
  
 

Two Open Questions  
in the N-body problem

-Richard Montgomery, 
prof. emeritus, UC Santa Cruz



Poses the N-body 
problem 

Solves  the 2-body 
problem 

deriving Kepler’s laws of 
planet motion 

NEWTON. 1667.   



opOOpen in Chrome: Nbdy/Tour:

2-body

F21 = �F12 =
Gm1m2(q2 � q1)

r212

q̈ = �µ
q

|q|3
q = q1 � q2where=)



The center of mass m1q1 +m2q2
m1 +m2

moves in straight line

Viewed from  a moving frame with  this center of mass as origin,  
the  individual masses  move on homothetic ellipses with origin as center



Kepler’s 3 laws!  

each of the two  planets  moves
in a conic about their shared

center of mass  



3-body. 
Lagrange’s solution(s) 
Equilateral triangles. 

1772,Lagrange 1772



for each mass distribution 
for each Kepler conic…

Euler 1767



Poincare. 1892:  Chaos in Restricted 
three-body problem.  Shown here: 
a transit orbit, in a rotating frame

Earth Moon

first example of 
`deterministic chaos’; 

discovered ``homoclinic 
tangles’ led to Smale horseshoe

co-rotating frame, so earth, moon fixed



for each mass distribution 
for each Kepler conic…



Hut. 1970s



Cris Moore 1994; Chenciner-Montgomery 2000



pictures, animations

thanks to:  
Rick Moeckel, Gil Bor, 

Carles Simo 



Galileo: 
The laws of physics are  
invariant under the  
`Galilean group’ of isometries of space, 
or time, and of space-time `boosts’

161600 
qa(t) solves () qa(t) + d solves

() Rqa(t), R 2 O(d), solves

() qa(t� t0) solves

() qa(�t) solves

() qa(t) + tv solves

qa(t) solves
(translations)



qa 2 Rd, a = 1, . . . , N

Fa = ⌃b 6=aFba

ma > 0

maq̈a = Fa

Fba =
Gmbma(qb � qa)

r3ba
rba := |qb � qa|where

where

A system of dN  non-linear 2nd order analytic ODEs 
having singularities at collisions.   
It has a large Lie group of symmetries (Galileo) 
and associated conservation laws (energy, ang. 
mom, linear momentum)

Newton:  “  

”  



Some open questions 
within the N-body problem:  

1.   Is the number of central configurations finite   ?  
2.  Are there any Lyapunov stable periodic solutions ? 

3.  Is every braid on N strands realized ?  (eight, choreos)    
4.  Is the scattering image  open and dense? **



 ¿Is every braid on 3 strands realized  by some periodic solution? 

1st Question.



(

Thm. 
In a compact Riemannian geometry 
 every free homotopy class of loops  
is realized by a periodic geodesic. 

Pf. Direct method of the calculus of 
var’ns. Minimize   length of loops 
over all loops which represent the  
given class

3-body. A conjugacy class in the pure  braid group on 3 strands 
= 
a free homotopy class  of loops in the  collision-free planar 3-body 
config . space

Inspiration:   



(

3-body problem:
a  free homotopy class  of loops for  the  collision-free  
planar 3-body config . space   
= 
a  conjugacy class in the pure  braid group on 3 strands 
 



Answer:  `Yes’,  
if I cheat.

1998, -R.Mont.



and if I don’t cheat ??
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Annals of Mathematics, 152 (2000), 881–901

A remarkable periodic solution
of the three-body problem
in the case of equal masses

By Alain Chenciner and Richard Montgomery

Dedicated to Don Saari for his (censored) birthday

Abstract

Using a variational method, we exhibit a surprisingly simple periodic orbit
for the newtonian problem of three equal masses in the plane. The orbit has
zero angular momentum and a very rich symmetry pattern. Its most surprising
feature is that the three bodies chase each other around a fixed eight-shaped
curve. Setting aside collinear motions, the only other known motion along
a fixed curve in the inertial plane is the “Lagrange relative equilibrium” in
which the three bodies form a rigid equilateral triangle which rotates at con-
stant angular velocity within its circumscribing circle. Our orbit visits in turns
every “Euler configuration” in which one of the bodies sits at the midpoint
of the segment defined by the other two (Figure 1). Numerical computations
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V /2

