
Gauge Theory: from Falling Cats  
to the Three-body problem. 

… hello Illinois !



UUnifying Mathematical theme:
geometry of a principal G-bundle
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To lift paths from the base S
up to the total space Q use a connection :

<latexit sha1_base64="wcgwkui46qx409qCLl1rWg6LpfA="></latexit>

connection =
choice of horizontals



<latexit sha1_base64="0JgrMoxpqLQXX81aBbv1KRXQiB0="></latexit>

gauge field =
connection =
choice of horizontals =
choice of “PERPINDICULARS’
to the fibers V





Taubes

Donaldson Uhlenbeck

Berkeley. 1980-85
I witnessed a revolution in the understanding of 
4-manifolds. It was driven by ideas   from gauge  
theory.    

Method: attach the moduli space of solutions to 
the ``ASD Yang-Mills eqns’’  
to a 4-manifold.
results:  exotic R^4’s ;  which intersection 
forms can be realized .. 
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Gauge theory: basic variables are
connections on a fixed principal bundle



W
t’Hooft Atiyah Singer

Uhlenbek Taubes Donaldson







What is a shape?

.kinesthetics.. 
get up .. 

freeze hands… 



Initial and Final shapes of cat are almost the same!

(from `Falling Cat ‘ wiki page; a 
copy of a photo taken in 1894)



holonomy

loop in shape space 



Ucata principal G-bundle
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G ! Q ! S
group 
of rigid  
motions

configuration 
space of the cat; 

points are 
`located cats’ 

shape  
space Q/G



Utility of principal bundle picture for 
understanding the strategies of the falling cat
for righting  herself 

A reorientation strategy
IS a loop in shape space 

How does a loop in shape space
lift up to the total space Q? 

i.e. what is the connection? 



so horizontal motions = motions with total  
                                  angular momentum zero

Why can we think of `angular momentum’ a gauge field? 

 FACT: a curve q(t) in Q is perpindicular to the vertical space V 
if and only that curve has zero angular momentum.  

KINETIC ENERGY METRIC.
  

Perpendicular relative to what metric ?

Connection defined by angular momentum = 0 
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V = infinitesimal rotations



Horizontal motions =  
                            motions with total angular momentum zero

Horizontal motions   = 
paths perpindicular to the group orbits, 
  or perpindicular to the `vertical spaces’’ 

where a `vertical vector ’ is a vector tangent to a G-orbit

Perpindicular relative  to what metric on Q?

To show: 



Model Q, the configuration space for 
the `located cat’  as a collection of point masses. 
So:   

<latexit sha1_base64="aLDuVanIJ48M0Hs1WnAXmiyi6WM="></latexit>

q = (q1, q2, . . . , , qN ), qa 2 R3

represents a point of Q.  Think of 
the q_a’s as `marker points. (`Foot’, `head’, ..,) 
They have masses m_a.  Define an inner product 
on Q for which the  squared length 
of velocities v_a  is twice their  kinetic energy 
K:   

<latexit sha1_base64="5G58BkPt/znE5ANlcui6kVkh0TA="></latexit>

K(q̇) =
1

2
⌃ma|va|2, va = q̇a
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< q, q0 >= ⌃maqa · q0a

so that :   

 Mass metric
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=
1

2
hv, vi



To work out

we need V_q,  the tangent space to the group orbit through q: 

Infinitesimal rotations are given by cross products:  

<latexit sha1_base64="h6eG3m311JZHmldC5USPz84o4ao="></latexit>

Vq = {“! ⇥ q00 : ! 2 R3}

<latexit sha1_base64="QosYN2o7ImTCOBdC5yiHMKhf2iQ="></latexit>

“! ⇥ q00 = (! ⇥ q1,! ⇥ q2, . . . ,! ⇥ qN )

<latexit sha1_base64="MqhUbjk2q5MIT0L+wOr45aCSsus="></latexit>

G(q) = {Rq := (Rq1, . . . , RqN ) : R 2 SO(3) a rotation}

where

So: 
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Hq = (Vq)
?

<latexit sha1_base64="yPQ5l9xmDC7iOp3EeIHPTrxRumI="></latexit>

d

d✏
R(✏)qa|✏=0 = ! ⇥ qa, !, qa 2 R3;R(0) = Id



Suppose that v in Q is mass-metric  
perpindicular to all these vertical vectors:    

for all
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! 2 R3
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⌃qa ⇥mava = 0

But this says the total angular momentum is zero! 
<latexit sha1_base64="vVKjBvSXOAqdt1r1hlZxm/XoFhA="></latexit>

⌃qa ⇥mava = the angular momentum associated to q, v



Summary: A deformation, or `motion’ q(t) of a located  
shape q(0) is  mass-metric perpindicular 
to the  group orbits  if and only if its total angular 
momentum is zero. 

!!

This connects geometry to physics !
The algebra and notation of last few slides 
works exactly as it stands for the N-body problem

Angular momentum IS the gauge-field. 
Ang. mom = 0 <—>  horizontal. 





What is the optimal reorientation 
strategy for the falling cat?

What is the shortest loop (in S) 
with a given holonomy (in G)?



