqjDNIOt05kauTOwA="></latexit>

(M1,�1) is a contact manifold.

Any two contact manifold are locally di↵eo.

Local model: dy � udx = 0.

<latexit sha1_base64="BkWV9tBpn75VboQn3QNxiRoGcbU="></latexit>

Legendrian curve: analytic curve germ in M1 everywhere tangent to �1.

Thus �⇤↵ = 0 or �(t) = (x(t), u(t), y(t) with dy
dt = u(t)dxdt .

<latexit sha1_base64="rMdvrQuU8oSZQDpNle2TNiosnDw=">AAACA3icdVDLSgMxFM3UVx1fVZdugkVwVabTp7uiG5cV7APaodxJ0zY08yDJiMPQpR/gVj/Bnbj1Q/wCf8NMW6GKHggczrn35t7jhpxJZVkfRmZtfWNzK7tt7uzu7R/kDo/aMogEoS0S8EB0XZCUM5+2FFOcdkNBwXM57bjTq9Tv3FEhWeDfqjikjgdjn40YAaWlTh94OAFzkMtbhYt61a7Y2CpYVs0uVVNi18p2CRe1kiKPlmgOcp/9YUAij/qKcJCyV7RC5SQgFCOczsx+JGkIZApj2tPUB49KJ5mvO8NnWhniUSD08xWeq6sdCXhSxp6rKz1QE/nbS8W/vF6kRnUnYX4YKeqTxUejiGMV4PR2PGSCEsVjTYAIpnfFZAICiNIJmXh1FHDuJPfxTCfzfT7+n7TtQrFaqNyU843LZUZZdIJO0TkqohpqoGvURC1E0BQ9oif0bDwYL8ar8bYozRjLnmP0A8b7FyzSmGc=</latexit>↵

<latexit sha1_base64="PWxFj/lmhv7fsfzMAadgQiZTg1A="></latexit>

(x, u, y) 2 K3 are loc. coord for M1,

K = R or C

<latexit sha1_base64="w0PtLUY1/8m09OcI2WCZWgTtNtM="></latexit>

Every point p 2 Mk is realized as the evaluation at t = 0
of the k � 1-fold prolongation of some Legendrian curve germ � from level 1.
This prolonged curve may be taken to be IMMERSED at level k and
tangent to a regular direction at t = 0.

In symbols: p = �(k�1)(0)

Leg(p) = set of such Legendrian curve germs.

<latexit sha1_base64="zg/zribP8wDEsuFQnz3QVygZg7A=">AAACE3icbVBJSgNBFK2OU2ynVnHlpjAIrkJ3wGEZjUEFCTGaAdJNqK5UkiLVA1XVYmhyDA/gVo/gTtx6AE/gNawkvYiJDz483vsTzw0ZFdI0v7XUwuLS8kp6VV9b39jcMrZ3aiKIOCZVHLCAN1wkCKM+qUoqGWmEnCDPZaTu9gsjv/5IuKCB/yAHIXE81PVph2IkldQy9m6LV8XSZeXmvARtWy9UK7Xivd4yMmbWHAPOEyshGZCg3DJ+7HaAI4/4EjMkRNMyQ+nEiEuKGRnqdiRIiHAfdUlTUR95RDjx+P0hPFRKG3YCrsqXcKxOT8TIE2LguarTQ7InZr2R+J/XjGTnzImpH0aS+HhyqBMxKAM4ygK2KSdYsoEiCHOqfoW4hzjCUiWmw+lViDEnfhoMVTLWbA7zpJbLWifZ47tcJn+RZJQG++AAHAELnII8uAZlUAUYxOAFvII37Vl71z60z0lrSktmdsEfaF+/kTicDw==</latexit>

