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Interval exchange transformations and
measured foliations

By Howarp Masur*

0. Introduction

In this paper we will use methods of Riemann surface theory, particularly
that of Teichmiiller theory, to solve a problem in topological dynamics. We are
interested in the piecewise order-preserving isometries of intervals on the real
axis, the so-called interval exchange maps. An interval exchange preserves
Lebesgue measure and its multiples on the interval. We prove, solving a
conjecture of Keane’s, that for “almost all” minimal interval exchange maps
every invariant measure is a multiple of Lebesgue measure.

Veech independently and with somewhat similar methods [18] has proved
the same result.

Thurston asked a similar question about measured foliations on a C*
surface. We prove that for “almost all” minimal measured foliations the
transverse measure is determined up to scalar multiple by the topological
structure of the foliation.

In order to state these problems and results precisely, we begin with
terminology and history of the problems. Given A € (A,,...,A,)) € A, the cone
of positive vectors in R", set 8, = 0, 8, = 2{_ A, and X; = [B,_ |, B,). Let 7 be a
permutation of {1,...,n}. Set X" = (A, 1,,...,A, 1,,) € A,. Form the corre-
sponding B,(A\") and X7. We define a map T from I* = [0, 8,) to itself by

Tx=x—B_,+ B reX, l=i=n.

T maps X isometrically onto X7 ; and is called the (A, 7) interval exchange map.
T is continuous except perhaps at {8,,...,8, ;} and it is right continuous there.
If 7(i) + 1 = 7(i + 1) for some i then T is continuous at B, and is actually an
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170 HOWARD MASUR

interval exchange on fewer than n intervals. We therefore assume (i) + 1 #
7(i + 1) for all i.

It is obvious from the definition that T preserves Lebesgue measure on
[0, B,). One says (A, 1) is uniquely ergodic if every finite invariant measure is a
multiple of Lebesgue measure.

Recall that 7 is reducible if there exists i < nsuch that r{1,...,i} = {1,...,i}.
Otherwise 1 is irreducible. If T is reducible the I* decomposes into nonempty
invariant subintervals and T cannot be uniquely ergodic. We therefore restrict
ourselves to irreducible permutations.

Keane [8] proved that if 7 is irreducible and the orbits of each B, are infinite
and distinct then (A, 7) is minimal; every orbit is dense. In particular, when the
components of A are rationally independent, T is minimal. For n = 2,3, minimal-
ity implies unique ergodicity, as the problem reduces to studying rotations of a
circle where the result is well-known.

Contrary to a conjecture, Keynes and Newton [10], using work of Veech,
produced a minimal nonuniquely ergodic (A, 7) when n = 5 and later Keane [9]
produced an example for n = 4 where the components are rationally indepen-
dent.

Tueorem 1. If 7 is irreducible and n = 4 then for almost all A € A, (with
respect to Lebesgue measure on A ) the (A, 7) interval exchange map is uniquely
ergodic.

This theorem solves a conjecture of Keane’s [9]. (See also [15]). It was
proved first for n = 4 by Veech [17] and, as mentioned above, for all n also by
Veech independently.

Our approach is to place the problem in the context of measured foliations
on a C* surface M, as developed in [14], and holomorphic differential forms on
closed Riemann surfaces. Thurston used measured foliations to, among other
things, study diffeomorphisms of closed surfaces. These are foliations with
prescribed kinds of singularities and an invariant transverse measure. The set of
measure equivalence classes MF has a natural piecewise linear structure and if
the surface has genus g =2, it is homeomorphic to R®*® — {0}. Measure
equivalence can be thought of as the weakest equivalence generated by trans-
verse measure preserving diffeomorphisms homotopic to the identity and
Whitehead operations of collapsing saddle connections to higher order singulari-
ties.

The piecewise linear structure allows one to define a measure p on MF
invariant under coordinate changes.
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INTERVAL EXCHANGE TRANSFORMATIONS 171

We define a weaker topological equivalence on measured foliations as that
generated by diffeomorphisms homotopic to the identity and Whitehead opera-
tions where the transverse measure need not be preserved. A measured foliation F
is uniquely ergodic if any topologically equivalent foliation is measure equivalent
to a multiple of F.

THEOREM 2. Almost all (with respect to p) foliations in MF are uniquely
ergodic.

CororLrary 1. Let X be a closed Riemann surface of genus g = 2;
H'(X,Q%2) the vector space of holomorphic quadratic differentials on X. Then
for almost all q € H°(X,2®?), the horizontal and vertical foliations of q are
uniquely ergodic measured foliations.

There is clearly a relation between the two theorems. If F is an oriented
minimal foliation then a transverse segment has a first return map which is an
interval exchange. Roughly speaking, the lengths of the intervals are local
coordinates in MF which define p. Conversely an interval exchange can be
suspended to produce an oriented foliation. “Most” foliations in MF are not
oriented, so Theorem 2 is in some sense Theorem 1 in a special nonorientable
case.

Our final results concern a group action on a space of foliations. Let
Mod(g) = Diff * M /Diff , M, the mapping class group. It acts on MF by pull-back
and therefore on MF X MF as well and preserves the measures u and p X p
respectively. Let PF be the projective space of foliations defined by F, ~ F, if
F, = AF,. PF is the sphere S®¢7. A set E C PF has measure zero if the set of all
its representatives has p measure zero in MF. Two sets define the same measure
class if their symmetric difference has measure zero.

Since Mod(g) is measure preserving on MF and MF X MF, Mod(g) is
measure class preserving on PF and PF X PF.

THeEOREM 3. Mod(g) acts ergodically on PF X PF.
CoroLLARY 2. Mod(g) acts ergodically on PF.

The idea behind the proofs of the first two theorems is to consider pairs of
transverse measured foliations. A pair defines a holomorphic quadratic differen-
tial on a compact Riemann surface. If the foliations come from interval exchange
maps and thus are oriented, the quadratic differential is the square of an abelian
differential and has zeroes of orders determined by the interval exchange. On the
various spaces of quadratic differentials determined by the orders of their zeroes,
we define a flow coming from the Teichmiiller extremal maps and a measure
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172 HOWARD MASUR

invariant under both the flow and the action of Mod(g). The measures are
natural in that a set of interval exchange maps of zero (resp. nonzero) measure
gives rise to a set of differentials of zero (resp. nonzero) measure. The invariance
under Mod(g) gives rise to a measure preserving flow on the quotients.

We then prove these quotient measures are all finite. The last and main step
is to show that there is a closed set of measure zero such that the positive orbit of
any quadratic differential with a nonuniquely ergodic vertical foliation has €
limit points in this set. We may then apply Poincaré recurrence to show that the
quadratic differentials in any one of these various spaces with nonuniquely
ergodic vertical foliations have measure zero.

We show that Theorem 3 is equivalent to showing the Teichmiiller flow on
the quotient of the quadratic differentials by Mod(g) is ergodic. To prove that,
we will be able to follow Hopf's proof [5] of ergodicity for a conservative
geodesic flow on a surface of constant negative curvature almost line for line.

