
Background and motivation for pursuing this subject.
0. I am going to present nonEuclidean geometry in the way most mathematicians

think of it: as the hyperbolic plane with the Poincaré metric on it. This is not the
way it is usually presented in classes of this type, or in Stillwell’s Four Pillars text.
((*) A story here... at end...)

The hyperbolic plane cannot be accurately represented (precisely: it cannot be
“ isometrically embedded” ) in our usual space. (Small pieces of the hyperboic
plane can be isometrically embedded in usual 3-space.) But we have at least five
concrete models of the hyperbolic plane in terms of standard geometry. The most
useful and used of the many models are two discovered by Poincaré. His models
made the existence of nonEuclidean geometry acceptable, mainstream, and useful
in subjects as disparate as number theory, topology, and dynamical systems. In
Poincare’s models the shortest curve between two points is an arc of a particular
circle joining the points.

How can we have that an arc of a circle be a shortest curve?
We need a different way of measuring lengths of curves!

Warm up.
1. Snell’s law. Fermat’s principle. [HW 6]
2. Continuously varying index of refraction. [HW6]

3. Poincaré’s upper half-plane model.
The Universe is the upper half plane: y > 0 of usual plane. Points in the model

are usual points of the Cartesian plane with the restriction that y > 0. Points with
y ≤ 0 are not in the model. They are not there.

Lengths of curves. Measure the length of a curve in the upper half plane by

integrating ds/y over the curve, where ds =
√
dx2 + dy2 is the usual element of

arclength from Euclidean geometry.

Definition 1. We call ds/y the hyperbolic element of arclength and the resulting
length of a curve its hyperbolic length, `H.

Think of n(y) = 1/y as an index of refraction. Sketch the light rays. These are
the geodesics. Specifically, if c(t) = (x(t), y(t)) is a curve in the upper half plane,

then ds =
√
ẋ(t)2 + ẏ(t)2dt. and

(1) `H(c) =

∫
c

ds

y
:=

∫ b

a

√
ẋ(t)2 + ẏ(t)2dt

y(t)

is the hyperbolic length of the curve, where the domain of c is a ≤ t ≤ b.
Definition 2. A hyperbolic geodesic between two points of the upper half plane is
a curve in the upper half plane which minimizes the hyperbolic length among all
curves in the upper half plane which join these two points.

In other words: the hyperbolic geodesics are the paths of light when we have
this funny 1/y index of refraction.

Theorem 1. Let P0 = (x0, y0) and P1 = (x1, y1). If x0 = x1 then the hyperbolic
geodesic joining P0 to P1 is that part of the vertical line x = x0 which joins these
points.

If x0 6= x1 then there is a unique circle passing through P0 and P1 which is
orthogonal to the x-axis. The hyperbolic geodesic joining P0 to P1 is the arc of that
circle connecting them.
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This theorem is better said using the language of “ideal points”. The ideal in
the upper half-plane model is the set of points on the x-axis, so, the set of points
with y = 0. These are points not in our “Universe”. They are in fact infinitely far
from any point as the following computation shows.

Exercise. Show that if (x0, y0) and (x1, y1) are two points in the upper half plane
and if c is any path that joins them, then `H(c) ≥ log(y1/y0).

HINT: just throw out the ẋ part of the integrand.
From this exercise, if y0 → 0, the length between the points tends to zero..
Exercise. Show that equality holds in the previous computation if and only if

x0 = x1 and the curve c is an arc of the vertical ray x = x1.
Exercise. Show that these rays just discussed are geodesics. [Hint: Just unwind

the definition!]
Exercise: Ruler on the lines. Show that t 7→ (x1, e

t) is an isometry from the
usuual number line to the geodesic x = x1. In other words, the hyperbolic distance
between (0, 1) and (0, et) is t.

Summary of hyperbolic geometry; upper half-plane model
The Ideal = set of points “at infinity” = x axis. The ideal is not in our “universe”

but is still very useful.
Geodesics: shortest curves rel. hyperbolic arclength ds/y = open half circles

perpindicular to the ideal, or rays perpindicular to the ideal. (We can get rid of the
“or” here when we realize that lines can be considered as special cases of Euclidean
circles: they are just circles whose radius happens to be infinite and whose center
happens to be at infinity.)

Angles between geodesics: are just as in Euclidean geometry. The angle between
two hyperbolic lines intersecting at a hyperbolic point is equal to the Euclidean
angle between the tangent lines at those two points.

Areas: integrate dxdy/y2 over a region R in the upper half-plane. The result is
that regions hyperbolic area.

Definition 3. The expression ds2H = dx2+dy2

y2 is called the Poincaré metric on the

upper half-plane. The hyperbolic element of arclength is its square root dsH.