LEGENDRIAN
CURVES



Curve in an analytic mfdw distribution
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<latexit sha1_base64="h0L4Qpyomvja0gGJnLz5eGF7a1k=">AAACF3icbVDLSgMxFM34rPU16krcBIvgqswUfCyrxRdIp9a+oB1KJs20oZkHSUYsQ/E7/AC3+gnuxK1Lv8DfMH0sauuBC4dz7r3JPU7IqJCG8a3NzS8sLi0nVpKra+sbm/rWdkUEEcekjAMW8JqDBGHUJ2VJJSO1kBPkOYxUnW5u4FcfCBc08EuyFxLbQ22fuhQjqaSmvlsoWrdW/uqsdGPlYaORtC5hrlysXNw39ZSRNoaAs8QckxQYo9DUfxqtAEce8SVmSIi6aYTSjhGXFDPSTzYiQUKEu6hN6or6yCPCjocn9OGBUlrQDbgqX8KhOjkRI0+InueoTg/Jjpj2BuJ/Xj2S7qkdUz+MJPHx6CE3YlAGcJAHbFFOsGQ9RRDmVP0V4g7iCEuVWhJOrkKM2fFjr6+SMadzmCWVTNo8Th/dZVLZ83FGCbAH9sEhMMEJyIJrUABlgMETeAGv4E171t61D+1z1DqnjWd2wB9oX7+LIJ2l</latexit>

PROLONGATION

OF CURVES



<latexit sha1_base64="e1nY614ljJcwEf0HiCrPjOymVQY="></latexit>

DEF: Leg. curves �, �0 : (K, 0) ! (K3, 0) are called RL-contact equivalent
if 9 contactomorphism g : (K3, 0) ! (K3, 0) and reparam � : (K, 0) ! (K, 0)
( so �0(0) 6= 0) such that

�0 = g � � � �

<latexit sha1_base64="+53txMJvszxXBtxR6Xn3A50o1kU="></latexit>

Thm: p0 = g · p () Leg(p) is RL-contact equivalent to Leg(p0)

Here g a contact di↵eo

<latexit sha1_base64="oFUlfYZEU2nVp11UCMv8NAYJwSQ="></latexit>

(K = C or R)

<latexit sha1_base64="7AjMFjXhrRqYWwnQIjZw6SSf59o="></latexit>

...reduces our orbit classification problem in the Tower
to the better-understood problem of classifying
LEGENDRIAN CURVE SINGULARITIES

...which in turn can be partially reduced to the classical problem
of classifying
PLANE CURVE SINGULARITIES



T.EE

t t
It I

<latexit sha1_base64="qncXuE0Ttx3trsEbxmHUaagP43A=">AAACGHicbVDLSsNAFJ34rPUVdaebwSK0UEoivpZVF7pwUcE+oA1hMp22QycPZibSEAJ+hx/gVj/Bnbh15xf4G07aLGrrgQuHc+6dufc4AaNCGsa3trC4tLyymlvLr29sbm3rO7sN4Ycckzr2mc9bDhKEUY/UJZWMtAJOkOsw0nSG16nffCRcUN97kFFALBf1PdqjGEkl2fp+cVQOyzAqwY70oR3fXd4kEKZiydYLRsUYA84TMyMFkKFm6z+dro9Dl3gSMyRE2zQCacWIS4oZSfKdUJAA4SHqk7aiHnKJsOLxDQk8UkoX9nyuypNwrE5PxMgVInId1ekiORCzXir+57VD2buwYuoFoSQennzUCxlU56aBwC7lBEsWKYIwp2pXiAeIIyxVbHk4/RRizIpHUaKSMWdzmCeN44p5Vjm9PylUr7KMcuAAHIIiMME5qIJbUAN1gMETeAGv4E171t61D+1z0rqgZTN74A+0r195HJ4p</latexit>

(x, u, y) !LAG (x, u)

<latexit sha1_base64="qBQioZtrADutNbinOnXJ26eNKfQ=">AAACHHicbVDLSgMxFM3UV62vUZeCBItQQcqM+FoW3bisYB/QDiWTZtrQTDIkGdth6M7v8APc6ie4E7eCX+BvmD4WtfXAhcM5997kHj9iVGnH+bYyS8srq2vZ9dzG5tb2jr27V1UilphUsGBC1n2kCKOcVDTVjNQjSVDoM1Lze7cjv/ZIpKKCP+gkIl6IOpwGFCNtpJZ9CHPNtuhzJKXow1YaSMH1EDabsDA4TU5adt4pOmPAReJOSR5MUW7ZP2YdjkPCNWZIqYbrRNpLkdQUMzLMNWNFIoR7qEMahnIUEuWl4zuG8NgobRgIaYprOFZnJ1IUKpWEvukMke6qeW8k/uc1Yh1ceynlUawJx5OHgphBLeAoFNimkmDNEkMQltT8FeIukghrE10Ozq5CjHnpIBmaZNz5HBZJ9azoXhYv7s/zpZtpRllwAI5AAbjgCpTAHSiDCsDgCbyAV/BmPVvv1of1OWnNWNOZffAH1tcv9ZuhPQ==</latexit>