<latexit sha1_base64="RrMNJ5HAwZEyTk9CR43T+KgKpkE="></latexit>

Theorem. The optimal paths – the shortest loops
with a given holonomy– are characterized by
their projection s(t) to S as follows.
Either
(I) s(t) behaves like a ‘classical quark’
under the influence of the curvature F = DA,
or
(II) ṡ(t) lies in a kernel of F :
9 a nonvanishing curve ⇠(t) 2 g⇤ such that
⇠(t) · Fs(t)(ṡ(t), ·) = 0 holds along s(t)

On solving the Isoholonomic problem. 
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rṡṡ = ⇠F (ṡ, ·)
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D⇠

dt
= 0
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(I)
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(II)
<latexit sha1_base64="rwSXTNMC+h7/Z9DFa9T57P2zD9c="></latexit>

0 = ⇠a(t)F
a
�µṡ

�



<latexit sha1_base64="vN3IXOzlowz/80Le4AfcHGeX6cs="></latexit>

Proof. U(1) case. The horizontal constraint rel. connection A reads

✓̇ �
X

Aµẋ
µ
= 0

Introduce a Lagrange multiplier � to enforce horizontality of curves.

Minimizing length is equivalent to minimizing kinetic energy at fixed

time. THUS minimizers extremize

L =
1

2

X
(ẋµ

)
2
+ �(✓̇ �

X
Aµẋ

µ
)

Find: �̇ = 0. Think of � = e = ‘charge’.

Then �✓̇ = exact time derivative. Ignore!

<latexit sha1_base64="ioxo4xNrjOgqnNVLGQCv8Lkbl3s="></latexit>

We have written the Lagrangian for a particle of mass one,
charge e moving under the influence of the magnetic field B = dA.

<latexit sha1_base64="3P4JFcClv7adZILPda5TQcBRV+0=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzHBDZkh8bEkUaPuIJFHAhPSKR1o6LSTtqMhyKe4caExbv0Sd/6NnWEWCp7VyTn39p4eP2JUacf5tnIrq2vrG/nNwtb2zu6eXdxvKRFLTJpYMCE7PlKEUU6ammpGOpEkKPQZafvjy8RvPxCpqOD3ehIRL0RDTgOKkTZS3y42rq9gICTE5hFYvjsp9O2SU3FSwGXiZqQEMtT79ldvIHAcEq4xQ0p1XSfS3hRJTTEjs0IvViRCeIyGpGsoRyFR3jSNPoPHRhmkAQLBNUzV3xtTFCo1CX0zGSI9UoteIv7ndWMdXHhTyqNYE47nh4KYQS1g0gMcUEmwZhNDEJbUZIV4hCTC2rSVlOAufnmZtKoV96xy2qiWajdZHXlwCI5AGbjgHNTALaiDJsDgETyDV/BmPVkv1rv1MR/NWdnOAfgD6/MHWmiSIw==</latexit>

QED for case (I)



<latexit sha1_base64="BiZEVI4+VzqT9mnLOs6lQOGgNt0="></latexit>

Case (II) : almost all of us were taught a wrong version of
the method of Lagrange multipliers. You must also
account for the extremals of

R
(✓̇ �

P
Aµẋµ)

<latexit sha1_base64="R4O4q4FdO0vjytMm66tIoKTF+5Y="></latexit>

Problem: Min. F subject to constraint G = 0.
We are taught to form F + �G...
This method can MISS minimizers that are critial points of G
Correct ‘Lagrange multipliers’ approach:
�0F + �G where (�0,⇤) 6= (0, 0).
Allows for (�0,�) = (0, 1).

<latexit sha1_base64="aNgCynDKLkb9DzTkRzTuHEt3X8U="></latexit>

In the planar case of S = R2
, G = S1 these new extremals

are the curves defined by B = 0 where B is the

planar (scalar) magnetic field of F = B(x, y)dx ^ dy.
[eventually Led to “Hearing the zero locus of a magnetic field”. ]





What is the optimal reorientation 
strategy for the falling cat?

What is the shortest loop (in S) 
with a given holonomy (in G)?

What are the subRiemannian geodesics
joining two given points of Q ?
(say the points q_0 and q_1= g q_0, 
where g = desired  holonomy)



<latexit sha1_base64="uTOr6lGimUgoT8qkSYV4c3C53U0="></latexit>

Theorem. [M-; 1989] There exist subRiemannian metrics

which admit strictly abnormal geodesics:

“geodesics which do not satisfy the

(Hamiltonian) geodesic equations”.

<latexit sha1_base64="D38B321FNLSLtRbQh2MH96UIVxs=">AAACJHicbVC7SgNBFJ2Nr7i+opY2g0GMTdgVfKCNkELtFIwJZENydzKbDM7OLDOzQgh+jI2/YmPhAwsbv8VJXEETT3U45x7uvSdMONPG8z6c3NT0zOxcft5dWFxaXimsrl1rmSpCq0RyqeohaMqZoFXDDKf1RFGIQ05r4U1l6NduqdJMiivTT2gzhq5gESNgrNQqHFdsGJfOd45wW0gVA9/GQeBm6kiG8MeQCrc1E92Ug9rGuFUoemVvBDxJ/IwUUYaLVuE16EiSxlQYwkHrhu8lpjkAZRjh9M4NUk0TIDfQpQ1LBcRUNwejJ+/wllU6OLI3RFIYPFJ/JwYQa92PQzsZg+npcW8o/uc1UhMdNgdMJKmhgnwvilKOjcTDxnCHKUoM71sCRDF7KyY9UECM7dW1JfjjL0+S692yv1/eu9wtnpxmdeTRBtpEJeSjA3SCztAFqiKC7tEjekYvzoPz5Lw579+jOSfLrKM/cD6/ACjgoYE=</latexit>