−�−�→
V /2

−�→
V

t = 0 (E3) t = 2T = T/6 (E2)

t = T = T/12 (M1)

Figure 1 (Initial conditions computed by Carles Simó)
x1=−x2=0.97000436−0.24308753i,x3=0; !V =ẋ3=−2ẋ1=−2ẋ2=−0.93240737−0.86473146i

T=12T=6.32591398, I(0)=2, m1=m2=m3=12000



(

But… (priorities !) 



1993





(

and even earlier: 



1896

1896





(

Methods: 





(

Eclipse sequences.



 

..Every free homotopy class…

Figure 8: 123123



(The eclipse sequence of  the eight is `123123’ 

N= 3,  the eclipse sequence of a periodic
collision-free curve  represents
 its free homotopy class (braid) mod rotation. 



Minimize the Classical action
among all paths joining EU_1 to 
ISOSC_2 



Technical heart: existence of a collision-free
minimizer 





Choreographies, etc. : a 15 year detour
from question 





N=24, d= 3: 



Fusco,Gronchi,  Negrini. 
Platonic polyhedra, topological constraints  

and periodic orbits of the classical N-body problem' ,  
Invent. Math., Vol.285/2, 283-332. 2011

and about 100 more 
for d=3; roughly  

six per 
Platonic solid



The original question was specific to  zero angular momentum 
and for realizing all eclipse sequences. It is still open.

I worked on it off and on for 17 years before a 2014 theorem 
with Rick  Moeckel, valid for angular momentum epsilon 
 that I will describe 

Scientific 
American, 

Aug 2019



cancelling stutters.

Notation:  15 = 11111 etc

thus 152433 = 13

periodic reduced eclipse sequences.

free homotopy classes of loops (mod rotation) .<—>



Thm: [RM & RM  2014]  There exists an M such that for 
all sequences of integers  

ni � M
every  infinite eclipse sequence of the form  

. . . an1
1 an2

2 an3
3 . . .

is realized by a sol’n having this sequence.  If the 
eclipse sequence is periodic, then so is the solution.  

ai 2 {1, 2, 3}  Taking 

 We need masses equal or close to equal. 
Need some angular  momentum. 



Cor.: [Moeckel & M-]   every free homotopy class  
mod rotations is realized for the planar 3 -body problem ! 

Pf:  take all the     to be odd. Then ni � M

. . . an1
1 an2

2 an3
3 . . . = . . . a1a2a3 . . . (homotopically)

Caveats:  Need masses equal or `close to equal’. 
Need some angular  momentum. 





2nd Question:
¿Is the scattering image open and dense?



Rutherford scattering, 1917:

essential to his discovery that nuclei were very tiny and dense  





 is anisotropic : different directions of the incoming 
``beam’’ lead to different outgoing scattering maps

3-body scattering? 

What is a `direction’ for a beam/solution q(t) to 
the positive energy N-body problem ?

2-body scattering is isotropic:   scattering map 
 the same  regardless of   direction of  incoming beam

Answer:  

a 2 (Rd)N \ collisions

lim
t!�1

q(t)