#front
(x, y)

<latexit sha1_base64="s2JKz/cn5CC7AfX0JxVVJ+ApXUA="></latexit>

Lagrangian Projection

Front Projection
<latexit sha1_base64="xStUr8kuygaPKG0M89bB3GywA1Q="></latexit>

d⇡Lag|�1 : �1
⇠= K2

<latexit sha1_base64="H+D3dbNHR781yNUWMuFhUSxsYGk="></latexit>

ker(d⇡front) = V ⇠= K ⇢ �1

<latexit sha1_base64="W6TwH7nZjL1yUYBBwZB2EcxI8qI="></latexit>

⇡front = proj onto zeroth level of Tower



<latexit sha1_base64="3YgjqC/Otg/o80RpJgYTLwRicAw="></latexit>

Facts:

1) The Lag. proj of all curves in Leg(p) lie in the same ‘equisingularity’ class

NOTATION. Call this class LPC(p).
Encode this equisingularity class as the Puiseux char. or semigroup of the plane

curve

2) LPC(p) only depends on the RVT class of p

NOTATION: If ↵ = RV.. is an RVT word, write LPC(↵) for
LPC(p), p 2 [↵].

3) Indeed LPC only depends on the STABILIZED RVT class:

if � = ↵R then LPC(�) = LPC(↵).



<latexit sha1_base64="HZlmxzexY6YDvi/TDlmuWrYbGOY="></latexit>

N.B.: In our book, and in Colley-Kennedy

the equisingularity class of the FRONT PROJECTIONS of

curves in Leg(p) is used. Encode it as the Puiseux charac.

Write it as PC(p)
Requires that the Leg. curves be “properly aligned”.

When they are, we have the relation:

LPC(p) = [m,�1, . . . ,�k] () PC(p) = [m,�1 +m, . . . ,�k +m]
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<latexit sha1_base64="tihSpRDYngyT8ukMXvOVk2OJ2nc=">AAACDXicdVDLSgMxFM3UV62PVl26CRbB1TBTsLa7ohuXFe0D2qFk0ts2NJkZkox0GPoNfoBb/QR34tZv8Av8DdOHUEUPXDicc29y7/EjzpR2nA8rs7a+sbmV3c7t7O7t5wsHh00VxpJCg4Y8lG2fKOAsgIZmmkM7kkCEz6Hlj69mfusepGJhcKeTCDxBhgEbMEq0kXqFPL4NBWCYEBFxUHavUHRsx6BcxjPiVhzXkGq1UipVsTu3HKeIlqj3Cp/dfkhjAYGmnCjVcZ1IeymRmlEO01w3VhAROiZD6BgaEAHKS+eLT/GpUfp4EEpTgcZzdXUiJUKpRPimUxA9Ur+9mfiX14n1oOKlLIhiDQFdfDSIOdYhnqWA+0wC1TwxhFDJzK6YjogkVJuscnj1KcK5l06SqUnm+3z8P2mWbLdsn9+UirXLZUZZdIxO0Bly0QWqoWtURw1EUYwe0RN6th6sF+vVelu0ZqzlzBH6Aev9C5gom9Q=</latexit>

Some examples.
<latexit sha1_base64="1cqA2kyEQ9M9FnORFz+sAb3PRr0="></latexit>

LPC(Rq) = [1].
Meaning: All immersed Legendrian curve germs are Locally RL-contact

equivalent.
Their Lag projections are immersed.
Use [1] for the Puiseux char. of an immersed curve germ.
Normal form (t, 0)
. The class Rq is the unique open dense orbit inside Mk, k = q + 2

<latexit sha1_base64="TPz4QT4RwrH1phFfBl1b8hGdRkw="></latexit>

LPC(RsV Rq) = [2, 2s+ 1].

