N W(n)—f ‘(_yz)— Df(x,) ~|(
= ”Xl ‘ x2 -

=IDf(x,)"
SM|f(x,)

~ her with (iii), sh .

This, toget > Shows that 1 g g; :

o N 15 diffe s —
pf(x)” " at {(—\).Cll.eL.. D(f Y=9oDfos1 o Kre:leab](Lo "ith derivative
(he chain rule, and Lemma 2 5, ) r/2(0). This formuyla,
FlisCtforlsk<r. m ALl f~1is €A1 thep

This argument also proves the followi
morphism where UCE, and V C F are o
for U € U, then fis a C” diffeomorphism.

ng: If f: U-Vvisa ¢ homeo-
pen sets, and Df(u)EGL(E,F)

" BOX 2.5A THE SIZE OF THE NEIGHBORHO
INVERSE MAPPING THEOREM ERsi T”EW

An analysis of the preceding proof also gives explicit estimates on
the size of the ball on which f(x) =y is solvable. Such estimates are
sometimes useful in applications. The easiest one to use in examples
involves estimates on the second derivative.

2.5.6 Corollary. Supposef: UCE — Fisofclass C',r>2,x,€U
and Df(x,) is an isomorphism. Let
L=|Df(x,)ll and M=|Df(xo) .

Assume -
IDf(x)| <K for ||x—xoll<R and Dg(xo)cU.

Let
& 1
R'=m‘“{ 2KM’R}’
R
. _mm{R, 2 M(L+ KR)) Ak
\

t . ,
We thank M. Buchner for providing this formulation.
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b DIFFERENTIAL ©

orphicallv onto an open set
e Dg (f(x()), we have
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diffeom

_ < R,
Then [ maps the ball ||x Xoll L Foryn

containing the ball ||y — f(xo)ll < R;.
10— ol < 2L1y = Rl

= (. From
Proof. We can assume x, = 0 and f(x0)=0

Df(x)= Df(0)+/0|D2f(tx)xdt

we get || Df(x)]| < L + K||x|| for x € Dg(0). From the identity
_1 1
Df(x)= () 1+[Df @] " [ D/ (x)x d |

and the fact that

1
=1 2
I+ A <1+|A||+|A|l|c+ - =
17+ 4) "' <T+IA]+ 4] =747

for [|4]| <1 (see the proof of 2.5.5) we get

1
2MK’

IDf(x) I<2L if |x|<R and |x|| <

ie., if x| < R,.
As in the proof of the inverse function theorem, let X)=
[D/O)]”'(y + DfO)x ~ f(x)). Now S

lg, (x)l < M(nyn+“ [0 (1x)x

‘) < M(Iyll+ K]jx]).

i e e
ence for ||y|| < R, /2 M, 8y maps Dy (0) to D,(0). We similarly get

118, (x1)=g,(x)Il < 3jx, - :
E i 2l <z2llx, = x,|| from the mean valye inequality and

|

1Dg, (x)]| = HDf(O)“'II(NfO'sz(tx)xdt“) S M(K|x|) <!

I/ (< (L + Kllx )1 x|