t
= lim

t!�1
q̇(t) := a

<latexit sha1_base64="7cXTv7ByC7SlGKH1MIGkC5NTUHM="></latexit>



The energy E  of such a solution is positive 
and equal to E =  

kak2 := ⌃imi|ai|2

<latexit sha1_base64="BQfZW6qfvqh0aPCOxe9mezJSeq8=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARXJWZUlEEoejGZUV7gc44ZNK0DU0yQ5IRyrRbN76KGxeKuPUN3Pk2pu0stPXAgY//P4fk/GHMqNKO823llpZXVtfy64WNza3tHXt3r6GiRGJSxxGLZCtEijAqSF1TzUgrlgTxkJFmOLia+M0HIhWNxJ0exsTnqCdol2KkjRTY0Bshb3RfhufwAnq3tMdRQCE3PTJgjMAuOiVnWnAR3AyKIKtaYH95nQgnnAiNGVKq7Tqx9lMkNcWMjAteokiM8AD1SNugQJwoP51eMoZHRunAbiRNCw2n6u+NFHGlhjw0kxzpvpr3JuJ/XjvR3TM/pSJONBF49lA3YVBHcBIL7FBJsGZDAwhLav4KcR9JhLUJr2BCcOdPXoRGueRWSic3lWL1MosjDw7AITgGLjgFVXANaqAOMHgEz+AVvFlP1ov1bn3MRnNWtrMP/pT1+QMCuZim</latexit>

1

2
kak2

<latexit sha1_base64="bKgMg6IYOj3s99Cdp8U/BrJn8pI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpFV0W3bisYB/QxDKZTtqhkwczE6GmwV9x40IRt/6HO//GaZuFth64cDjnXu69x4s5k8qyvo3Cyura+kZxs7S1vbO7Z+4ftGSUCEKbJOKR6HhYUs5C2lRMcdqJBcWBx2nbG11P/fYDFZJF4Z0ax9QN8CBkPiNYaalnHjm+wCS1s7SaIWeCncl9FfXMslWxZkDLxM5JGXI0euaX049IEtBQEY6l7NpWrNwUC8UIp1nJSSSNMRnhAe1qGuKASjedXZ+hU630kR8JXaFCM/X3RIoDKceBpzsDrIZy0ZuK/3ndRPmXbsrCOFE0JPNFfsKRitA0CtRnghLFx5pgIpi+FZEh1nEoHVhJh2AvvrxMWtWKXauc39bK9as8jiIcwwmcgQ0XUIcbaEATCDzCM7zCm/FkvBjvxse8tWDkM4fwB8bnD5FMlKc=</latexit>

where

The space of all such solutions for fixed a  
sweeps out  a Lagrangian submanifold lying in 
the  energy E hypersurface of phase space. 

Call it L�
a

<latexit sha1_base64="ALkfSOcyAhgmdx4eld2hwkwJ1x4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lkYoui25cuKhgH9DEMJlO2qGTBzMToYRs/BU3LhRx62e482+ctllo64ELh3Pu5d57/IQzqSzr2ygtLa+srpXXKxubW9s75u5eW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb80fXE7zxSIVkc3atxQt0QDyIWMIKVljzzIHNCrIYEc3Sbe5njBwjn6OHUM6tWzZoCLRK7IFUo0PTML6cfkzSkkSIcS9mzrUS5GRaKEU7zipNKmmAywgPa0zTCIZVuNn0gR8da6aMgFroihabq74kMh1KOQ193Tq6V895E/M/rpSq4dDMWJamiEZktClKOVIwmaaA+E5QoPtYEE8H0rYgMscBE6cwqOgR7/uVF0j6r2fXa+V292rgq4ijDIRzBCdhwAQ24gSa0gEAOz/AKb8aT8WK8Gx+z1pJRzOzDHxifP73nldo=</latexit>



L+
b

<latexit sha1_base64="1tFYmeZ/jCRlY5lYtQAq1zij6RA=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FSEISSSEWXRTcuXFSwD2himUwn7dDJg5mJUEI2/oobF4q49TPc+TdO2iy09cDA4Zy53HOPF3MmlWV9G0vLK6tr66WN8ubW9s6uubffllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfJ37nUcqJIvCezWJqRvgYch8RrDSUt88TJ0AqxHBHN1m/dTxfORl6OG0b1asmjUFWiR2QSpQoNk3v5xBRJKAhopwLGXPtmLlplgoRjjNyk4iaYzJGA9pT9MQB1S66fSADFW1MkB+JPQLFZqqvydSHEg5CXSyap5Wznu5+J/XS5R/6aYsjBNFQzJb5CccqQjlbaABE5QoPtEEE8F0VkRGWGCidGdlXYI9f/IiaZ/V7Hrt/K5eaVwVdZTgCI7hBGy4gAbcQBNaQCCDZ3iFN+PJeDHejY/Z1yWjmDmAPzA+fwC8Z5XZ</latexit>