Leg(p) for p 2 [RsV Rq] is realized by the “ A2s singularity”
Normal form: (t2, t2s+1, 2

2s+3 t
2s+3) = (x(t), u(t), y(t))

. These classes exhaust the codim 1 RVT classes.

<latexit sha1_base64="useV6TYqTzslEooOgocyg9063jo="></latexit>

The LPC of [p, q] is realized by (tp, tq, p
q+p t

q+p)
Its corresponding RVT class consists of a word with a single critical block:
Rs�Rq with � = V . . . consisting ENTIRELY of V s and T s.

If LPC(Rs�Rq) = [p, q] then LPC(Rs+1�Rq) = [p, q + p]





<latexit sha1_base64="e1nY614ljJcwEf0HiCrPjOymVQY="></latexit>

DEF: Leg. curves �, �0 : (K, 0) ! (K3, 0) are called RL-contact equivalent
if 9 contactomorphism g : (K3, 0) ! (K3, 0) and reparam � : (K, 0) ! (K, 0)
( so �0(0) 6= 0) such that

�0 = g � � � �

<latexit sha1_base64="Ttoa0e2uKWgxKkenMZ2+wxGYlnY="></latexit>

In other words, we can identify p with the rth order projective jet
of a (typically singular!) Legendrian curve.

<latexit sha1_base64="+53txMJvszxXBtxR6Xn3A50o1kU="></latexit>

Thm: p0 = g · p () Leg(p) is RL-contact equivalent to Leg(p0)

Here g a contact di↵eo

<latexit sha1_base64="/A1hqWtWJKODBbyOHpUjppZOO2Q="></latexit>

THM. Suppose p is ‘regular’ i.e. its RVT code ↵ ends in an ‘R’.

9! pos. integer r = r(↵(p)) with the following property.

For �⇤ 2 Leg(p) and � an arb. Leg passing through p1 = ⇡k,1(p),
we have � 2 Leg(p) () 9 reparam � such that jr(�) = jr(�⇤ � �).

<latexit sha1_base64="oFUlfYZEU2nVp11UCMv8NAYJwSQ="></latexit>

(K = C or R)



<latexit sha1_base64="sRIe4ExN4f82Vn/PJK6yxfKxyxM="></latexit>

Formula:

r = �k + (q � 1)

where the RVT class of p is ↵Rq
, q > 0 and where ↵ ends in a V or T and where

[m,�1,�2, . . . ,�k] is the LAGRANGIAN PUISEUX CHARACTERISTIC asso-

ciated to ↵.

Special Case: if p has RVT class Rq
then r = q + 1.

(word indexing starts at level 3 so (R) ⇢ M3.)

<latexit sha1_base64="TASU7kDixwvcdsVfq8RAIMw4qsw="></latexit>

Terminology: r = jet ID number of p.
NOTE: Points in the same RVT class have the same jet ID numbers .

<latexit sha1_base64="6rCBy58CgGUgB+RR5jvFWZRd1gY=">AAACA3icdVDLSsNAFJ3UV62vqks3g0VwFdLUPtwVu3HhooJthTSUyXTSDp1MwsxEDKFLP8CtfoI7ceuH+AX+hpO2QhU9MHA459479x4vYlQqy/owciura+sb+c3C1vbO7l5x/6Arw1hg0sEhC8WthyRhlJOOooqR20gQFHiM9LxJK/N7d0RIGvIblUTEDdCIU59ipLTUc67aLRfCQbFkmeeNml21oWVaVt2u1DJi18/sCixrJUMJLNAeFD/7wxDHAeEKMySlU7Yi5aZIKIoZmRb6sSQRwhM0Io6mHAVEuuls3Sk80coQ+qHQjys4U5c7UhRImQSergyQGsvfXib+5Tmx8htuSnkUK8Lx/CM/ZlCFMLsdDqkgWLFEE4QF1btCPEYCYaUTKsDlUYgxN71PpjqZ7/Ph/6Rrm+WaWb22S82LRUZ5cASOwSkogzpogkvQBh2AwQQ8gifwbDwYL8ar8TYvzRmLnkPwA8b7FzxZl9A=</latexit>

