




























































































Does the Monster

tower admit an

integrable sR geodesic

flowers

Dao tombe f trailer systems






































































































































warmups
Geodesic flows
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Surfaces
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Geodesic equs
suppose for simplicity

D has rank 2

X Xz on frame

by duality
Q RP Pz
fiber linear

Pala p p
X g

9 1,2

EppXa 9,9 qn






































































































































Define

the SR kinetic
energy

H's Hamilton's equs
generate the SR geodesi flow

It T Q T Q

9 f H where f Off
Poisson brackets

Pro The projections to

Q of solutions to these

Hamilton's equations are

SR geodesics



Two-plane fields in 3-space: {dz �A1(x, y)dx�A2(x, y)dy = 0}

provided: the two-planes don’t go vertical: 

and they are invariant under z-translations

@

@z
/2 D(x, y, z)

(here: A1dx+A2dy = ydx)

`distribution’, D one-form,  ✓

D can be put in this form, 
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metric
dx dy






































































































































He is geodesics

Z

1 IT Heisenberg

y geodesic
problem

isoperimetri
problem in

1 plane






































































































































Heis geodesics given
in terms of

trig functions
cosine sine linear

Project to

r or

circles or lines

via 123 722
X Y Z XY






































































































































After the trig
exponential fins the

next simplest
transcendental fans
are the elliptic fus

Euler's elastica














































































Modulo isometries scaling
a 1 parameter family





























































































































































SubRiemannian geometries whose solutions are lifts of elastica

manifold name(s) discover (?) / ref
R3 Flat Martinet Agrachev-Chyba-..

-Gauthier- Kupka (1997)
R4 Engel group Ardentov-Sachkov (2011)

or J2(R,R)
R5 Cartan group

or Free 3-step Carnot gp
or Generalized Dido problem Sachkov (2003)

R2 ⇥ S1 bicycle rolling space Citti-Sarti (2006)
= SE(2) or roto-translational space Moiseev-Sachkov (2010)

or 1st level of Monster tower Ardentov-Bor-LeDonne-M.-Sachkov (2020)
R2 ⇥ SO(3) rolling space for Arthur and Walsh (1986)

sphere on plane Jurdjevic (1995) and final sections of book
R2 ⇥ SL(2,R) rolling space for

hyperbolic plane on plane Jurjevic; Bor ..
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2

3

4

5
716

so all these have R

geodesic equs which are

integrable in terms of
elliptic functions






































































































































1

Space
1R Martinet

distribution dz y
dx 0

metric dx dy J

restricted to

D x Y z

1
17 xx

isom

dit Dex
y z

1R

x y Z
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1997






































































































































ALMartinetw
curve x s y

s

P
arclength

e

Kis 4 s

5 C ODE

K s a by s

More generally

affine for of
s y s






































































































































bicyclingIII
70
p d Ip 0 E R s

l

p point in plane
Tie

line

pel
Helle






































































































































bicycling 4

fe f
P point

INT

lineEb

l

19 9597

SR length length of front

path of














































































biking 4 9 tractrix
to Δ

along qf along like
a

straight
line






































































































































All admit a SR submersion

T1 Q R2
the

iI

D
thru any
pt

fr.tt

E
plane curve



















































































































































































































































































































































































































































































































































Some

Integrable sR geometries

whose space of
projected geodesic
is larger than

the space of elastica






































































































































Ft

integrable
integrable via
via 2nd level
hypergeometric of the
fins filament

hierarchy

JKIR.IR J
R IT

tricycling
Doddoli 2021 2 8

Perez Marry The noslip
Anzaldo Mesnesses

midpoints

Perline Tabachnikov

20233






































































































































J Heisenberg

J Engel on list

JK integrable by hyperelliptic
functions P P

deg 2K

Felipe Perez Monroy
Alfonso Anzaldo Meneses 2003

see alflejando Bravo Dodduli 2021

From

i E

deg
K

Hamin 1 deg of
freedom














































































stereos














































































Mnq x y

9
q

No slip imposed
at midpoints Mi






































































































































Q 1R S S
x y O Or

s

30 0
30

1

it p dmj
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aEoCH D lines circles

aE.LK bEzLK O b 0

elastica 1 solitons

aE.lk tbE2CKI cE4CKl
O

CFO

tricycle 2 solation

curves



















































































































































































































Does the Perline Tab

tricycle integrability
a 2 chain

extend to

Nosliphy3 chains imposed
at midpoint

IE tEts

almost certain
Eu Ec Ea Eo
Perline numerical evidence

K chains any K






































































































































or

seems
to be

11 integrable

A

next

o_0 i I














































































Note placement of wheek

midpoints vs

ends of segments1
a

11






































































































































Monster
Jet semple k trailer
space tower spaces

J E M I

1

R P s sub

Jk l Me Ty
messions

1R

IRÉxR
R P IRIS

t
1R 1R 1R

Jean
traiter

no slip
Is not

midpts






































































































































I Different distributions

almost certainly
but not checked I






































































































































Q Is there an inner

product on the K trailer

distribution for which the

corresponding SR geodesic

flow is integrable
on TTK

same Q but on MK
so flow a T MK


























































































































































































































Of V V Vy

Vi Vj Viej

Vs O S K

V 1R Lie generates






































































































































curve x s y
s

P
arclength

e

Kis 4 s

5 C ODE

K s a by s

More generally

affine fun of
s y s






































































































































Q of
IRN G Nilp

SR subma

1
2 G G G

N 2 d d t dr

dj dim Vj






































































































































2 d dk graded dimin

2,1 Heisenberg

2,11 Engel
2 1,2 Free 3 step

JKR.IR

all integrable

2 12,3 Free 4 step

growth 2,3 5,8 Negate
others




































































































































































































