Case (I): ‘normal’
Case (II): ‘abnormal’ or ‘singular’



<latexit sha1_base64="BJ3oIdml3DiDmioFJJXcH38gwL0=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4GqYKVTbXdGNOyvYB7RDyaSZNjSTDElGKEM3/oobF4q49TPc+Tdm2llo64HA4Zx7uTkniBlV2nW/rcLa+sbmVnG7tLO7t39gHx61lUgkJi0smJDdACnCKCctTTUj3VgSFAWMdILJTeZ3HolUVPAHPY2JH6ERpyHFSBtpYJ/cxYTDUIoIevVaHWoBK26l6gzssuu4c8BV4uWkDHI0B/ZXfyhwEhGuMUNK9Tw31n6KpKaYkVmpnygSIzxBI9IzlKOIKD+dB5jBc6MMYSikeVzDufp7I0WRUtMoMJMR0mO17GXif14v0WHNTymPE004XhwKE5bFzNqAQyoJ1mxqCMKSmr9CPEYSYW06K5kSvOXIq6RdcbxLp3pfKTeu8zqK4BScgQvggSvQALegCVoAgxl4Bq/gzXqyXqx362MxWrDynWPwB9bnD/zHlBQ=</latexit>

Open from 1989 to 2025.

arXiv:2501.18920  [pdf, other]  math.DG
 
math.MG
Not all sub-Riemannian minimizing geodesics are 
smooth
Authors: Yacine Chitour, Frédéric Jean, Roberto 
Monti, Ludovic Rifford, Ludovic Sacchelli, Mario 
Sigalotti, Alessandro Socionovo

<latexit sha1_base64="2U2OitfE/880dPflXRuoE12BNuU=">AAACEHicbVC7SgNBFJ2NrxhfUUubiUG0CrsLUcugjVhFNA9IQpidvUmGzM4sM7OBEPIJNv6KjYUitpZ2/o2TR6GJBy4czrmXe+8JYs60cd1vJ7Wyura+kd7MbG3v7O5l9w+qWiaKQoVKLlU9IBo4E1AxzHCoxwpIFHCoBf3riV8bgNJMigczjKEVka5gHUaJsVI7e3ov+QDCXA7jstQGQoyZwLdEJEQNse/6xQLG1m1n827BnQIvE29O8miOcjv71QwlTSIQhnKidcNzY9MaEWUY5TDONBMNMaF90oWGpYJEoFuj6UNjfGKVEHeksiUMnqq/J0Yk0noYBbYzIqanF72J+J/XSEznsjViIk4MCDpb1Ek4NhJP0sEhU0ANH1pCqGL2Vkx7RBFqbIYZG4K3+PIyqfoF77xQvPPzpat5HGl0hI7RGfLQBSqhG1RGFUTRI3pGr+jNeXJenHfnY9aacuYzh+gPnM8fAuqZYQ==</latexit>

Solved!! Posted in January 2025. !!

<latexit sha1_base64="sNHkzlXZbp379UGN0p1hdPcxMv8="></latexit>

These Abnormal geodesics are di�cult to understand.
Their existence re-opened a basic question:

<latexit sha1_base64="oDnG1yUOy2PQUsUr4iyULt8J1Dc=">AAACGHicbVDJSgNBEO1xN25Rj14ag+ApzgRcbm4XjypGhSSEmk5N0qSXobtHCEM+w4u/4sWDIl69+Td2loNGHxQ83quiql6cCm5dGH4FU9Mzs3PzC4uFpeWV1bXi+sat1ZlhWGVaaHMfg0XBFVYddwLvU4MgY4F3cfd84N89oLFcqxvXS7Ehoa14whk4LzWLe3k9TuipQQpCUJvF1xwlKMVB0TbqFlrOLLVSa9c5prTfLJbCcjgE/UuiMSmRMS6bxc96S7NMonJMgLW1KExdIwfjOBPYL9QziymwLrSx5qkCibaRDx/r0x2vtGiijS/l6FD9OZGDtLYnY98pwXXspDcQ//NqmUuOGjlXaeZQsdGiJBPUaTpIiba4QeZEzxNghvtbKeuAAeZ8lgUfQjT58l9yWylHB+X9q0rp5GwcxwLZIttkl0TkkJyQC3JJqoSRR/JMXslb8BS8BO/Bx6h1KhjPbJJfCD6/AeSzn7E=</latexit>

Are all subRiemannian geodesics smooth?

https://arxiv.org/abs/2501.18920
https://arxiv.org/pdf/2501.18920
https://arxiv.org/format/2501.18920
https://arxiv.org/search/math?searchtype=author&query=Chitour%2C+Y
https://arxiv.org/search/math?searchtype=author&query=Jean%2C+F
https://arxiv.org/search/math?searchtype=author&query=Monti%2C+R
https://arxiv.org/search/math?searchtype=author&query=Monti%2C+R
https://arxiv.org/search/math?searchtype=author&query=Rifford%2C+L
https://arxiv.org/search/math?searchtype=author&query=Sacchelli%2C+L
https://arxiv.org/search/math?searchtype=author&query=Sigalotti%2C+M
https://arxiv.org/search/math?searchtype=author&query=Sigalotti%2C+M
https://arxiv.org/search/math?searchtype=author&query=Socionovo%2C+A