[LPC]

<latexit sha1_base64="6cAiOGy2k4Gm1GrXVQE2T69NzlM=">AAACBXicdVDLSgMxFM3UV62vqks3wUFwNcxM7cNd8QHqqkJbK+1QMmnahmYeJBlxGLr2A9zqJ7gTt36HX+BvmGkrVNEDgcM5997ce9yQUSFN80PLLCwuLa9kV3Nr6xubW/ntnaYIIo5JAwcs4C0XCcKoTxqSSkZaISfIcxm5cUenqX9zR7iggV+XcUgcDw182qcYSSXdXp3X4eUZ7OjdvG4ax5WSXbShaZhm2S6UUmKXj+wCtJSSQgcz1Lr5z04vwJFHfIkZEqJtmaF0EsQlxYyMc51IkBDhERqQtqI+8ohwksnCY3iglB7sB1w9X8KJOt+RIE+I2HNVpYfkUPz2UvEvrx3JfsVJqB9Gkvh4+lE/YlAGML0e9ignWLJYEYQ5VbtCPEQcYakyysH5UYgxJ7mPxyqZ7/Ph/6RpG1bJKF7bevVkllEW7IF9cAgsUAZVcAFqoAEw8MAjeALP2oP2or1qb9PSjDbr2QU/oL1/ARXimDw=</latexit>

JET ID #
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Misha:


 Go classify


Singularities



<latexit sha1_base64="cAKYycUW5YNbjCl4NVkleYsyDS8=">AAACD3icbVDLSgMxFL1TX7W+Rl26CRalgpQZ8YWrohuXVewDOrVk0kwbmskMSUYopX/gxl9x40IRt27d+Tdm2i5q9UDgcM695J7jx5wp7TjfVmZufmFxKbucW1ldW9+wN7eqKkokoRUS8UjWfawoZ4JWNNOc1mNJcehzWvN7V6lfe6BSsUjc6X5MmyHuCBYwgrWRWvZ+cIEKXoh11/fR7b04RM4B8nQ0JaZSy847RWcE9Je4E5KHCcot+8trRyQJqdCEY6UarhPr5gBLzQinw5yXKBpj0sMd2jBU4JCq5mCUZ4j2jNJGQSTNExqN1OmNAQ6V6oe+mUyPVLNeKv7nNRIdnDcHTMSJpoKMPwoSjkzetBzUZpISzfuGYCKZuRWRLpaYaFNhzpTgzkb+S6pHRfe0eHJznC9dTurIwg7sQgFcOIMSXEMZKkDgEZ7hFd6sJ+vFerc+xqMZa7KzDb9gff4AtsqZTg==</latexit>

f : (Rn, 0) ! (R, 0)
<latexit sha1_base64="HWiJra5pP13HVfeyr7VyVg2uNbs=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpICURX7gqduOyin1AE8tkOmmHTiZhZiKU0D9w46+4caGIW7fu/BsnbUBtPTBwOOde5p7jRYxKZVlfRm5ufmFxKb9cWFldW98wN7caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQG1dRv3hMhachv1TAiboB6nPoUI6WljrnvX8CSEyDV9zxYveOH0DqAjgp/xJtU6phFq2yNAWeJnZEiyFDrmJ9ON8RxQLjCDEnZtq1IuQkSimJGRgUnliRCeIB6pK0pRwGRbjLOM4J7WulCPxT6cQXH6u+NBAVSDgNPT6ZHymkvFf/z2rHyz92E8ihWhOPJR37MoM6blgO7VBCs2FAThAXVt0LcRwJhpSss6BLs6cizpHFUtk/LJ9fHxcplVkce7IBdUAI2OAMVcAVqoA4weABP4AW8Go/Gs/FmvE9Gc0a2sw3+wPj4Bp6XmT8=</latexit>