Classical calculus of variations.
We return to the problem we answered in the theorem above, the problem of

finding the hyperbolic geodesics. The hyperbolic length of a curve, eq (1) has the
form

∫
L(x(t), y(t), ẋ(t), ẏ(t))dt. More generally: consider any function of curves of

the form:

A(c) =

∫
c

L(x, y, ẋ, ẏ)dt :=

∫ b

a

L(x(t), y(t), ẋ(t), ẏ(t))dt with c : [a, b]→ R2

where L is a given function of the four variables x, y, ẋ, ẏ. We will refer to A as the

“action”. Thus, for the problem of hyperbolic geodesics we had L = 1
y

√
ẋ2 + ẏ2

(eq 1) and the ‘action” is the hyperbolic length of the curve. In this description
we have continued to represent curves c in the xy plane as a pair of parameterized
functions: c(t) = (x(t), y(t)). Being a function of functions A is sometimes called a
“functional”.

Question 1.[ Basic problem of calculus of variations] Fix two points P,Q in the
plane. How can we find the curve c which minimizes the action A(c) amongst all
curves c which join P to Q in some given ‘time’ T = b− a?
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Answer. Use calculus. Differentiate A with respect to c. Set the derivatiive to
zero. Solve the resulting equations for c.

Question: How do we differentiate A with respect to a curve c?
That question has turned out to be a very big and interesting can of worms. We

will avoid this question and just write down the equations which result when we
set this derivative to zero.

Euler-Lagrange equations The derivative of A with respect to c is zero at the
curve c if and only if the component functions x(t), y(t) of c satisfy the system of
differential equations:

d

dt
(
∂L

∂ẋ
) =

∂L

∂x
.

d

dt
(
∂L

∂ẏ
) =

∂L

∂y
.

These equations are called the Euler-Lagrange [EL] equations for L. In comput-
ing the terms ∂L

∂ẋ and ∂L
∂ẏ on the l.h.s we must treat ẋ and ẏ. Then we use the chain

rule to differentiate that resulting function.

Definition 4. Solutions c(t) = (x(t), y(t)) to the EL equations will be called ex-
tremals (for that L).

Exercises. Write out the EL eqns for

• a) L = 1
2 (ẋ2 + ẏ2).

• b) L =
√

(ẋ2 + ẏ2).
• c) L = 1

2n(x, y)2(ẋ2 + ẏ2).

• d) L = n(x, y)
√

(ẋ2 + ẏ2).
• e) L = 1

2 (ẋ2 + ẏ2)− V (x, y)

**********************
Verification (a) or (b) lead to straight lines c as solutions.
EXERCISE! Use the EL eqns for (d) with n(x, y) = 1/y to verify the rays x = x1

are geodesics in the upper half plane model.
Equivalence of the minimization problems for (c) and (d), and hence (a) and (b),

by way of Cauchy-Scwartz. [??] Maybe can Skip...
Aside on Cauchy-Schwartz, and the law of cosines in any number of dimensions.

Inner product spaces. [??] Maybe can Skip...
*************************
Noether theorem and continuous Snell’s Law.
Continuing with case (c), suppose that n = n(y) as per HW6, problems 4, 5, 6.

Write out the EL eqn for x and verify that the quantity n(y)ẋ must be constant
along extremals.

(What does “conserved’ mean?)
***********************
Terminology and notation.
The integrand L in the action is called the Lagrangian. In optics a la Fermat it

has the form Mote generally, it is any smooth function L(x, y, vx, vy) of 4 variables.
A is called the “action” in physics. Functions of functions such as A are often

called “functionals”.
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Notations for the derivative of A with respect to c are dA(c), δA
δc |c or ∇A. It is

a kind of a gradient but in infinitely many variables.
*****************
Why variations?
*****************
A [hard-ish] theorem re existence of minimizers and their characterization.

Theorem 2. Suppose that L is of the form of exercise (c) with n(x, y) a smooth
positive function. Then, solutions to QUESTION 1 exist and are extremals: they
satisfy the EL eqns. Conversely, if c(t), a ≤ t ≤ b is any such extremal, then it
minimizes the action, not necessarily among paths joining c(a) to c(b), but rather
between c(a) and c(a+ ε) for ε sufficiently small.

This theorem applies to n = 1/y in the region y > 0.
********************** (*) Derivation of EL....
PROOF?
VIA SYMMETRY..
CUT! GO TO ISOMETRIES !!!

A very short story.
(*) Most students, when I present to them this fact that shortest curves in

the Poincare geometries circular arcs, look at me like I am crazy. Circles are not
straight lines! How can that be?! Of course, they memorize that fact if they need
for the final. I suspect they quickly forget it all, and leave the class remembering
the Euclidean constructions and thinking, well, the professor did some crazy stuff
at the end that (with any luck) I will never see again.

But: there are familiar ideas from running, swimming, and optics which make it
very clear how a “shortest path” may not be the obvious straigh line. We will follow
the optical analogy into the hyperbolic plane and this will necessitate learning a
bit of calculus of variations.