<latexit sha1_base64="4ky03DTbbs2M3V5e0YUII2YUhyk="></latexit>

Magnetic field = B(x, y) = (y5 � x2)y
Distribution: Span( @

@x ,
@
@y + (y5 � x2)2 @

@y )

<latexit sha1_base64="Vk4f087wuWtNgkyb6STQwhRnb/8="></latexit>

( my eg: Magnetic field = B(x, y) = y or (1� (x2 + y2)
Distribution: Span( @

@x ,
@
@y + y @

@y )



OPEN QUESTION 

<latexit sha1_base64="ZBxaIN9Mn4Tgjh9zOOopLDUUW2w="></latexit>

Can you have a non-smooth point of a sR geodesic as
and interior point of the geodesic arc?

i.e.
Can you find a minimizing sR geodesic c : [�✏, ✏] ! Q

parameterized by ARC-LENGTH and having 0 as a NON-Smooth point?



<latexit sha1_base64="ZiZ76BkRqlwZPhcH4z+3OwRf7es=">AAACDHicbVDLSgMxFM34rPVVdekmWAQ3lpmCj2XRjTsr2Ae0pWTSO21oJhmSjDAM/QA3/oobF4q49QPc+Tem01lo64ELh3Puvck9fsSZNq777Swtr6yurRc2iptb2zu7pb39ppaxotCgkkvV9okGzgQ0DDMc2pECEvocWv74euq3HkBpJsW9SSLohWQoWMAoMVbql8pp1w/wrcBGYjMCWwrg1JeDBEdK2i0hntgut+JmwIvEy0kZ5aj3S1/dgaRxCMJQTrTueG5keilRhlEOk2I31hAROiZD6FgqSAi6l2bHTPCxVQY4kMqWMDhTf0+kJNQ6CX3bGRIz0vPeVPzP68QmuOylTESxAUFnDwUxzy63yeABU0ANTywhVDH7V0xHRBFqbH5FG4I3f/IiaVYr3nnl7K5arl3lcRTQITpCJ8hDF6iGblAdNRBFj+gZvaI358l5cd6dj1nrkpPPHKA/cD5/AI9omrI=</latexit>

On to the three-body problem

<latexit sha1_base64="tnlGWtlLT0ffTnBqDrHFOqsHrG4="></latexit>

...Hands... to form moving triangle



SHAPE SPHERE SHAPE SPACE
Oriented similarity classes  

of triangles

O

Oriented congruence classes  
of triangles

⇢

collinear  
 triangles

d=2, N=3 : 



100s by Suvakov & http://three-body.ipb.ac.rs/.

http://three-body.ipb.ac.rs/




`Infinitely Many Syzygies’



<latexit sha1_base64="/Qo1rrqhSUeCpi6No581E40GH9E=">AAACBXicbVDLSgMxFM34rPVVdamLYBFclZmCj41Q6MZlBfuAdiiZ9E4bmkmGJCOUoRs3/oobF4q49R/c+Tem01lo64HA4Zx7c+89QcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJotCkkkvVCYgGzgQ0DTMcOrECEgUc2sG4PvPbD6A0k+LeTGLwIzIULGSUGCv1SydUCsCxZMLgG2ykIRzbX+3kzC67FTcDXiZeTsooR6Nf+uoNJE0iEIZyonXXc2Pjp0QZRjlMi71EQ0zomAyha6kgEWg/za6Y4jOrDHAolX12m0z93ZGSSOtJFNjKiJiRXvRm4n9eNzHhtZ8yEScGBJ0PChNur8WzSPCAKaCGTywhVDG7K6Yjogg1NriiDcFbPHmZtKoV77JycVct1+p5HAV0jE7ROfLQFaqhW9RATUTRI3pGr+jNeXJenHfnY1664uQ9R+gPnM8fAlKYSA==</latexit>

cone point = total collision

<latexit sha1_base64="DpJ0p3gE23DdWvoxyjATN995L4A="></latexit>

TCs = total collision solutions
= solutions which end in total collision

<latexit sha1_base64="hC0y3tpdB0S9TGAUuySLsYIc2Fk=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsCv4KANpLCwi5AUxyOzkZnfI7Mwyc1cIIT9g46/YWChia2/n3zh5FJp4YOBwzrncuSdMpbDo+9/e0vLK6tp6biO/ubW9s1vY229YnRkOda6lNq2QWZBCQR0FSmilBlgSSmiG/crYbz6AsUKrGg5S6CQsUqInOEMn3ReOISpRWouB3rDIMBUBjXWiMQYcUKtlNo0V/ZI/AV0kwYwUyQzV+8LXXVfzLAGFXDJr24GfYmfIDAouYZS/yyykjPdZBG1HFUvAdoaTa0b0xCld2tPGPYV0ov6eGLLE2kESumTCMLbz3lj8z2tn2LvqDIVKMwTFp4t6maSo6bga2hUGOMqBI4wb4f5KecwM4+gKzLsSgvmTF0njrBRclM5vz4rlyqyOHDkkR+SUBOSSlMk1qZI64eSRPJNX8uY9eS/eu/cxjS55s5kD8gfe5w+f2JtW</latexit>

eg. The Lagrange homothety solution



Galileo
The laws of physics are  
invariant under my group. 
  