lim
t!+1

q(t)

t
= lim

t!+1
q̇(t) := b

<latexit sha1_base64="F3XWJculD3U3XNKbJtfqbQRUNz8="></latexit>

Similarly: 

and `forward’ Lagrange submanifold  



L+
b

<latexit sha1_base64="1tFYmeZ/jCRlY5lYtQAq1zij6RA=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FSEISSSEWXRTcuXFSwD2himUwn7dDJg5mJUEI2/oobF4q49TPc+TdO2iy09cDA4Zy53HOPF3MmlWV9G0vLK6tr66WN8ubW9s6uubffllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfJ37nUcqJIvCezWJqRvgYch8RrDSUt88TJ0AqxHBHN1m/dTxfORl6OG0b1asmjUFWiR2QSpQoNk3v5xBRJKAhopwLGXPtmLlplgoRjjNyk4iaYzJGA9pT9MQB1S66fSADFW1MkB+JPQLFZqqvydSHEg5CXSyap5Wznu5+J/XS5R/6aYsjBNFQzJb5CccqQjlbaABE5QoPtEEE8F0VkRGWGCidGdlXYI9f/IiaZ/V7Hrt/K5eaVwVdZTgCI7hBGy4gAbcQBNaQCCDZ3iFN+PJeDHejY/Z1yWjmDmAPzA+fwC8Z5XZ</latexit>

Question: if                   (energies equal )             kak = kbk

<latexit sha1_base64="zpS9zBNp8Bd0HwnL8R824f0Qi2s=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmRim6EohuXFewD2qFk0kwbmkmGJFMoY//EjQtF3Pon7vwb03YW2nrgXg7n3EtuTphwpo3nfTuFtfWNza3idmlnd2//wD08amqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo7uZ3xpTpZkUj2aS0CDGA8EiRrCxUs91u08II9tubAtt9dyyV/HmQKvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTaambappgMsID2rFU4JjqIJtfPkVnVumjSCpbwqC5+nsjw7HWkzi0kzE2Q73szcT/vE5qousgYyJJDRVk8VCUcmQkmsWA+kxRYvjEEkwUs7ciMsQKE2PDKtkQ/OUvr5LmRcWvVi4fquXabR5HEU7gFM7BhyuowT3UoQEExvAMr/DmZM6L8+58LEYLTr5zDH/gfP4Ajh6SUw==</latexit>

and a 6= ±b

<latexit sha1_base64="kTCM8yGAowlwZ/bAJSyP+lZiYLg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gOaUDbbSbt0s4m7m0Ip/R1ePCji1R/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hwbua3Rqg0T+SjGacYxLQvecQZNVYKCCW+ROKnMQlJt1xxq+4cZJV4OalAjnq3/OX3EpbFKA0TVOuO56YmmFBlOBM4LfmZxpSyIe1jx1JJY9TBZH70lJxZpUeiRNmShszV3xMTGms9jkPbGVMz0MveTPzP62QmugkmXKaZQckWi6JMEJOQWQKkxxUyI8aWUKa4vZWwAVWUGZtTyYbgLb+8SpoXVe+yevVwWand5nEU4QRO4Rw8uIYa3EMdGsDgCZ7hFd6ckfPivDsfi9aCk88cwx84nz/EyZDP</latexit>

does L�
a

<latexit sha1_base64="ALkfSOcyAhgmdx4eld2hwkwJ1x4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lkYoui25cuKhgH9DEMJlO2qGTBzMToYRs/BU3LhRx62e482+ctllo64ELh3Pu5d57/IQzqSzr2ygtLa+srpXXKxubW9s75u5eW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb80fXE7zxSIVkc3atxQt0QDyIWMIKVljzzIHNCrIYEc3Sbe5njBwjn6OHUM6tWzZoCLRK7IFUo0PTML6cfkzSkkSIcS9mzrUS5GRaKEU7zipNKmmAywgPa0zTCIZVuNn0gR8da6aMgFroihabq74kMh1KOQ193Tq6V895E/M/rpSq4dDMWJamiEZktClKOVIwmaaA+E5QoPtYEE8H0rYgMscBE6cwqOgR7/uVF0j6r2fXa+V292rgq4ijDIRzBCdhwAQ24gSa0gEAOz/AKb8aT8WK8Gx+z1pJRzOzDHxifP73nldo=</latexit>