In the first three sections we give the preliminaries on ergodic theory, the
Teichmiiller flow and building measured foliations from interval exchanges.
Sections 4 and 5 are devoted to building the measures with the required
properties and showing that the quotient measures are finite. In Section 6 we
consider orbits of quadratic differentials.

We rely heavily on the theory of measured foliations as found in [14] and
[6], on the former to build the measure and on the latter for the relationship
between measured foliations and quadratic differentials. For the theory of
Teichmiiller extremal maps and quadratic differentials we refer to [1], [2], or [3].
References for the theory of the boundary of moduli space used in Section 5 can
be found in [1] and [4].

I would like to thank the referees for making several valuable suggestions;
particularly, how to vastly improve Section 3.

1. Convex sets of measures

We record here the ergodic theory needed later. Let (A, 7) be an interval
exchange, 7 irreducible or F a measured foliation. Normalize Lebesgue measure
so that the interval has unit length in the first case, or so that a transverse
segment has unit length in the second. If (A, 7) or F is not uniquely ergodic, the
sets (A, 7) and Z(F) of invariant normalized measures on the interval or
foliation are a convex set of positive dimension. Katok [7] and also Veech [16]
proved that dim Z(A,7) < [5]. It is possible to prove by passing to a double
cover of F and using the arguments of those papers that dimZ(F) < 3g-3 where
M has genus g, although this will not be needed.
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INTERVAL EXCHANGE TRANSFORMATIONS 173

The extreme points of these convex sets are the ergodic measures and they
are mutually singular. For » ergodic, the Birkhoff ergodic theorem says if
fe L],

1 N
lim — T = dv almost everywhere.
NL"LN,EIf( (x)) -[I*f v almost everyw
The points for which this holds are called generic points for f and ».

If F is an ergodic foliation, then for any f which is L? on a transversal J with
transverse measure », limy_ .1 /N3V_, f(T"(x)) = [,fdv for almost all leaves L.
Here the T"(x) are the successive intersections of L with J.

2. The Teichmiiller flow and spaces of differentials

We let T, be the Teichmiiller space of closed Riemann surfaces of genus
g=2,Q — {0} — T, the bundle of nonzero holomorphic quadratic differentials.
The unit sub-bundle Q, C Q — {0} is defined by the norm, llgll = [|q]. For
any g € Q and t € R, q is the initial quadratic differential of the Teichmiiller
extremal map with dilatation

q +
MZ%; }—_::ez’; -1<k<l.

Denote by g, the terminal quadratic differential satisfying |l g,|l = llgll. The map
q-q,

defines a flow on Q — {0} called the Teichmiiller flow. It is clearly also defined
on Q,. It is invariant under the action of Mod(g) on ), and therefore defines a
flow on Q,/Mod(g).

For any g = 2 let k = (k,...,k ) satisfy

i) each k, is a positive even integer,

ii) 2Pk, = 4g4.

Define Q* C Q and Qf C Q, to be the set of g or normalized g such that

i) q is the square of an abelian differential;

ii) the distinct zeroes of g have orders k.

The initial differential belongs to QF if and only if the terminal differential
does, so the Teichmiiller flow is defined on each Qg /Mod(g).

2.2. Suppose q is a nonzero quadratic differential on a compact surface of
genus = 2. Then Imq'/?dz and Req!/?dz define two transverse measured
foliations denoted F, and F_ ; F, is the horizontal foliation, and F _ , the vertical.

g
The measures are respectively, | Imq'/*dz| and | Re ¢*/%dz| .
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174 HOWARD MASUR

Conversely, suppose F, and F, are transverse foliations. This means their
singularities coincide and are the same order, and elsewhere they are transverse
in the usual sense. Together they define a complex structure X on M and a
quadratic differential g such that F, = F,, F_ = F,. We will write

q= (FI’FEZ) = (Fq’F~q)'

For any F, the set of transverse F, has nonempty interior in MF, [12]. Since
scalar multiplication of measures does not affect transversality, to any set E of
measured foliations, let

p(E)={qe€Q, suchthatF__ € E}.

We may describe the Teichmiiller flow in this context by t,q = t, (F,, F,) —
(e 'F,,e'F,) = q, since the Teichmiiler map multiplies the distance between
vertical leaves by e’ (expands on horizontal leaves) and multiplies the distance

between horizontal leaves by e .

3.

We need to show in this section that we can associate to each interval
exchange (A, 7), 7 irreducible, a holomorphic l-form w(A,7) such that the
foliation of Re w defines (A, 7) as Poincaré or first return map on some transverse
interval. The quadratic form «? lies in some Q¥ /Mod(g) where k depends only
on 7. There is no canonical way of determining a marking on the underlying
Riemann surface explaining why the quotient by Mod(g) is necessary.

Given A, 7, define points Vf* ,1<j<n,by

V=B CT S (=0 V= BN — (T S (1),
=1 =1

The irreducibility of 7 (and 7~ ') implies ImV," >0, ImV;” <0, 1 <j <n. Also
define

‘/0i = 0’ Vnt = Bn = Bn(AT)

Let P(A,7) be the polygon whose sides are the segments S = V.= \V.",
1 <j =<n. Itis easy to check that ;" and S, are parallel and of the same length.
Gluing them by parallel translation for 1 <j < n yields a holomorphic 1-form
w(A, 1) on a Riemann surface M(A, 7). The corresponding vertical foliation given
by Re w has first return (A, 7) on [0, 8,) C M(A, 7). We may now let A vary.
The vertices V,~, 1 =j < n are identified in even numbers 2m. Since from
each such vertex a vertical line emanates, if m = 2 this identified vertex is a zero
of order 2m-2 of w? It is possible for m = 1, so only two among these are
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INTERVAL EXCHANGE TRANSFORMATIONS 175

identified. Since 7(j + 1) # 7(j) + 1, this means this pair of vertices is also
identified with 0 or B, or both and the identified point is not a zero of w. Below
we list these possibilities, for some 1 <j <n,

7(j) = n
(3.1) (j+1)=1
(1) =7(n) + 1;

for some 1 <j <n,

(3.2)

for some 1 <j <n,
(j+1)=7(n)+1
7(f) = n.
If 3.2 holds, 0, V,+ , and V. are identified and are not a zero. If 3.3 holds, the
same is true of V;", V|, and B, and if 3.1 holds it is true of V", V, /. 0, and B,

Note, if none of these hold, both 0 and B, become zeroes under the identifica-
tions.

Clearly the genus of the surface and the orders k,....,k, of the zeroes
depend only on 7 and not on A. We summarize our construction as:

(3.3)

ProrposiTioN 3.1. For each (A, 1) there is a canonical holomorphic abelian
differential w(\, 1) € Q¥ /Mod(g) such that Re w defines (A, 7) on some trans-
verse interval where k = (k,,...,k ) depends only on 7. If T does not satisfy any
of 3.1-3.3, then n = Z¥_ (k,/2 + 1) + 1. Otherwise n > Z¥_ (k,/2 + 1) + L

Proof. Only the last two statements need be checked. If none of 3.1-3.3 are
satisfied, all V,”, 1 <j <n, are zeroes and they are identified in even numbers
2m to a zero of order k;, = 2m— 2. The total number is 2n—2 so 2n—2 =
2(k, + 2) giving the first statement. In the second case, n is the same but now
there are fewer zeroes so the inequality results.