f : (Cn, 0) ! (R, 0)<latexit sha1_base64="Ox4abKQWuSCv58/yW4ozM98cKM0=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiQFH8uiG5cV7QPaUCbTSTt0MhNmJkIJ/QQ3LhRx6xe582+cpFlo64ELh3Pu5d57gpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wvc387hNVmknxaGYx9SM8FixkBBsrPUhVGVZrbt3NgVaJV5AaFGgNq1+DkSRJRIUhHGvd99zY+ClWhhFO55VBommMyRSPad9SgSOq/TQ/dY7OrDJCoVS2hEG5+nsixZHWsyiwnRE2E73sZeJ/Xj8x4bWfMhEnhgqyWBQmHBmJsr/RiClKDJ9Zgoli9lZEJlhhYmw6WQje8surpNOoe5f1i/tGrXlTxFGGEziFc/DgCppwBy1oA4ExPMMrvDnceXHenY9Fa8kpZo7hD5zPH+JOjYs=</latexit>or

<latexit sha1_base64="gxzpFiUhX/DZpU0tT3oH3xEztKM=">AAACGXicbVDLSgMxFM3UV62vUZdugkVwY5kRXxuh6MZlBfuAzlgyadKGJpkhyQhl6G+48VfcuFDEpa78G9N2Ftp6INzDOfdyc0+UcKaN5307hYXFpeWV4mppbX1jc8vd3mnoOFWY1HHMY9WKkCacSVI3zHDSShRBIuKkGQ2ux37zgSjNYnlnhgkJBepJRhlGxkod16Mw0EzAHgwYpdDWSxjU+gwGmCkMaV6DRLP77MgflTpu2at4E8B54uekDHLUOu5n0I1xKog0mCOt276XmDBDyjDMyagUpJokCA9Qj7QtlUgQHWaTy0bwwCpdSGNlnzRwov6eyJDQeigi2ymQ6etZbyz+57VTQy/CjMkkNUTi6SKacmhiOI4Jdpki2PChJQgrZv8KcR8phI0NcxyCP3vyPGkcV/yzyuntSbl6lcdRBHtgHxwCH5yDKrgBNVAHGDyCZ/AK3pwn58V5dz6mrQUnn9kFf+B8/QAOJZ3f</latexit>

f ⇠ g () g = � � f �  �1

<latexit sha1_base64="TqKpP6huaTGwOUIe5tqzXdDH7vY=">AAACJnicbVDLSgMxFM34rPVVdekmWARdWGYKPhCE+gI3goJVoZZyJ73ThmaSIcmIpfRr3PgrblxURNz5Kaa1iK8DgcM55ya5J0wEN9b337yR0bHxicnMVHZ6ZnZuPreweGlUqhmWmRJKX4dgUHCJZcutwOtEI8ShwKuwddj3r25RG67khW0nWI2hIXnEGVgn1XJ7p6qOguIdxInAXWqbSPc3jjaOKRNgzFeSqoiuGQYC9DqNUsn6oqnl8n7BH4D+JcGQ5MkQZ7Vc76auWBqjtIP7K4Gf2GoHtOVMYDd7kxpMgLWggRVHJcRoqp3Bml266pQ6jZR2R1o6UL9PdCA2ph2HLhmDbZrfXl/8z6ukNtqpdrhMUouSfT4UpYJaRfud0TrXyKxoOwJMc/dXypqggVnXbNaVEPxe+S+5LBaCrcLmeTFfOhjWkSHLZIWskYBskxI5IWekTBi5J4+kR569B+/Je/FeP6Mj3nBmifyA9/4BohWksg==</latexit>