\

<latexit sha1_base64="DPjIQ5cNX0/7f/4ZxFe5oJvTsV8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTi8QQ0aTUr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIZiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQwkPMMrvDmPzovz7nwsWgtOPnMMf+B8/gB9po+e</latexit>

6= ;

<latexit sha1_base64="YE+P6jc3dqm4AeHVGvKknqxFY4M=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gOaWDbbSbt0swm7EyWU/g8vHhTx6n/x5r8xaXPQ1gcDj/dmmJnnx1IYtO1vq7Syura+Ud6sbG3v7O5V9w/aJko0hxaPZKS7PjMghYIWCpTQjTWw0JfQ8cc3ud95BG1EpO4xjcEL2VCJQHCGmfTgKqAuhDGmBrDSr9bsuj0DXSZOQWqkQLNf/XIHEU9CUMglM6bn2DF6E6ZRcAnTipsYiBkfsyH0MqpYCMabzK6e0pNMGdAg0lkppDP198SEhcakoZ91hgxHZtHLxf+8XoLBlTcRKk4QFJ8vChJJMaJ5BHQgNHCUaUYY1yK7lfIR04xjFlQegrP48jJpn9Wd8/rF3XmtcV3EUSZH5JicEodckga5JU3SIpxo8kxeyZv1ZL1Y79bHvLVkFTOH5A+szx8SoJI+</latexit>

?

 True for N = 2, i. e ``Rutherford scattering’’  





L+
b

<latexit sha1_base64="1tFYmeZ/jCRlY5lYtQAq1zij6RA=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FSEISSSEWXRTcuXFSwD2himUwn7dDJg5mJUEI2/oobF4q49TPc+TdO2iy09cDA4Zy53HOPF3MmlWV9G0vLK6tr66WN8ubW9s6uubffllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vfJ37nUcqJIvCezWJqRvgYch8RrDSUt88TJ0AqxHBHN1m/dTxfORl6OG0b1asmjUFWiR2QSpQoNk3v5xBRJKAhopwLGXPtmLlplgoRjjNyk4iaYzJGA9pT9MQB1S66fSADFW1MkB+JPQLFZqqvydSHEg5CXSyap5Wznu5+J/XS5R/6aYsjBNFQzJb5CccqQjlbaABE5QoPtEEE8F0VkRGWGCidGdlXYI9f/IiaZ/V7Hrt/K5eaVwVdZTgCI7hBGy4gAbcQBNaQCCDZ3iFN+PJeDHejY/Z1yWjmDmAPzA+fwC8Z5XZ</latexit>

Original Question:   Fix a in the N-body 
configuration space.  Is it true that for an 
open and dense set of b lying in the sphere 
of radius           we have that 

L�
a

<latexit sha1_base64="ALkfSOcyAhgmdx4eld2hwkwJ1x4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lkYoui25cuKhgH9DEMJlO2qGTBzMToYRs/BU3LhRx62e482+ctllo64ELh3Pu5d57/IQzqSzr2ygtLa+srpXXKxubW9s75u5eW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb80fXE7zxSIVkc3atxQt0QDyIWMIKVljzzIHNCrIYEc3Sbe5njBwjn6OHUM6tWzZoCLRK7IFUo0PTML6cfkzSkkSIcS9mzrUS5GRaKEU7zipNKmmAywgPa0zTCIZVuNn0gR8da6aMgFroihabq74kMh1KOQ193Tq6V895E/M/rpSq4dDMWJamiEZktClKOVIwmaaA+E5QoPtYEE8H0rYgMscBE6cwqOgR7/uVF0j6r2fXa+V292rgq4ijDIRzBCdhwAQ24gSa0gEAOz/AKb8aT8WK8Gx+z1pJRzOzDHxifP73nldo=</latexit>