Lemma 3.2. Suppose 7 satisfies any one of 3.1-3.3. Then there is a
subinterval ] of [0,B,), so the induced first return on ] has fewer than n
intervals.

Remark. This lemma was proved first in [16].

Proof. Suppose 3.1 holds. Consider the subinterval J = [f8,,8,_,). The
leaves of Re w leaving B, and B,_, in the positive direction each encounters a
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176 HOWARD MASUR

zero before returning to I* = [f,, B,), and therefore also to J. We can therefore
form a new segment J’ transverse to Re w with these zeroes as endpoints such
that the interval exchanges induced by Rew on J and J' are the same. The
interval exchange on J’ cannot satisfy any of 3.1-3.3 since its endpoints are
singularities. By Proposition 3.1, ]’ and therefore J have less than n intervals. If
3.2 holds but not 3.3, let J=[B,,8,), and if 3.3 holds but not 3.2, let
J=1[By,B,_;)- If 3.2 and 3.3 both hold, let ] = [B,, B, ), finishing the proof.

Fix 7 irreducible. For any set E C A" let p(E) = {w® € QF such that Re w
has a transverse interval with corresponding interval exchange in E with
given 7}.

The point of our construction in this section is that p(E) # @&. In fact, as
we shall see, for each (A, 7) there are families of w inducing (A, 7) other than the
canonical w(A, 7).

4. Measures on Q, and Q;

Recall from Part 2.2 and Section 3 that to any set E in MF or set E of (A, 7),
we have associated a set p(E) € Q, or p(E) € QF such that the vertical foliation
of any g € p(E) is in E.

The object of this section is to prove

ProposiTiON 4.1. There exist measures p. on MF, p, on Q,, and p, on QF

such that
i) po and p, are invariant under the Teichmiiller flow.

ii) p, and p, are Mod(g) invariant.

iii) w(E) = 0 if and only if po(p(E)) = 0.

iv) If 7 does not satisfy 3.1-3.3, and E C A" is a set of \ of zero (resp.
nonzero) Lebesgue measure, then u,(p(E)) = 0, (resp.> 0). If 7 satisfies one of
3.1-3.3, and E has nonzero measure, p,(p(E)) > 0.

4.1. It seems difficult to describe measures on Q, and Q; intrinsically.
Rather we have to use the linear structure of MF to build these measures piece
by piece. We need to recall some definitions and results from [14].

A set vy,...,Ys, 3 of simple closed curves on M is admissible if

y,Ny,=9,i#j,

ii) v, is not homotopic to zero,

iii) vy, is not homotopic to y;, i 7 j.
The set of y, bound 2g-2, three holed spheres, “pairs of pants”. We further
require

iv) no vy, occurs twice on the boundary of any pair of pants.

Any measured foliation F can be put in normal position, with respect to
{7;}- This means there is F’ measure equivalent to F and y/ homotopic to v;, the
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INTERVAL EXCHANGE TRANSFORMATIONS 177

{7/} still satisfying (i)-(iv), such that each vy, is either transverse to F’ or a closed
leaf possibly passing through singularities of F’.

Denote by F(y) the transverse length of any curve y closed or not. We are
interested in the case when all y; are transverse. There are three possible cases
for each pair of pants.

I 11 T2 111
v/ U
X3
Xy
X2

I occurs when the length of each v’ is less than the sum of the other two. The x,
are lengths between the critical points and satisfy

x, +x;=F(y/)), x, +x2=F(y1.’), x, +x, = F(v}).
II occurs when one curve is longer than the sum of the other two (three
possibilities). Here we have
F(y/) = x, + 2x, + x5, F(Y,',) =X F(y;) = x5.
III is a limiting case of I and II where one length is the sum of the other two.
Here
F(v]) = x, + x,, F(Y,‘/) =X F(y;) = xg, and x; = 0.

In all cases, the pair of pants has two singularities in its interior, in the last
case a saddle connection joining them.

Canonically choose a singularity in each pair of pants. Enlarge each y; to an

annulus and choose a pair of curves a; and B; that cross the annulus joining the
singularities in the two pairs of pants and differ by a twist about v,.

This content downloaded from
128.114.223.193 on Tue, 05 Oct 2021 23:19:11 UTC
All use subject to https://about.jstor.org/terms



178 HOWARD MASUR

The curves a; and B, can always be chosen so that they are either transverse to F’
or saddle connections. Let s, and ¢, be the lengths of «; and ;. Then among the
three numbers F(Y/), s,, ¢;, one is always the sum of the other two. Following the
notation of [14, p. 102], whenever a triple (k,, ko, k) is such that one number is
the sum of the other two, we say they are in § (< V). We say a pair of pants is
in 8 (< v) if Case III holds above. The foliation F is completely determined by
the 3g-3 triples { F(Y/), s;,t;} in § (< V).

There is a double cover M of M ramified over the singularities with
canomcal projection IT such that H*F is given by a closed 1-form ¢,. Let o:
M - M be the canonical involution. The homology of M, odd with resprct to
o, is generated by the lifts of curves joining the singularities, and is a free abelian
group of rank 6g-6.

Suppose U C MF is a set of foliations with the property that all y, are
transverse for any F € U and if F|,F, € U and D is any pair of pants with
respect to {y,}, then D is either of Case I for both F, and F, or Case II for both.
We say U is of constant type. MF is a disjoint union of such U together with
lower dimensional sets where some y, is a leaf or some pair of pants is in
(< V).

In any such U we may identify all odd homology groups H,( M s Z)  and
choose the @, in a continuous way giving rise via the 1-form ¢, to a homomor-
phism

¢p: H(M,,Z) —R.
Define a 1-1 map U — Hom(Hl(MF, Z) - R)by
F - .

Let a),...,aq,4 be a basis for Hl(M,Z)’ . For any set A C U, set u(A) =
Lebesgue measure of {@,(a,),...,¢ (ag,4)} C R%% F e A. We define p to be
zero on the complement of the sets U and thus p is defined on MF.

LemMa 4.2. p is well-defined.

Proof. On any U, if B,,..., Bs, ¢ also generate H(M,Z) ,{B;) and {a,} are
defined in terms of each other by integer valued matrices which are inverses of
each other. They therefore have determinant either 1 or —1.

But a matrix of determinant =1 transforming the @.(a;) to the ¢ (8;) is
measure preserving.

LemMa 4.3. p is preserved by Mod(g).
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INTERVAL EXCHANGE TRANSFORMATIONS 179

Let f € Mod(g). First note the image under f of a set of foliations for which
F(y;) = 0, some i or a set for which some pair of pants is in § (< V) again has
measure zero because the image is defined locally by a set of equations.