My group contains your group G. 

1632; `Dialogo ..’’  :  

GG=  group of rigid motions of space 
       =translations, rotations, reflections



The laws of physics can be  
written as differential equations 
 which are invariant under  
Galileo’s group. 

Newton, Principia, 1687: 

<latexit sha1_base64="yUMuVC0gDgxtIzMpLrsYaCQmnoc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclEV8bodCNywr2AU0ok8mkHTqZSWcmQgnd+CtuXCji1s9w5984bbPQ1gMXDufcy733BAmjSjvOt1VYWV1b3yhulra2d3b37P2DlhKpxKSJBROyEyBFGOWkqalmpJNIguKAkXYwrE/99iORigr+oMcJ8WPU5zSiGGkj9ewjLwyFhiN4Cz2OAoZgE1ZGZ7Bnl52qMwNcJm5OyiBHo2d/eaHAaUy4xgwp1XWdRPsZkppiRiYlL1UkQXiI+qRrKEcxUX42e2ACT40SwkhIU1zDmfp7IkOxUuM4MJ0x0gO16E3F/7xuqqMbP6M8STXheL4oShnUAk7TgCGVBGs2NgRhSc2tEA+QRFibzEomBHfx5WXSOq+6V9XL+4tyrZ7HUQTH4ARUgAuuQQ3cgQZoAgwm4Bm8gjfryXqx3q2PeWvBymcOwR9Ynz+ic5SC</latexit>

q̈ = rU(q)

<latexit sha1_base64="uMZVK4EhcsqoITObqffS+cRKTWQ="></latexit>

U = G
X

a<b

mamb

rab
where rab = |qa � qb|



Lagrange = Equilateral 

Lagrange = Equilateral

Euler

x
xx

x

Euler

Euler

SHAPE SPHERE SHAPE SPACE
Oriented similarity classes  

of triangles

O

Oriented congruence classes  
of triangles

⇢

collinear  
 triangles

x

d=2, N=3 : 
Q = (R2)3 = C3

S = R3

G
(now take G =  

translations and 
rotations)



as before.  
Positions  q_a. Masses m_a.   
Mass inner product: 

<latexit sha1_base64="HVgA03+Bqau3N/6aCsoYI69FC4Y=">AAACDHicbVC7SgNBFJ2Nj8T4ilrajAZRUMKu4KNQCaSxjGgemIRwdzJJhszsbmZmhbCksLTxVyy0UMTWD7Dzb5w8Ck08cOFwzrnM3OMGnClt299WbGZ2bj6eWEguLi2vrKbW1ovKDyWhBeJzX5ZdUJQzjxY005yWA0lBuJyW3E5u4JfuqFTM9250L6A1AS2PNRkBbaR6Kn3WPcDd3Qt8jqvXrCUAizrgrpkqafjaWHUwKTtjD4GniTMm6Wx6f+v+Nv6cr6e+qg2fhIJ6mnBQquLYga5FIDUjnPaT1VDRAEgHWrRiqAeCqlo0PKaPd4zSwE1fmvE0Hqq/NyIQSvWEa5ICdFtNegPxP68S6uZpLWJeEGrqkdFDzZBj7eNBM7jBJCWa9wwBIpn5KyZtkEC06S9pSnAmT54mxcOMc5w5ujJt5NAICbSJttEectAJyqJLlEcFRNADekKv6M16tF6sd+tjFI1Z450N9AfW5w+7spsp</latexit>

< q, q0 >= ⌃maqa · q0a
<latexit sha1_base64="QxVSJLYyH5jAG00NUPpo8w0OHxw=">AAACFnicbVBNS8NAEN34WetX1aOXwSK0oCURvy6C4MWjgtFCU8pku20XN5u4uymU0l/hxb/ixYMiXsWb/8ZN7EGrDwYe780wMy9MBNfGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41RR5tNYxKoeomaCS+YbbgSrJ4phFAp2E96eZf5NnynNY3llBglrRtiVvMMpGiu1Srttv3JXhUq/CicAgUDZFQwCiaFA8CHzdqAPgcqNVqns1twc8Jd4Y1ImY1y0Sh9BO6ZpxKShArVueG5imkNUhlPBRsUg1SxBeotd1rBUYsR0c5i/NYJtq7ShEytb0kCu/pwYYqT1IAptZ4Smpye9TPzPa6Smc9wccpmkhkn6vaiTCjAxZBlBmytGjRhYglRxeyvQHiqkxiZZtCF4ky//Jdd7Ne+wdnC5Xz49G8dRIJtki1SIR47IKTknF8QnlNyTR/JMXpwH58l5dd6+W6ec8cwG+QXn/QuRGpvu</latexit>

dU(q)(v) = hrU(q), vi

<latexit sha1_base64="Y4o86nMOnjRWtKS5Qoc10FS5I9I="></latexit>

q = (q1, q2, . . . , , qN ), qa 2 R3 or R2



as before.  
Positions  q_a. Masses m_a.   
Mass inner product: 