\

<latexit sha1_base64="DPjIQ5cNX0/7f/4ZxFe5oJvTsV8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTi8QQ0aTUr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIZiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQwkPMMrvDmPzovz7nwsWgtOPnMMf+B8/gB9po+e</latexit>

6= ;

<latexit sha1_base64="YE+P6jc3dqm4AeHVGvKknqxFY4M=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gOaWDbbSbt0swm7EyWU/g8vHhTx6n/x5r8xaXPQ1gcDj/dmmJnnx1IYtO1vq7Syura+Ud6sbG3v7O5V9w/aJko0hxaPZKS7PjMghYIWCpTQjTWw0JfQ8cc3ud95BG1EpO4xjcEL2VCJQHCGmfTgKqAuhDGmBrDSr9bsuj0DXSZOQWqkQLNf/XIHEU9CUMglM6bn2DF6E6ZRcAnTipsYiBkfsyH0MqpYCMabzK6e0pNMGdAg0lkppDP198SEhcakoZ91hgxHZtHLxf+8XoLBlTcRKk4QFJ8vChJJMaJ5BHQgNHCUaUYY1yK7lfIR04xjFlQegrP48jJpn9Wd8/rF3XmtcV3EUSZH5JicEodckga5JU3SIpxo8kxeyZv1ZL1Y79bHvLVkFTOH5A+szx8SoJI+</latexit>

?

kak
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Inspiration

q(t) = at� F (a) log(t) + c+ o(1)

asymptotic shape, 
(or velocity) 

impact 
parameter



b 2 R 7! ✓ 2 S1

✓

d✓

Call this map the
``scattering map’’ 

denote it by : ⇡ : R ! S1

⇡(b) = 2Arctan(
Z

2Eb
)

⇡(±1) = 0

(

)

b = Chazy’ys c 
 = impact parameter



(

Numerical Experiments
(Rick Moeckel, the other `RM’)
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shape disc:  quotient of 3-body configuration space 
(minus triple collision) 
by (all isometries) x (scaling). Equals shape sphere 
modulo reflection about the collinear equator.   

The shape sphere: the quotient of  
3-body configuration space  
(minus triple collision) 
by the group of  
 (orient. pres. isometries) x (scaling). 
  

mod 
reflection

4.  Is the scattering image  open and dense?



4.  Is the scattering image  open and dense?
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A picture Rick Moeckel made of the  image of the scattering map for 
an   incoming equilateral triangle (Lagrange) beam projected onto the  
shape disc

colors  indicates how close the trajectories stays to infinity 

4.  Is the scattering image  open and dense?
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``The equilateral shape is at the center and the collinear shapes are at the outer edge. 
 The isosceles shapes form three diameters of the disk.  The collision shapes are at the 
third roots of unity on the diameter.   

 The unstable manifold is a 3D disk whose boundary is a 2 sphere in the infinity 
manifold.  The points to follow are chosen from other 2D spheres in this disk. Black 
points are near the infinity manifold and blue, green orange farther from infinity.   
Very crude experiment so far, but encouraging.   How to prove ? ’’ 

-email,  Rick Moeckel , .. 2020 (?)  



4.  Is the scattering image  open and dense?



McGehee’s blow-up

Melrose’s view  of: 

4.  Is the scattering image  open and dense?



qa 2 Rd, a = 1, . . . , Nq = (q1, . . . , qN ) 2 E := RNd

Set-up and eqns N bodies in d-dimensional Euc. space: 

E(q, q̇) =
1

2
hq̇, q̇im �G

X mamb

rab
= h.

Conserved energy

K(q̇)� U(q)=

2K(q̇) = hq̇, q̇im =
X

mikq̇ik2 = kq̇k2m
where

and U(q) = G
X mamb

rab

Newton’s eqns: () q̈ = rmU(q)

rm = r = gradient relative to mass metric. 



`Spherical ’  change of var’s : 

Spatial Infinity : 

ENERGY: 1

2
v2 +

1

2
kwk2 � ⇢U(s) = h.