Consider next f(U;) N U, where U, and U, have constant type. Let
a,,..., g, ¢ be a homology basis defined by U, and B,,..., s, defined by U,.
The map f ' lifts to f ' on the double covers, fix'(B,) = Z¢ja,;a; where
det(a,;;) = *=1. Then

. 3g-3
‘Pmm(:Bi) = ‘PF(f*il(Bi)) = ‘PF(Eaua,') = E azf@p‘(a;)
i=1
and once again the ¢.(«q;), pq\(B;) are related by a measure preserving
transformation.

Define p X u to be the measure of MF X MF and the induced measure on

Q — {0} C MF X MF. We define a measure 1, on Q, by

po(E) =pu X p{Ag|0<A=1,q€E}.

Since Mod(g) preserves p X p and is norm preserving as well, Mod(g) preserves
po- This proves (ii) of Proposition 4.1.

LemMa 4.4. The Teichmiiller flow on Q, preserves p,.

Proof. The flow (F,,F_,), t — (e 'F,, e¢'F_ ) multiplies all lengths in the
first factor by e, all lengths in the second by e'. It therefore preserves u X p
and since it is also norm preserving the lemma is proved, giving (i) of Proposition
4.1. Finally since every foliation has a set of transverse foliations of positive
measure, (iii) follows.

4.2. We would like to make a similar construction for Q*. The situation
however is more complicated as the set of orientable foliations in MF is horribly
complicated. Instead we by-pass MF and work with Q* directly. The advantage is
that Q* is given locally by a set of equations. The measure then will be Lebesgue
measure induced by local coordinates.

Recall first [6, p. 231] that a closed curve y: $* — M is quasitransverse for F
if at every point t € S! either y(t) is a singularity or v is transversal to F near ¢t or
an inclusion in a leaf. If y(¢) is a singularity at least one open sector on each side
separates the incoming and outgoing parts of the curve.

Suppose now q, = w2 € Q* and {y,} is an admissible system. With respect
to the foliation F, = Imw,, each y; can be represented by either a transverse or
quasitransverse curve. The y;, may intersect at a singularity, even themselves, but
may not cross. We would like to write equations for Im w, w® near wj. Assume no
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180 HOWARD MASUR

y; contains a saddle connection other than the multiple zeroes. As before, this
only assumes w? does not lie on a low dimensional set in Q*. Then if v, is
transverse (resp. quasitransverse), for Imw,, the same v, is transverse (resp.
quasitransverse) for Imw, nearby. In particular it enters and leaves the same
sectors at the zeroes.

We may take a foliation equivalent to F, obtained by expanding multiple
zeroes to saddle connections so that the quasitransverse curves are now trans-
verse. This produces a set of equations in F,(v,) and s;. Some pairs of pants
might be in § (< V) producing equations. Other equations come from the above
procedure. If vy, is quasitransverse to begin with, some equation in s, and
possibly other variables, will hold. If v, is transverse to begin with, there will be
no equations in s; as there is generically no saddle connection across y,. We
illustrate with the example below. The equation satisfied is s, = s;.

Yi

Yi

The same set of equations must hold for Im w near Imw,. We can obviously do
the same for Re w,. Now pick a maximum set of independent variables (F,(1:)s s;
F_(v4), s;) for these two sets of equations. There can be no other defining
equation for Q* near g,, for we can vary these independent variables in
arbitrarily small amounts and still get transverse foliations defining a point in QF.
They form local coordinates and any other length between zeroes is a linear
combination of these. We emphasize that if vy, is transverse for Imw,, s, is a
local coordinate. The difficulty with defining a measure in terms of these
coordinates is that (ii) of Proposition 4.1 might not be satisfied. We therefore
have to choose carefully the admissible system.

4.3. Given g, € Q* say an admissible system {y,} is canonical for Im w, if
there exist neighborhoods U of g, in QF and U’ of Imw, in MF such that
{Imw,w”> € U} = U’ N {F|each pair of pants is in § (< v) and s, = n,F(¥,)
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forn,e Zandr = ZV_ (k;/2 — 1) values of i}. Note that if a pair of pants is in 8
(< Wv), it contains a multiple zero.

Similarly we may define {8;} canonical for Re w,. These will, in general, not
be the same set. Before proving these curves exist we will use them to define the
measure and show (i), (ii), (iv) hold.

Since all pairs of pants are in § (< V) it is easy to see there are g “free”
values for the lengths of y;. For local coordinates near g, we take g “free” F,(v,)
and g “free” F_ (B;) and 3g3 — 2¥_,(k;/2 — 1) remaining s, and 3g-3 —
27 (k;/2 — 1) remaining s{ not defined by s, = n,F,(v,), s; = n/F_ (B;). We
define the measure on U as Lebesgue measure on R*¢>" X R*¢3" induced by
local coordinates, and then a measure g, on QF as before.

ProposiTiON 4.4. p, is well-defined and satisfies (i), (ii) and (iv) of Proposi-
tion 4.1.

Proof. The proof if it is well-defined depends on the fact that all other
transverse lengths between zeroes are integral linear combinations of these
coordinates. When all pairs of pants are in § (< V), all lengths are integral linear
combinations of s;, F(y;) and in turn, any F(y,) can be expressed as an integral
linear combination of the “free” F(y,). Now if {@;} is any other canonical system
for Imw,, we may express the coordinates of this system by an integer valued
matrix of the others and vice versa. As in Lemma 4.3, this is measure preserving.
The same holds for Re w,,.

Property (i) is the same as above. To prove (ii), notice that if {y,} is
canonical, then the condition s; = n,F(y,) holds if and only if there is a saddle
connection joining the two zeroes across y,. Then { f(;)} is canonical for F, . If

-
«; is the curve across f(y;) defining s/ then f '(a]) crosses y,, joininf;;q the
singularities in the two pairs of pants. Thereforef !(a}) — «;, is homologous to a
sum of the boundary cycles of the two pairs of pants, where a; defines s,. Recall
that the length of a transverse curve is the absolute value of the integral of the

1-form defining the foliation. Therefore
5i = Frg(e)) = F(f(a))) = =5, = ZnF,(v)

where the sum is over the boundary curves and n € Z. The = depends on the
situation. The matrix for f is therefore

o
0 J
where I is the g X g identity matrix and J is a 3g-3-r X 3g-3-r diagonal matrix

with =1 as the entries on the diagonal. The matrix has determinant =1. Once
again f preserves u, since obviously the same can be done for Re w.
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182 HOWARD MASUR

For property (iv), first note that if 7 does not satisfy any of 3.1-3.3, each A,
is a transverse length between zeroes for Re w. By Proposition 3.1 the number of
intervals n = 2?_(k,/2 + 1) + 1 where 2?_ k,/2 = 2g-2. We have n = 4¢3 —
3P (k,/2 — 1) = dimzRe Q. Thus the independent lengths \,, i = 1,...,n,
must form local coordinates for Re Q% (not necessarily the coordinates of a
canonical system). The coordinates of a canonical system for Re w are linear
combinations of these, and therefore sets of zero and nonzero measure are sent to
sets of zero and nonzero measure in the coordinates (F_ (¥,), s;). By Fubini, the
same is true in QF and therefore Q.

