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1. Lie derivative

Throughout X will be a smooth vector field and φt : M →M its flow. The Lie
derivative LX acts on about anything you can think of on a manifold.

Recall: tensor fields.
Let T be the space of all tensor fields on M . As a module over the ring of smooth

functions, it is locally generated by the dxi and ∂
∂xi . Relative to a coordinate system

a tensor τ has the form

τ = Στ j1...jsi1...ir
dxi1 ⊗ . . . dxir ⊗ ∂

∂xj1
⊗ . . . ∂

∂xjs

One says the “type” of τ is (r, s) or that it is r-covariant and s-contravariant. The

coefficients τ j1...jsi1...ir
are smooth functions.

Examples of tensors are vector fields, k-forms, Riemannian metrics, and endor-
phisms of the tangent bundle.

We can pull any tensor back by a diffeo φ, writing the pull-back of τ as φ∗τ . It
is another tensor of the same type. Pull-back is an algebra isomorphism over R, or
module isomorphism over C∞(M).

Then the Lie derivative is a map

LX : T → T
defined by

LXτ =
d

dt
|t=0φ

∗
t τ

Being the derivative of an algebra isomorphism, LX is a derivation:

LX(τ ⊗ w) = LXτ ⊗ w + τ ⊗ LXw.

[One could arrange, for example, to make sure to place all the dxi’s first. There
are canonical ‘factor rearranging isomorphism’ on the tensor product of two spaces.]

2. Cartan’s Magic formula

Reference. Section 2.2 of Guillemin and Sternberg’s “Supersymmetry and Equi-
variant Cohomology”.

Cartan’s Magic formula is

LX = diX + iXd

valid for these operators action on differential forms. In other words, if β is any
form, then LXβ = diXβ + iXdβ

First we check that the formula works when applied to functions, so β = f a
0-form.
LXf := d

dt |
∗
t=0f = df(X) Now the space of −1 forms is empty, (or is the 0-space).

So IXf = 0. Thus (diX + iXd)f = iXdf = df(X).
There is a purely algebraic route from here to prove that equality holds for all

forms β. The trick is to realize that the space of all k -forms is generated by the
functions and the operation d. That is, any form is a sum of products (wedges) of
objects of the form f and dg where f and g are functions.

Proof. The language of superalgebras is very useful.
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The fiducial example of a super algebra is the algebra of differential forms.
Formally, a graded commutative super algebra over R is a graded algebra

A =
⊕
j∈Z

Aj

satisfying the commutation rule

ab = (−1)ijba

whenever a ∈ Ai, b ∈ Aj .
A derivation of a super algebra is a linear map D : A → A which is allowed to

shift the grading:
D(Aj) = Aj+k

and which satisfies

D(ab) = (Da)b+ (−1)ika(Db), a ∈ Ai

In other words, if we formally treat D as an element of A, then it satisfies the same
commutation rules.

We call the derivation ‘even ’ if k is even, and odd otherwise.
For D1, D2 two derivations we define

[D1, D2] = D1D2 − (−1)ijD2D1

Proposition. The superbracket of two derivations is again a derivation.
In particular if D1 has degree 1 and D2 has degree −1 then [D1, D2] = D1D2 +

D2D1 is a derivation of degree 0.
On A = Ω(M) we have the derivations d, iX of degree 1, and -1.ThusdiX + iXd

is a degree 0 derivation.
Now LX is also a degree 0 derivation.
We need one final algebraic property to finish off the proof of Cartan’s Magic

formula.
Fact. Bot LX and diX + iXd commute with d. Proof. LXd = dLX follows by

differentiating φ∗t d = dφ∗t , applied to any k-form.
One computes, from d2 = 0 that d(diX + iXd) = diX = (diX + iXd)d.
Algebraic assertion. If two degree 0 derivations agree on 0-forms (functions) and

commute with d then they are equal on all forms.
Our derivations LX and diX + iXd are these two forms.

3. DGAs

Exercise. Read the definition of a Differential Graded Algebra. Realize that
Ω(M) is the canonical example.