<latexit sha1_base64="HVgA03+Bqau3N/6aCsoYI69FC4Y=">AAACDHicbVC7SgNBFJ2Nj8T4ilrajAZRUMKu4KNQCaSxjGgemIRwdzJJhszsbmZmhbCksLTxVyy0UMTWD7Dzb5w8Ck08cOFwzrnM3OMGnClt299WbGZ2bj6eWEguLi2vrKbW1ovKDyWhBeJzX5ZdUJQzjxY005yWA0lBuJyW3E5u4JfuqFTM9250L6A1AS2PNRkBbaR6Kn3WPcDd3Qt8jqvXrCUAizrgrpkqafjaWHUwKTtjD4GniTMm6Wx6f+v+Nv6cr6e+qg2fhIJ6mnBQquLYga5FIDUjnPaT1VDRAEgHWrRiqAeCqlo0PKaPd4zSwE1fmvE0Hqq/NyIQSvWEa5ICdFtNegPxP68S6uZpLWJeEGrqkdFDzZBj7eNBM7jBJCWa9wwBIpn5KyZtkEC06S9pSnAmT54mxcOMc5w5ujJt5NAICbSJttEectAJyqJLlEcFRNADekKv6M16tF6sd+tjFI1Z450N9AfW5w+7spsp</latexit>

< q, q0 >= ⌃maqa · q0a
<latexit sha1_base64="QxVSJLYyH5jAG00NUPpo8w0OHxw=">AAACFnicbVBNS8NAEN34WetX1aOXwSK0oCURvy6C4MWjgtFCU8pku20XN5u4uymU0l/hxb/ixYMiXsWb/8ZN7EGrDwYe780wMy9MBNfGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41RR5tNYxKoeomaCS+YbbgSrJ4phFAp2E96eZf5NnynNY3llBglrRtiVvMMpGiu1Srttv3JXhUq/CicAgUDZFQwCiaFA8CHzdqAPgcqNVqns1twc8Jd4Y1ImY1y0Sh9BO6ZpxKShArVueG5imkNUhlPBRsUg1SxBeotd1rBUYsR0c5i/NYJtq7ShEytb0kCu/pwYYqT1IAptZ4Smpye9TPzPa6Smc9wccpmkhkn6vaiTCjAxZBlBmytGjRhYglRxeyvQHiqkxiZZtCF4ky//Jdd7Ne+wdnC5Xz49G8dRIJtki1SIR47IKTknF8QnlNyTR/JMXpwH58l5dd6+W6ec8cwG+QXn/QuRGpvu</latexit>

dU(q)(v) = hrU(q), vi

<latexit sha1_base64="Y4o86nMOnjRWtKS5Qoc10FS5I9I="></latexit>

q = (q1, q2, . . . , , qN ), qa 2 R3 or R2



<latexit sha1_base64="xWpWSlN2r4ZgIpMPT7amWKYx4hQ=">AAAB7nicbVBNT8JAEJ3iF+IX6tHLRmLiibQkokfUixcS/ChgoCHbZQsbtttmd2tCGn6EFw8a49Xf481/4wI9KPiSSV7em8nMPD/mTGnb/rZyK6tr6xv5zcLW9s7uXnH/oKmiRBLqkohHsu1jRTkT1NVMc9qOJcWhz2nLH11P/dYTlYpF4kGPY+qFeCBYwAjWRmrdu/X65d1jr1iyy/YMaJk4GSlBhkav+NXtRyQJqdCEY6U6jh1rL8VSM8LppNBNFI0xGeEB7RgqcEiVl87OnaATo/RREElTQqOZ+nsixaFS49A3nSHWQ7XoTcX/vE6igwsvZSJONBVkvihIONIRmv6O+kxSovnYEEwkM7ciMsQSE20SKpgQnMWXl0mzUnaq5bPbSql2lcWRhyM4hlNw4BxqcAMNcIHACJ7hFd6s2Hqx3q2PeWvOymYO4Q+szx9k7Y72</latexit>

SUMMARY



• .

 

A summary of 
my career.



theory group G total space base space properties
fiber Q S of gauge field A

= connection
E and M U(1) S ⇥ U(1) space-time vector potential

R3+1 (photon)
variable

electroweak SU(2)⇥ U(1) S ⇥G space-time gauge potential
(W and Z)
variable

strong force SU(3) S ⇥G space-time gauge potential
QCD (gluons )

variable
Falling Cat SO(3) config. space shape space angular momentum

of located of cat zero defines horizontal
cats FIXED!

Planar 3-body SE(2) config. space shape space = angular momentum
problem = SO(2)n R2 (R2)3 = C3 = space of congruence zero defines horizontal

classes of planar triangles FIXED!
R3 = Cone(S2)

Planar N-body SE(2) config. space shape space angular momentum
problem = SO(2)n R2 (R2)N = CN = space of congruence zero defines horizontal

classes of planar N-gons FIXED!
= Cone(CPN�2)

Berry phase U(1) = S1 sphere in projective Hilbert induced by
in QM group of Hilbert space space Hilbert space inner

phases eg: S2N�1 ⇢ CN CPN�1 product
FIXED!

eg: N = 2 HOPF FIBRATION!