If 7 satisfies 3.1, for example, and E is a set of A’s of nonzero measure, then
the measure of

{(Ag,-.-»A,_;) | there exists A}, A, so that A € E}

is also nonzero by Fubini. The set {A,,...,A, ;) are local coordinates for Q* and
we proceed as above. The other possibilities for 7 are similar. This completes the
proof of Proposition 4.1.

CoroLLARY. If Theorem 1 holds for m < n, it holds for T satisfying 3.1, 3.2
or 3.3.

Proof. If there were a set of (A, 7) of nonzero measure which were not
uniquely ergodic, by (iv) of Proposition 4.1 there would be a set of quadratic
differentials on Qf with nonuniquely ergodic vertical foliations of positive
measure. Again by (iv) and Lemma 3.2 there would be a corresponding set of
exchange maps on fewer than n intervals, contradicting the hypothesis.

4.4. We proceed now to show canonical curves exist for any g, € Q*. We
will show it for Imw,. Again referring to [6], we say y(t) is increasing if
Imw(y'(t)) > 0. In particular, y(t) is transverse to the foliation. We say x leads
to y if there is an increasing curve from x to y.

LemMa 4.5. There are pairwise disjoint simple closed transverse curves
Y1»---»Y; such that every saddle connection of Im w, (other than multiple zeroes)
is cut by a v;.

Proof. Begin by taking a saddle connection and points x and y on opposite
sides so x leads to y across the connection. By [6, Prop. 2.2] every point leads to
every other so y leads to x. Together the two curves form a transverse simple
closed curve. If there is a second saddle connection, repeat the procedure. The
new curve may intersect the first one, but by a simple connecting disconnecting
trick as in Figure 4 of [6], we get a simple curve intersecting both. We continue
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in this manner until all saddle connections are crossed. By Proposition 2.5 of [6],
two curves not intersecting the same saddle connections cannot be homotopic.

Now cut M along these transverse curves. The complement has no saddle
connections and it has a transverse boundary.

LeEmMA 4.6. There are disjoint transverse curves v, ,...,Y, such that the
complement of y, U - -+ Uy, are spheres with holes, each containing only one
(multiple) zero.

Proof. In each component U of M — {y,,...,y,}, every noncritical point
leads to every other. For just as in [6], the set of points where a given point leads
is an open subset of U whose boundary is contained in the union of the boundary
of U, closed leaves of F, or saddle connections. There are no saddle connections,
hence no closed leaves and the open set must coincide with U. Notice that if a
leaf intersects a boundary component it leads to points on both sides so the leaf is
not in the boundary of the open set.

By the same argument, as in Proposition 2.6 [6], in each component the
transverse curves generate homology with real coefficients so we may continue to
find transverse curves until every component is a sphere with holes. If a
component contains two distinct zeroes join them by a transverse curve . This
can be done by taking a sector for each, for one of which a curve leaving the zero
is increasing, the other decreasing, and then joining a point in each sector and
then the two points to the zeroes. Now take x and y on opposite sides of 8 where
x leads to y across B. Join y to x by an increasing curve. The latter segment may
also intersect B, but as the figure shows, we may always find a simple transverse

curve intersecting 8 only once.
a
x’ ,
y X
NS ’
o
The transverse curve is dividing since the component is a sphere and the zeroes

lie in different components because 8 crosses only once. Continuing this process
proves the lemma.

o

LemMa 4.7. Canonical curves exist.

By the last lemma, every component is now a sphere with only one multiple
zero. If a zero is double, the component is a pair of pants and we may ignore it.
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184 HOWARD MASUR

Suppose now a component has a zero of order k = 4. Pick two sectors separated
by exactly two others. For one sector, curves leaving will be increasing, the other
decreasing. We may again find a quasitransverse curve y joining the zero to itself
at those sectors. We find an equivalent foliation by expanding the zero so that

this curve is now transverse. The curve separates a zero of order 2 from a zero of
order k — 2.

¥ Y\_/

We continue in this way until all zeroes are of order 2. Then every pair of pants
is in § (< V) since the two zeroes inside coalesce to a zero of order 2. Moreover,
every time the last step is performed, we get a saddle connection crossing the
curve v; and no other. This gives s, = n,F, (v;) and this happens k,/2 — 1 times
for each zero of order k;. This constructs a set of curves for Imw, and as
remarked before, the same set of equations holds in a neighborhood, proving the
lemma.

5. The quotient measures p,(Q,/Mod(g)) and p,(QF /Mod(g)) are finite.

The essential fact used in this section is that T, /Mod(g) can be compacti-
fied by adding Riemann surfaces with nodes, and Q,/Mod(g) and QFf /Mod(g)
can be compactified by adding differentials with unit norm on the surfaces with
nodes, and also adding the zero differentials. The former are allowed simple poles
at the nodes and only occur in the case of Q, — Q.

Let 7_"g be the union of T, and its boundary spaces, 1—; /Mod(g), the
compactified moduli space. Let X € T,/Mod(g) be a Riemann surface with
nodes pinched along vy,...,y, completed to a set v,,...,¥;, 3, admissible except
that possibly (iv) in the definition of admissible is not satisfied. That possibility
will not be important in the sequel. Let II, and II, denote the canonical
projections of Q,/Mod(g) and Q /Mod(g) to T,/Mod(g).

Let U,,..., U, be a finite covering of T,/Mod(g) by sufficiently small sets;
this too is explained shortly. To show that the measures are finite we show

ProposiTION 5.1. puo(II  Y(U) < 0,  p(II, Y(U)) < oo.
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The computations will be carried out in certain parametrized neighborhoods
U, of X. The union of these covers the compact boundary and we can pass to a
subcover. This parametrization was found by Earle and Marden [4] and was used
previously in [11]. In the latter paper we parametrized the space of quadratic
differentials over this neighborhood of X. We reproduce that description here.

Let Y € Tg — T, be a marked boundary surface representing X; let U, V, be
neighborhoods of the ith node parametrized by | z,|< 1 and | w, | < 1 so that the
node is w; = 0 = z,. Pick the neighborhoods of different nodes to be disjoint.
Further, choose an open set W C Y disjoint from all U, V, and a basis v,...,v;, 5,
of Beltrami differentials supported in W for the tangent space to T, — T, at Y.
For any t,...,t,,7,... ng&p in a neighborhood V of (0,0) € C? X C*3P we
get a Riemann surface Y, | by putting the complex structure £¥#3¥Pr». on W,
removing the discs 0 <|z |<|t | and 0 <| w; |<|¢,| and gluing z; to t/w Let
a, be the curve | z,|=|w, |=| ¢, |'/>.

The marking on Y determines a marking on Y, . up to a product of Dehn
twists g, about a,. Therefore V parametrizes a cover of a neighborhood U of X.
We will show the measures are finite in V. That will show they are finite in U.