Model example: the A-D-E classification of (scalar) functions



<latexit sha1_base64="D7E9N8JgJwXxeGWlUfpuM0PQ+Cc=">AAACFHicbVDJSgNBEO1xd9yiHr0URiGihBnBBUEIevFmBKOBJISenpqksadn6O4RQ8hHePFXvHhQxKsHb/6NneXg9qDg8V4VVfWCVHBtPO/TGRufmJyanpl15+YXFpdyyytXOskUwwpLRKKqAdUouMSK4UZgNVVI40DgdXBz2vevb1FpnshL00mxEdOW5BFn1Fipmds+T1FCiFIjtFDFR+C6sBEV7nagswN1ESZGb8Ex3G0ANHN5r+gNAH+JPyJ5MkK5mfuohwnLYpSGCap1zfdS0+hSZTgT2HPrmcaUshvawpqlksaoG93BUz3YtEoIUaJsSQMD9ftEl8Zad+LAdsbUtPVvry/+59UyEx02ulymmUHJhouiTIBJoJ8QhFwhM6JjCWWK21uBtamizNgcXRuC//vlv+Rqt+jvF/cudvOlk1EcM2SNrJMC8ckBKZEzUiYVwsg9eSTP5MV5cJ6cV+dt2DrmjGZWyQ8471+SHJq6</latexit>

Open dense germ:

f(x, y, . . .) = x

<latexit sha1_base64="X/8AkkuovhTcrZWRGWCQtpeaZ6s=">AAACGXicbZBLSwMxFIUz9VXra9Slm4utUDdlpuADQSi6cVnBPqAtJZPeaUMzmSHJiKX0b7jxr7hxoYhLXflvnD4W2nog8HHOvYR7vEhwbRzn20otLa+srqXXMxubW9s79u5eVYexYlhhoQhV3aMaBZdYMdwIrEcKaeAJrHn963Feu0eleSjvzCDCVkC7kvucUZNYbdsBprhBxekFcB9ynS7knWNoSgQnB6aHEnJdaGoegA+X8JBr21mn4EwEi+DOIEtmKrftz2YnZHGA0jBBtW64TmRaQ6oMZwJHmWasMaKsT7vYSFDSAHVrOLlsBEeJ0wE/VMmTBibu740hDbQeBF4yGVDT0/PZ2Pwva8TGP28NuYxig5JNP/JjASaEcU3Q4QqZEYME6LghzoD1qKIs6UpnkhLc+ZMXoVosuKeFk9titnQ1qyNNDsghyROXnJESuSFlUiGMPJJn8krerCfrxXq3PqajKWu2s0/+yPr6Ae53nIA=</latexit>

criteria: if dg(0) 6= 0 then g ⇠ f = x

<latexit sha1_base64="YeQiaCmB8LfZwIqf1WxpSdQfm0M=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9gN+MBT0IsXIYJ5QLKE2UlvMmRmdpmZFeKSL/HiQRGvfoo3/8ZJsgdNLGgoqrrp7goTzrTxvG9nZXVtfWOzsFXc3tndK7n7B00dp4pCg8Y8Vu2QaOBMQsMww6GdKCAi5NAKRzdTv/UISrNYPphxAoEgA8kiRomxUs8t4btYacAchCBXGPfcslfxZsDLxM9JGeWo99yvbj+mqQBpKCdad3wvMUFGlGGUw6TYTTUkhI7IADqWSiJAB9ns8Ak+sUofR7GyJQ2eqb8nMiK0HovQdgpihnrRm4r/eZ3URJdBxmSSGpB0vihKOTYxnqaA+0wBNXxsCaGK2VsxHRJFqLFZFW0I/uLLy6RZrfjnlbP7arl2ncdRQEfoGJ0iH12gGrpFddRAFKXoGb2iN+fJeXHenY9564qTzxyiP3A+fwAZTpIV</latexit>

Morse lemma:
<latexit sha1_base64="a9zrhoYqPtnWMU4UrwBz2CAObQw=">AAACIXicbVDLSgMxFM3UV62vUZdugkWoUMpM8dGNUHTjsoJ9QGdaMmmmDc08SDLSaemvuPFX3LhQpDvxZ0yns9DWC+EezjmXm3uckFEhDeNLy6ytb2xuZbdzO7t7+wf64VFDBBHHpI4DFvCWgwRh1Cd1SSUjrZAT5DmMNJ3h3VxvPhEuaOA/yjgktof6PnUpRlJRXb3iFkawCOMitFgvkKIIx+fwBlqhB0edctLjtC8MCRx3yl09b5SMpOAqMFOQB2nVuvrM6gU48ogvMUNCtE0jlPYEcUkxI9OcFQkSIjxEfdJW0EceEfYkuXAKzxTTg27A1fMlTNjfExPkCRF7jnJ6SA7EsjYn/9PakXQr9oT6YSSJjxeL3IhBGcB5XLBHOcGSxQogzKn6K8QDxBGWKtScCsFcPnkVNMol86p0+XCRr96mcWTBCTgFBWCCa1AF96AG6gCDZ/AK3sGH9qK9aZ/abGHNaOnMMfhT2vcPCCegaw==</latexit>