1



2000 2025



<latexit sha1_base64="lEsKlsRFFPJQkPEyGAeeGbfehG8=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFchaTgY1l0484q9gFtKJPppB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89YcKZNp737aysrq1vbJa2yts7u3v7lYPDlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Cb3209UaRbLRzNJaCDwULKIEWxy6e7BdfuVqud6M6Bl4hekCgUa/cpXbxCTVFBpCMdad30vMUGGlWGE02m5l2qaYDLGQ9q1VGJBdZDNbp2iU6sMUBQrW9Kgmfp7IsNC64kIbafAZqQXvVz8z+umJroKMiaT1FBJ5ouilCMTo/xxNGCKEsMnlmCimL0VkRFWmBgbT9mG4C++vExaNde/cM/va9X6dRFHCY7hBM7Ah0uowy00oAkERvAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AIvyNpw==</latexit>

OR..

<latexit sha1_base64="wmeMS8Q946OIp8vBXnPnAbC1saY=">AAAB7HicbVDLSgNBEOyNrxhfUY9eRoPgKewGfByDD/AkEdwYSJYwO5lNhszOLDOzQljyDV48KOLVD/Lm3zhJ9qCJBQ1FVTfdXWHCmTau++0UlpZXVteK66WNza3tnfLuXlPLVBHqE8mlaoVYU84E9Q0znLYSRXEccvoYDq8m/uMTVZpJ8WBGCQ1i3BcsYgQbK/k3d9fosFuuuFV3CrRIvJxUIEejW/7q9CRJYyoM4VjrtucmJsiwMoxwOi51Uk0TTIa4T9uWChxTHWTTY8fo2Co9FEllSxg0VX9PZDjWehSHtjPGZqDnvYn4n9dOTXQRZEwkqaGCzBZFKUdGosnnqMcUJYaPLMFEMXsrIgOsMDE2n5INwZt/eZE0a1XvrHp6X6vUL/M4inAAR3ACHpxDHW6hAT4QYPAMr/DmCOfFeXc+Zq0FJ5/Zhz9wPn8AcbmNzA==</latexit>

END !

my web site; esp 
the Monthly article

https://peopleweb.prd.web.aws.ucsc.edu/~rmont/
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G ! Q ! S

Lie group acting freely 
and isometrically on a Riemannian 

manifold
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G yisometric (Q, ds2) ! S = Q/G

base space 
= quotient space 
= shape space, 
inherits a Riem. 

metric 
 

and describe 
the `subRiemannian 

geometry’  here! 
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G ! Q ! S

commercial break!  
advertisement from our sponsor! 
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Hopf!

this talk is sponsored by  
CIMAT and the  
Hopf fibration  
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(*) constant bi-invariant type ?
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(*) normal vs abnormal sR geodesics?



a

t

tartans
8splt1

IT I

708

base curve
To 8sR










































































































X G hat's
hor iz lift

T f
of s

Ha

Tete Sha
sp.pe

connection: 
encodes horizontal 
space’s H

<latexit sha1_base64="cP8LEnNdk9GdYybomQbsYLp6Xi4="></latexit>

metric on fibers is isometric
to a fixed bi-invariant metric on G
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metric on fibers is isometric
to a fixed bi-invariant metric on G
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(*) constant bi-invariant type ?
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OPEN QUESTION ( number 1 of book)

<latexit sha1_base64="Jh8kCjR5n9m6JPLvtcVr7FZ48Wg="></latexit>

Are the CCs always isolated?
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The only roads in to total collision are along central configurations:
Theorem [Chazy 1922] Sundman [1906] Suppose a solution q(t) su↵ers a

total collision as t ! tc. Let s(t) = q(t)/kq(t)k be its normalized configuration
curve. Then the set of accumulation points of s(t) as t ! tc is a closed connected
subset of the set of normalized central configurations.

Regardless: 
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s(t) 2 S = sphere of normalized, centered configurations,
= {q 2 Q :

P
maqa = 0,

P
ma|qa|2 = q} ⇠= S2N�3

HOPF FIBRATION! ⇡ : S ! CPN�1 := S̃ !

s0
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Assume we are in the case of the PLANAR N-body problem.

Assume, for the given mass distribution, that the CCs are

isolated, so form a finite number of circles in the sphere S.
Then:

No Infinite Spin:
Theorem [Moeckel, Montgomery [2024] ] Under these assumptions,

and letting q(t), s(t) be as above, then limt!tc s(t) exists:
the limit set is a point NOT a circle, but rather a single point.



The Infinite Spin Problem

As a TC solution approaches collision, it's conceivable that the 
configuration spins or spirals so that its shape converges to a 
whole circle of CCs rather than to a specific CC on the circle.  
For nondegerate CCs, Chazy showed that this does not 
happen, that is, infinite spin is impossible.  Our main result is to 
extend this to degenerate CCs, provided they are isolated.

s0
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✓
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Theorem 1. (with R. Montgomery) Suppose q(t) is a TC solution of the planar
n-body and suppose its shape [s(t)] 2 S̃ = S/SO(2) converges to an isolated CC.
If ✓(t) is an angular variable on the corresponding circle of CCs in S, then ✓(t)
converges as t ! T and so s(t) converges to a particular CC in the circle.
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Nondegenerate critical points are isolated so this provides another proof of
Chazy’s result. We have seen that degenerate CCs exist, but all known examples
are isolated. In fact it is a well-known conjecture that the reduced potential
U([s]) always has a finite number of critical points which would certainly imply
that they are all isolated, even if degenerate.
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said a bit 
differently by the
other R.M.: 