In Section 5 of [11], we showed there exists a basis q;,...,q,, G, .15---,q3,3
for the quadratic differentials on Y, _such that

'8,44 filt,r, 2. + w; gi(t, 7,2, + w)w,
i) qidzfz __21_+ 1( i 1) + 7( 72 i’ dz,z;
R % 2
i=1,...,p;
- f(t'rz,-%-w) gif(tfz,+w)wi )
ii) q;dz; = Py dz};
L %i 3

i=p+1,...,3g3,

where f;, g;; are holomorphic in (¢,7) near (0,0) and in z, + w; in A, =
{z;]|t;|<|z;|<1}. For any set ] C {1,...,p}, the set q,,qu, > G3g3s 1 GE]
forms a basis for the integrable quadratic differentials on Y, ; t, = 0,k € J. For
the rest of this section C denotes any constant not depending on t, 7, z;, w;.
Normalize g;, i = 1,...,p, so that g, € Q,. Since f;; and g, are bounded, and

(5.1) f|z|2dxdy —2nlog|t,| and
1

f—dxd =c, flwf|dxdysc
|2 Az
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186 HOWARD MASUR

the normalized g, is given on A,

B.. 6. f. wg.
_ B % T Wil s
(5.2) q;dz} = 5rlog 1] ( 2 + =+ )dz.

where | B;;| is bounded above and below.

Lemma 5.1. Let q = 2327 ¢,q; and q € Q,. Then c; is bounded.

Proof. Passing to a subsequence if necessary, assume c; unbounded and ¢, /c;
bounded for all i as ¢, — 0 for one or more ¢,. There are two cases. If j = p + 1,
or j < p and |t | is bounded away from zero, then g /c; converges to zero since
any sequence in (J, has a convergent subsequence. But q/c; = 2, .;c,/c;q; + q;.
By 5.2, g; — 0 for any k such that ¢, — 0. Thus, the assumptions on ¢, /cd; and j
imply a subsequence of Ec, /¢;q; + g; converges to a nonzero linear combination
of basis elements on Y, _, t, = 0. This contradicts q/c; > 0. If j =p and t, - 0,
let B, C A, be the annulus ] t;[>/* <|z,|<| t|"/°. Then from 5.1 and 5.2,

f|q|>f|q|>|c|(/|q,|—f )

where M is positive and bounded away from zero. The point is that the integral
of | g;| over B, has a positive lower bound but the integral of | g, | over B, goes to
zero, i # j. This is a contradiction.

|q! ) ZMlci|’

_L
C

CoroLLaRY. Forany q € Q, llgll =1 lying over V,

. f: g.
I B 2
(5.3) qdz; z?+31+ - dz;
where
(5.4) —|a;|log|t;|=C, |f|=C, lg;|=C.

LemMa 5.2. For any q with |lqll <1, let s;, s be the “s” coordinates for v,
with respect to F, and F_ . Then

s;ps;< —Cla;|'"?log|t;|, i<p,

sT,,s,.SC, i=p+1.

Proof. For j =p + 1,y; is not pinched. Since any sequence has a conver-
gent subsequence, the s;, s/ lengths are bounded. For j < p let B; be a curve
crossing v, twice and no other y,, and o a radius of A;. The | g |'/* length of B; is
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bounded by twice the length of o plus a uniform constant. We have

|t.|1/2
flql‘/zleI<f | dz|

|l/2 |'z |8/2
= —|a,.|‘/210g|t,.| +C.

|d |+cf

However s, and s/ are bounded by the | g |'/? length of B, since a geodesic in the
| g |'/2 metric is quasitransverse for both the horizontal and vertical foliations.
This lemma indicates that from the point of view of showing the measure is finite
we need only deal with —|a;|'/?log|¢,|= 1. We will show this later.

Lemma 5.3. Suppose —|a,|'/*log|t;|= 1. Then e'%q has closed horizontal
trajectories in the homotopy class of vy, for some 6 and sufficiently small t,.

Proof. Let C, be the annulus |¢|'/2 <|z;|<1/(log|¢,|)>. Write qdz? =
af/ziz(l + f;'zf/af + g,w,./a,.)dzf, On Cf’

(5.5) /il ¢ 5 S Ct
4| a,|(log|t|) og|t|
and
g;Ww; Clt] Cltf|1/2
(5.6) i< < < —C|t|"?log]|t,
o |STalal = Tayl [ log | 4]

by 5.4. Each of these terms is small for | ¢, | small.
Let x; = z,/| t;|'/* and D, be the annulus

- (_10g|t7'|)‘3

T
We have
; a x|t |2 git,
dx2=—Lh(x)dx?2=—-|1 + 1 L dx2.
9% xi2 )i xf2 4 aixi|t7'|1/2 '

By 5.5, |h;, — 1|= —C(log | ¢, N~!so h; has a square root in D; and the Laurent
expansion of h;/?> has constant coefficient C, satisfying |G, — 1|<
—C(log| t,|) " Let

h1/2 )
§i = exp(fTO(x:dei).
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188 HOWARD MASUR

The coefficient of 1/x; in the integrand is 1 so {; is well-defined, and can be
made arbitrarily close to x; on fixed compact sets by taking ¢; small. It is therefore

univalent on this compact set and the image of D, in the {; plane contains circles.
We have

d¢? ah(x)
C(,Za’.—gfz' = C(,z—'c();7dxi2 = q(x;)dx}.
1 1
The circles |{,|= p are closed horizontal trajectories for —d{?/¢? =

—q/a ,.C(,Zq = re'%q for some 6 and r > 0. Then e'%q also has closed horizontal
trajectories, proving the lemma.

LemmMa 5.4. Under the hypothesis —| a;|'/*log|t;|= 1, we have
Fq(y’.) =| Re27TCOa’V2| ) qu(}',-) =| ImZWCOa}/Zl .

Proof. By Lemma 5.3, gdx? = Cja;d{?/§7. Now

C,al/%d¢,
F,(v,) :j; 0T i

I
m 3

where p is a circle. Set
. 27
p=re’, Fq(y,.):j(’) |ImCya}/?|d6 = 27 |Re Cya;”?| .
Similarly we compute F_ ().

We finally prove Proposition 5.1. For any set of equations in
EF(v,), F_(7;),s;> s; that define Q¢ locally, we take local coordinates, as in Part
4.2, that define this set. The Lebesgue measure as computed with respect to
these is at least as great as the measure p, (or p X u) since as usual these
coordinates are integral linear combinations of canonical coordinates. It is enough
to show then that the measure computed in any set of F(v,), F_ (v,),s;,s] is
finite. Now F(y;) and F_ (y;) are bounded for all j and s;, s; bounded for
i=p + 1 by Lemma 5.2. By Lemma 5.2, again for j <p + 1, we may assume
—|a;|"*log|t,|= 1. Now by Lemma 5.3, v, is transversal for both F, and F
and therefore s; and s are local coordinates. (Recall §4.2.)

The idea is now that although s;, s; may be large, for given F,(v;), F_ (v;), s}
the possible error in s/ is small.

Let

D= {§i|’1 <‘§i|<’2}

be the largest annulus swept out by closed trajectories given by Lemma 5.3. The
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circles |§;|= r, contain zeroes of g and s,, s/ are the transverse lengths of a
straight line p joining zeroes on opposite sides. Set

u; =|ImCya}’*|,  u;=|ReCa}"?|.