f(x, y, . . . , z) = ±x2 ± y2 ± . . .± z2

<latexit sha1_base64="sGzVyvbCb9ilSsvZHCjA59dVpV4=">AAACAXicbVDLSgMxFM3UV62vUTeCm2Ar1E2ZKfjYCEU3LivaB7RDyWQybWgmGZKMUIa68VfcuFDErX/hzr8xbWehrQcuHM65l3vv8WNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TSUSiUkDCyZk20eKMMpJQ1PNSDuWBEU+Iy1/eD3xWw9EKir4vR7FxItQn9OQYqSN1LMP7gSkXJlFsBSEZecEXkKnVIGwZxedijMFXCRuRoogQ71nf3UDgZOIcI0ZUqrjOrH2UiQ1xYyMC91EkRjhIeqTjqEcRUR56fSDMTw2SgBDIU1xDafq74kURUqNIt90RkgP1Lw3Ef/zOokOL7yU8jjRhOPZojBhUAs4iQMGVBKs2cgQhCU1t0I8QBJhbUIrmBDc+ZcXSbNacc8qp7fVYu0qiyMPDsERKAMXnIMauAF10AAYPIJn8ArerCfrxXq3PmatOSub2Qd/YH3+AN3yk+0=</latexit>

So insist df(0) = 0.

<latexit sha1_base64="tLK/g4vDZ+UjhxgjiK53zQb708M=">AAACD3icbVC7TgJBFJ3FF+Jr1dLmRlaDDdkl8VESbbTDRB4JIJkdZmHC7OxmZtaEEP7Axl+xsdAYW1s7/8YBtlDwJJOcnHNv7pzjx5wp7brfVmZpeWV1Lbue29jc2t6xd/dqKkokoVUS8Ug2fKwoZ4JWNdOcNmJJcehzWvcHVxO//kClYpG408OYtkPcEyxgBGsjdezjmwCc7n0JAii4Jw70sYIg4RwkFgNwhAO6TwV07LxbdKeAReKlJI9SVDr2V6sbkSSkQhOOlWp6bqzbIyw1I5yOc61E0RiTAe7RpqECh1S1R9M8YzgySheCSJonNEzV3xsjHCo1DH0zGWLdV/PeRPzPayY6uGiPmIgTTQWZHTJpQUcwKQe6TFKi+dAQTCQzfwXSxxITbSrMmRK8+ciLpFYqemfF09tSvnyZ1pFFB+gQFZCHzlEZXaMKqiKCHtEzekVv1pP1Yr1bH7PRjJXu7KM/sD5/AF7kmSE=</latexit>

If d2f(0) has full rank n then









Me:


I’m working in distributions… 





Facts The Puiseux Xic of
every

8 Tag Legp
is the same

Call the list of integers
the LPC of p

Fact The LPC of p only depends
on

the RVT class of p
so we have a map
RVT words LPC's

Fact write αR9 for αRRgR
where α

is any RVT class

LPC αR9 LPC d invariant under stabilization

N B Our book Colley Kennedy
use the Puiseux Xic of the FRONT
proj of curves in Leg P Callthis the PC

Curve must be properly alligned
relin LPC m Xi X2 Xr

PC mXimhim Xktm



<latexit sha1_base64="kcNn5i52YYnn2Afx6X6V/6+a6wc="></latexit>

At a general level k there are F2k�3 RVT classes.

Some (eg Rk) form a single contact orbit.
Others break up into a finite number of orbits.
Others still break up into many “components”some of which are
consist of a continua of distinct orbits: moduli are present.

Which RVT classes are single orbits and which break up?
How precisely do these latter break up so as to be decomposed into orbits?