Theorem 1 -- Infinite Spin and Falling Cats

The explanation involves the curvature of the circle bundle ⇡ : S ! S/SO(2).
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S
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S/SO(2)
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SO(2) ' S1
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⇡
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Normalized 
configuration
space

Shape space

Given a curve [s(t)] in shape space and an initial point s0 with ⇡(s0) = [s(0)]
there is a unique horizontal lift curve s(t) in S with zero-angular momentum.
If [s(t)] returns to its initial shape at some later time, the lifted curve may not
return to the same point on the circle. Similarly, the cat can resume its original
shape but with a di↵erent spatial orientation.
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s0
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s(t)
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From a certain point of view, it seems intuitively clear that infinite spin can’t

occur simply because the angular momentum of any TC solution must
vanish. How is it possible for the configuration of the bodies to spin around

and around if there is no angular momentum ? But the same reasoning applies

to the falling cat problem. How is it possible for a cat dropped with zero angular

momentum is able to rotate to land on its feet ?



Example with Configurations of  Three-Bodies
Consider the possible motions of three points in the plane with zero angular
momentum. This will not be the gravitational three-body problem. Instead
imaging three people on a slippery surface who are joined together by some
imaginary stick. By pushing and pulling on the sticks, they can change the size
and shape of the triangle, but they will always have zero angular momentum.
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Curve in Shape Space Correspoding zero angular momentum motion

Shape converges to an equilateral triangle Finite amount of rotation



Example with Configurations of  Three-Bodies
Consider the possible motions of three points in the plane with zero angular
momentum. This will not be the gravitational three-body problem. Instead
imaging three people on a slippery surface who are joined together by some
imaginary stick. By pushing and pulling on the sticks, they can change the size
and shape of the triangle, but they will always have zero angular momentum.

<latexit sha1_base64="3ZiUOtaNKhC6NwVsAfG+E5QuIqE="></latexit>

Curve in Shape Space

Shape converges to an equilateral triangle Infinite Spin -- Can't 
happen for the nbp

Correspoding zero angular momentum motion



Avoiding  Infinite Spin  -- Finite Arclength
The difference between these two examples lies in the nature of the curve in 
the shape space.  Both converge to the same shape but one is too slow -- the 
shape curve has infinite arclength.

For the planar n-body problem it’s possible to introduce local shape-cross-angle
coordinates near a give circle of CCs. Given a shape curve �(t) = [s(t)] from this
product neighborhood, the change in angle can be reconstructed by integration
of a one-form.

�✓ =

Z

�
⌦([s])d [s].

Then Theorem 1 follows from

Theorem 3. If �(t) = [s(t)] is the shape curve of a TC orbit converging to an
isolated CC then � has finite arclength (with respect to the mass metric).
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[s]
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Flow on the Center Manifold

<latexit sha1_base64="xhkvB9mTEvRy8oBvSossaWrgMF0="></latexit>

The gradient r̂ is with respect to a Riemannian metric in local coordinates on
the center manifold induced by the mass norm.

If a TC solution converges to a nondegenerate restpoint on the collision manifold,

the convergence will be exponential and the finiteness of the arclength follows

easily (Chazy’s result). For degenerate restpoints one needs to study the flow

on the center manifold. The crucial steps are:

• The dynamics on the center manifold is well approximated by a gradient

ODE: x0
= �r̂W (x)

• An argument based on the Lojasiewicz gradient inequality proves finiteness

of arclength.
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Lojasiewicz Gradient Theorem
Theorem (Lojasiewicz). Consider a gradient ODE x0 = �rF (x) where F (x)
is analytic in some open set in Rk

and let x(t) be a solution which has a limit

point x0 2 U . Then x(t) has finite arclength and converges to x0 as t ! 1.
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We have x0 ' �kr̂W (x) but W (x) = V (x,�(x)) need not be analytic. But we
can show that for some c > 0

c|r̂W (x)| � |r̃V (x,�(x))| � |V (x,�(x))� V (x0,�(x0))|↵ = |W (x)�W (x0)|↵
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V is analyticA lemma
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The proof uses a gradient inequality

Theorem (Lojasiewicz). If F (x) is analytic near x = x0 then there is some
0  ↵ < 1 such that

|rF (x)| � |F (x)� F (x0)|↵

in some neighborhood of x0.
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A summary of 
my career.



Hill 
Region.

Figure: Hill region for negative energy -h. That is, the part of  
shape space  S  which is the image of {q: there exists a v such that  
H(q,v)  = -h}.  Boundary: `brake conditions’. Motions 
happen here.   

mag. field= (ang. mom. strength)*Dirac monopole

potential= sum of attractive 1/dist. to red rays;  

red rays = collision locus = { r_{ij} = 0 }

(case of J = 0, 
H = const < 0)



variational methods 
plus discrete symmetries

Mechanical intuition , 
conformal transf. 

Albouy's`dispositiones’  
…

Jacobi-Mauptertuis metric, 
Riem geom: curvature

 

figure 8; choreos`Infinitely many…’ `Hyperbolic Pants …’ 
 

regularize . & 
play grav. billiards

Bestiary of  
Danya Rose

McGehee blow-up+ 
Moeckel

all syz. seq  
realized  

 

Kepler Cone; 
inextendibility of minimizers 

past collision. 
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