
Outline.
1 a. Proof that in the upper half plane model the positive y axis is a geodesic.
b. Parameterization thereof.
Geodesics via Isometries and Isometries in their own right.
vskip .3cm
Part 2: next week or two: Transformational geometry. Isometries. Groups.
Immediate goal: to use isometries as a tool to get all geodesics of the upper half

plane.
Longer range goal: Verifying homogeneity, isotropicness of the three geometries.

Klein’s erlangen program.
3. Movie.
Möbius transformations; algebraic formulae. Stop movie... .
4. Begin again: complex notation.
Complex arithmetic for translations and rotations of the plane.
Polar coordinates and reiθ.
Scalings.
5. Theory: Metric spaces: defining a distance from a “ds’? What is an isometry?

If a map preserves the ‘ds’ it preserves distances.
Homogeniety.
Isotropicness.
SAS and SSS... “superposition”.
Groups.
Poincaré quote
6. Example of plane and sphere.
6. The simpler isometries of the upper half plane model: x-translation. Dilations

with center at 0. Reflection about a vertical line.
7. To get the rest: Inversion (= reflection) about the unit circle.
8. The group of linear fractional transformations. The group of circle-preserving

maps. Stereographic projection. A bit of projective geometry

1. To show:
The rays x = x0 = const. are hyperbolic geodesics.
Along these rays the arclength parameterization is t 7→ (x0, e

t)
The horizontal lines y = const ought to be viewed as “logarithmic graph paper”

the distance between et and es is |t− s|
Demonstration. Use the Poincare metric ds/y where ds =

√
dx2 + dy2.

Observe that:

dy ≤ |dy| ≤
√
dx2 + dy2.(∗)

with equality iff dx = 0.
Why is inequality true? Consider a right triangle with sides a, b abutting the

Hypotentues and so hypotenuse
√
a2 + b2. Well! back to Euclid and Pythagoras!

Sides a, b are less than the hypotenuse, and one is equal to the hypotentuse if and
only if the other side shrinks to 0. In other words:

b ≤ |b| ≤
√

a2 + b2 with equality iff a = 0.

(And similarly for a.) Now apply to a = dx, b = dy.
Since y > 0 we can multiply this inequality (*) by 1/y to arrive at
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dy/y ≤ ds/y with equality iff dx = 0.

Now, let P = (x0, y0) and Q = (x1, y1) be any two points in the upper half plane
and suppose that y0 < y1. Let c be any curve joining them and lying inside the
upper half plane. Integrating our inequality we get∫

c

(dy/y) ≤
∫
c

ds/y := `H(c)with equality if and only if c is vertical .(∗∗)

Observe that
∫
c
(dy/y) =

∫ y1
y0

dy/y = ln(y1) − ln(y0) = ln(y1/y0). Also observe

that the only way we can get dx = 0 along c, i.e. a vertical curve joining P to Q is
if x0 = x1.

Set y = et. Then dy/y = dt and we find that the curve t 7→ (x0, e
t) is pa-

rameterized by arclength. For this parameteization of the vertical curve |t − s| =
dH(y(s), y(t)).

EXERCISE. Use this proof strategy to show that the arcs of the y-axis (or the
x-axis) are geodesics for the Euclidean metric ds.

EXERCISE. Use this proof strategy to show that the segments parallel to the
y-axis are geodesics for any measure of length of the form n(y)ds.

EXERCISE. Explain why this proof strategy fails if we try to use it to show that
arcs of segments parallel to the x-axis are geodesics for the hyperbolic metric ds/y
or of any measure of length of the form n(y)ds.

Complaints. Remarks. Fixings.
Hey! What is this algebra with dy and dx2 + dy2? We were taught to be very

skeptical of infinitesimals! You can’t mess with them like they are numbers! What
are you doing up there in inequality (*)? It does not make any sense! You are not
allowed to have inequalities comparing infinitesimals!

Answer 1. Every time you see a dx change it to (dx/dt)dt = ẋdt Every time you
see a dy change it to ẏdt. Divide the inequalities by dt so that, for example (*)
becomes

ẏ ≤ |ẏ| ≤
√

((ẋ)2 + (ẏ)2.(∗)
Then, to get (**) just multiply through by dt and integrate.

Answer 2. The expression dx and dy are linear functionals on vectors: dx(v1, v2) =
v1. dy(v1, v2) = v2. Then dx2(v1, v2) = v21 . This is the beginnings of the theory of
differential forms and tensors. The expression (*) relates the value of a one-form,
and a quadratic form dx2 +dy2. One-forms and expressions homogeneous of degree
1 in the vi’s are the correct things to integrate over curves: they are the integrands.