We divide the set of g into the overlapping sets u;/u; < 2 and u,/u; = + and
prove the measure of each is finite. Let o be a radius of D going from one zero to
the other side. We compare s; and s; to F, (o), F_ (o). Since o and p differ up to
homotopy by a piece [ of the boundary of D and o, p and [ are all transverse, the
triangle inequality gives
(5.7) F(o) — F,(l) =s;<F,(0) + F,[(1).
with similar inequalities for s; and F_,. Now a computation shows

T, T,
(5.8) F (o) = uilog;?, F_,(0) = u;logﬁ—,
and by Lemma 5.4,
(5.9) F(1),F_, (1) <2m|Cya;|">

g\*/)> " —q
Now suppose u;/u; < 2. Then for given F(v) = 2mu, F_ (v;) = 27u,, and s,
we have

oY

i St U;

U 10 /
S2W|C0||ai|l/2+u—?277|C0||(17.|1/2S—:3—77|C0[|af|1/2.
1

Recalling that C is certainly bounded, we have

, u,.s,.
i ’

(5.10)

=Cla; |'/2.
1
This says s; varies little for given u,, u/, s;. We wish to use iterated integration to
find the area A. First fix all variables F,(y;) = 27u/, F_ (v;) = 27u; and denote
by A, . the integration with respect to s; and s{. We are assuming u;/u; = 2. By
Lemma 5.2 and inequalities 5.4 and 5.10, we have

A“ g Sf—(?l(1;| /' 1og|tf|Cl af Il/zdsi — —C|ai | log l ti IS C.
[ AN § 0

To find A we will then need to integrate with respect to those u;, u; which are
local coordinates, but they are bounded in any case.

Note that even if a u; or u] is not a local coordinate, the ones that are
determine all the rest. Thus if these are done last in the integration, we can
assume all u;, u; fixed.

This content downloaded from
128.114.223.193 on Tue, 05 Oct 2021 23:19:11 UTC
All use subject to https://about.jstor.org/terms



190 HOWARD MASUR

Finally, the set where u;/u; = ;3 is dealt with by computing the error in s;
with given F (v;), F_ (v,), s;. This completes the proof of Proposition 5.1.

6. Proof of Theorems 1 and 2
We start with the following version of Birkhoff’s ergodic theorem.

ProposiTion 6.1. Suppose F is an ergodic foliation with transverse foli-
ation G, B a transverse segment of F and 0 =a,<a,< ---<a, fixed
numbers. For any finite leaf L of F, partition L into segments L, of length
1/a(ay —ay )|L|, k=1,...,n, where | L| is the total length of L. Let the
interval exchange map on B have intervals X i and let #(- N +) denote the number
of intersections of two arcs. Then

" #X,NL,) F(X,)
e #(BN L)  F(B)

for almost all leaves L with initial points on f3.

Proof. Apply the ergodic theorem successively to L' = U f: L.
Then note that #(X; N L,) = # X, N L") — #X, N L*') and that
#(X; N L;)/#(X,; N L,;) is bounded above and below away from zero because
the numbers a, are fixed. The rest is a routine & argument. The main result now
is

ProposiTION 6.2. Let g € Q, or Qf have nonuniquely ergodic minimal
vertical foliation F_  and q, € Q,/Mod(g) or q, € Q5 /Mod(g) on the surface
X, be an § limit point of the orbit q,/Mod(g), t > 0. Then there exist at least
two disjoint submanifolds X |, X, of X, with boundary a common dividing curve
y satisfying F, (y) = 0. Further, X, i = 1,2, contains a closed curve ¥, satisfying
F_, (v)=0.

Proof. Let F, and F, be two distinct mutually singular ergodic foliations
topologically equivalent to F 4+ They are each transverse to F, 4+ We normalize so
that F, and F, and F, and F, each determine a quadratic differential in Q,. There
exists a segment f of a leaf of F, such that F\(8) # Fy(B), for otherwise F, = F,.
Let X, be the intervals for the exchange map on .

Let y, and y, be generic points of F, and F, respectively, that is, so that
Proposition 6.1 holds with respect to the intervals of the exchange map and for
any partition. Note that if F_ is not orientable then S induces a return where
some rectangles “come back on the same side”. Proposition 6.1 is equally valid.

Let [, be the height with respect to F, of the jth rectangle and F,(X;) the
length with respect to F,. Now if L', i = 1,2, is a leaf through y, and {a,} is any
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set of numbers as before,

LF (X,
a2

(6.1) lim _ Ll = lim — = =
-0 F(BNLL)  |Li-o ; #(p N LY F(B) F(B)

by Proposition 6.1 and the fact that the areas of the quadratic differentials are
one.

Let g, — q,. Via the Teichmiiller map, y; can be thought of as a point on
X, the carrier surface of q,, and by taking subsequences we may assume it
converges to a point y, on X,,. Let V, be the vertical trajectory of g, through y,.
We claim no horizontal trajectory intersecting V, can also intersect V,. To prove
the claim, consider any segment of V, with y, as initial point and the resulting
return map on that segment. Suppose a segment of V, intersects and therefore
crosses a rectangle R of width a of this return. Let ¢ be the length of V, from y,
to the beginning of the segment and d be the length of V| from y, to the first
point of R. The figure below illustrates with nonorientable q,,.

Y1
d

a

Vi

For any € > 0 consider the partitions

H0<d<d+e<dt+a—e<d+ aand

i 0<c<ct+e<cta—e<c+a,
each with five division points counting endpoints.

The segment of V, of length a + d and of V, of length a + ¢ are limits of
segments V;, and V,, of q,. These correspond under the Teichmiiller map
to vertical segments again written V,,V,, of g of length K!/%(a + d) and
K!%(a + c) where t, = log K!/2. Let V{ be the subsegment of V,, of length
K}!/2a determined by the partitions (i) and (ii) using division points 2 and 5, and
V:t be the subsegments of length K}/%(a — 2¢) formed by the division points 3
and 4. We also will consider these as segments of length @ — 2¢ on g, via the
Teichmiiller map.
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Take N large enough so that by Equation 6.1 for all n = N,

K}/ %a 1

B K,/*(a — 2¢) 1
#BNVL)  F(B)

(6.2) #BNVy)  E(B)

<e

>

'<s and

i=1,2.

Furthermore, by the same reasoning with division points 2, 3, 4, and 5 and
Equation 6.1

26K /2 1
#HBNO V) —#(BNV;,)  F(B)

<.

63) |

Since lim, .V, =V, for n large enough, every horizontal trajectory of g,
intersecting V', intersects V; and every trajectory intersecting V;, intersects
Vi,. We have

(64) #HBNVL)<#BNVg),  #BNVy) <#BNV.