Newton’s 
eqns 

()
⇢0 = �v⇢

s0 = w

v0 = |w|2 � ⇢U(s)

w0 = ⇢r̃U(s)� vw � |w|2s

, an invariant submanifold ⇢ = 0

s 2 S ⇠= SNd�1

the infinity manifold. 

q = rs

r = kqkm
q̇ = vs+w, s ? w

⇢ =
1

r
d⌧ = rdt

r̃U(s) = rU(s) + U(s)s =(
tangential proj of 

rU(s)
by Euler’s ident. ) 

4.  Is the scattering image  open and dense?



Flow at infinity. Set  
s0 = w

w0 = �vw � kwk2s
v0 = kwk2

Energy at infinity: 1

2
v2 +

1

2
kwk2 = h.

s 2 S ⇠= SdN�1

v 2 R, v 6= 0

⇢ = 0. 

Flow at infinity is independent of  U  !

Equilibria! (⇢, s, v, w) = (0, s, v, 0)

form a  normally hyperbolic manifold of equilibria within the full phase space.

⌃ = ⌃� [ ⌃+

disjoint union of unstable (v > 0) and stable (v < 0) equilibria 
representing past                         and future          end shapes

4.  Is the scattering image  open and dense?



 

Set U = 0 to understand the dynamics at  infinity. 
Flow =  reparam. of free motion - 
 projected onto the sphere !: 

Flow at infinity is independent of  U.

s, -s become equilibria! ; flow is gradient like between them…

v >0
v <0

rays incoming 
from infinity

rays outgoing 
to infinity

⌃�
⌃+

4.  Is the scattering image  open and dense?



  Answer. The image of `scattering orbits’’ that `stay near infinity’ converge to 
``broken geodesics’’ on the sphere  -`linear point billiards’ or `train tracks’  come in.  

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

Q. Why  those black 
diameters of `near 
infinity points’’?

Q. Unstable manifold?  Of what? 

Answer.  A beam is the family of solutions making up the  
unstable manifold of an equilibrium point (a, |a|) lying on the 
infinity manifold



 Thm[ Nathan Duignan, RM, RM, and Guowei Yu] 
The image of the scattering map has non-empty interior.  

What we can prove:

What E.M. and A.V. can prove:

 Thm[Ezequiel Maderna and Andrea Venturelli] 
        projects onto configuration space (including  
collisions.   
L�
a
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some words on broken geodesic
flow 
and the mystery of the 
black diameters



p. 80. Geometric Scattering Theory -Melrose. 

⌃� ⌃+

a picture from Melrose                            



(

Vasy.  Knauf.
    … Mazzeo. Zworski.    Also: 

A COMPARISONS OF THE GEORGESCU AND VASY SPACES ASSOCIATED TO THE N-BODY PROBLEMS AND APPLICATIONS 

BERND AMMANN, JE ́ RE ́ MY MOUGEL, AND VICTOR NISTOR 
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incomingfrom
L

v
r 7

r 3
7
sing sionL

L
v

`Broken’ geodesic flow: the collision loci on
the sphere act as `perfect reflectors’

 `flowing’ for a  total time = spherical arclength of 

Non-deterministic! 

⇡

If a geodesic hits a point on the collision locus it
bounces off in a random direction, continuing until
either it hits another , continuing in this manner 



Lag-> Collision = Lag -> Collinear Equator = 
1

2

⇡

2
=

⇡

4
⇡

4
+ x = ⇡ =) x =

3⇡

4
=

1

2

3⇡

2

Scenario: Leave binary.  Hit collision locus at a point B.  Go 3/2 away around the shape 
sphere in any direction and mark the resulting points: 

Circle of radius 3⇡

2
about B on standard unit sphere ircle of radius 

= circle of radius ⇡

2
= great circle midway between  B and -B.   

E1

E2

E3

B12

B13

B23

L+

L-

 





FINI



FINI



Hill 
Region.

Fix energy = H =-h < 0. Hill region:part of shape space for which 
there is a v and H(q,v) = -h.  Domain where motion occurs. 
Identical to region with U(q) > +h 



 

..Every free homotopy class…

Figure 8: 123123