Then
F,(B)2eK!/?
#(p nvg) < 2LR 4 a(p 0w
F,(B)2eK1/?
<s(pnvy) + 2R
Fy(B)2e

. Lo\ #B0ve)
<“B”W3+vw&w%8+mwﬂ

by 6.2, 6.3 and 6.4. Therefore

#BOVE) | 2eR(p)

1
#(BNO VL) a(l—st(B))(8+F1(/3))'

Similarly,

#BN VL) 2¢F,(B) F*F&J'

—_— <

#BN V) a(l — eF\(B))
Since #(B N V};,) and #(B N V;)) do not depend on ¢ and ¢ is arbitrary, the last
inequalities give

#BNve #(B N Ve
(:B ln) —1 SO and llm (B 2n)

lim P Vi) E 2l 1<
n—so (BN VS) n—0 #(B N V)
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SO

apnve)
n—oo #(B N VQGn)

Since V|, and Vj, have the same length, by 6.1,

#BNVEL) _ F(B)

A EHBO V) R

which is a contradiction, proving the claim.

Therefore no horizontal trajectory intersecting V, intersects V,. Therefore no
horizontal trajectory is dense so X, is divided into two or more domains
separated by a dividing curve y with F, (y) = 0. Any horizontal trajectory is
contained in one domain. Further if V, and V, intersected the same horizontal
domain, a horizontal trajectory in that domain would intersect both if it were
dense. If the horizontal trajectory is not dense in the domain, there is an annulus
of closed trajectories; V, could be extended so a closed leaf would intersect each,
a contradiction in either case. Therefore V|, and V, are entirely contained in
different horizontal domains X, and X,. It follows then that the vertical domains
of V, and Vj, are also contained in X, and X, respectively, since V, is either dense
in a vertical domain or the domain is an annulus. These vertical domains are
bounded by closed curves B, and B, satisfying F_ (8) =0 and B, C X,,
i = 1,2, completing the proof.

Remark. The process that takes place in the proposition is that some
rectangles determined by a vertical segment of q,, of bounded length have
heights approaching zero. The limiting situation of g, has fewer rectangles and
not every horizontal trajectory of g, is contained in these rectangles; that is, the
rectangles for the vertical segment V; do not partition the entire surface. The
vertical trajectories V,, are contained in the “disappearing” rectangles of the
exchange map on V.

Denote by W, (resp. W,)) the set of g € Qf (resp. g € Q,) such that there
exist 8, B, disjoint curves with F(B,) = F_,(B,y) = 0. If q satisfies the conclu-
sion of Proposition 6.2, g € W, or W,,.

LEmMma 6.3. W, (resp. W,)) is closed in Qf (resp. Q,) and has measure zero.

Proof. That the measure is zero is clear because in Q, or QF the differentials
with horizontal (or vertical) foliation assigning zero to some closed curve have
measure Zero.

We will now prove W, is closed in Q,. The proof for W, is exactly
the same. Suppose g, € W, and lim,_ .q, = q, F,(v,) =0, F_,(B,) =0 and
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194 HOWARD MASUR

B, Ny,= @. We let x,,y, be critical points of g, on v, and §,, and we may
assume lim , x, = x,and lim,_ .y, = y, critical points of q. Then vy, converges
to a leaf y of g at x, and B, converges to a vertical leaf § at y,. Suppose vy is
dense. Then it intersects 8 and for large n,y, N B, # &. Therefore y and
similarly B8 are not dense and are also disjoint. They must be contained in disjoint
spiral domains, one for y, the other for 8. The boundaries of these domains
contain the desired curves vy,, £3,.

Remark. If there are sufficiently many ergodic measures, for instance 3g-3,
we can prove no g, can exist with many vertical spiral domains, each contained
in a horizontal one as required by Proposition 6.2. In that case g, has no € limit
points in Q,/Mod(g) and all 2 limit points are on the boundary.

Proof of Theorems 1 and 2. By Proposition 4.1 we need only show the set of
q € QF (resp. Q,) with nonuniquely ergodic vertical foliation has measure zero.
Clearly the sets W, and W, of Lemma 6.3 are invariant under Mod(g) so
W, /Mod(g) and W, /Mod(g) are closed of measure zero. Now suppose E is a set
of positive measure in QF (resp. Q) consisting of differentials with nonuniquely
ergodic vertical foliations. We may assume the closure of E is disjoint from
W, /Mod(g) (resp. W, /Mod(g)). By Poincaré recurrence, for almost all g € E, q,,
t > 0, returns for arbitrarily large ¢, to E and therefore g, has € limit points in E.
By Proposition 6.2 all such limit points are in W, /Mod(g) (resp. W,,/Mod(g)).
This is a contradiction.

Proof of Corollary 1. By the main theorem of [6], the map H(X,2%%) - MF
given by g — Imq!/?dz is a homeomorphism. Near g with simple zeroes it is
easily seen to be C! in local coordinates. Therefore sets of measure zero
correspond and the corollary follows from Theorem 2.

7. Proof of Theorem 3

7.1 We will prove the following result and show it is equivalent to Theorem 3.
THeEOREM 4. The Teichmiiller flow on Q,/Mod(g) is ergodic.

CoroLLarY. Almost all orbits in Q,/Mod(g) are dense. That there are any
dense orbits was shown in [12].

A foliation is arational if it has no saddle connection. This implies all leaves
are dense.

We now record a basic property of uniquely ergodic foliations. If F is
uniquely ergodic, then the limit in Birkhoff’s ergodic theorem in Section 1 holds
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uniformly for all x € B and continuous f:

LS iy .
(7.1) A}l_{noo ﬁrzlﬂT (x)) —j;fdv uniformly.

ProposiTiON 7.1. Suppose F, and F, are uniquely ergodic arational projec-
tively inequivalent foliations. Then F, and F, are transverse.

Remark: S. Kerckhoff and W. Thurston indicated (oral communication),
that a stronger theorem can be proved using the techniques of geodesic lamina-
tions. The proposition of course means that F|, F, are equivalent to transverse
foliations.

Proof. We begin by constructing a sequence v, of simple closed curves
converging to F| in the topology of PF. Let x be any point on a transverse 8 and
L a leaf through x in either direction. For some sequence n; there will be no
return point T/(x) between x and T™(x); j < n,. Let Yn, be formed of the part of
the leaf L from x to T"(x) followed by the segment of 8 between T"(x) and «x.

To show v, — F, in PF we need to show for any two simple closed curves p,
and p,,

) i(Y,,,Pl) _ Fl(pl)
(7.2) nlin;lo (Y. 02)  Fi(py)

where i( -, -) is the geometric intersection number. Any p can be represented as a
finite union of segments joining singularities. The number of intersections of any
such segment a with L is the same as the number of intersections of L with an
appropriate segment o of 8 where F(o) = F(a). By 7.1 we have

#(oNL)
lim =

|L| o0 #BNL) F,(o) = F(a).

Now 7.2 follows. We may similarly construct §, — F, in PF.

Now let G, be any foliation transverse to F,. Represent §, with respect to
the quadratic differential by a geodesic which is a finite union of line segments
each making a constant angle with the leaves of F,. Let 6, be the minimum
angle. We claim lim 6, > 0. Suppose otherwise that there is a subsequence again
denoted 8 _ with lim, 6 = 0. The segment § C 8, with angle 6, has length
going to infinity. Since the leaves of F, are dense, §, has the property that for any
open set V, § N V= & for n large enough. Since &, is simple this implies all
intersection angles of §, have limit zero as n goes to infinity.
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196 HOWARD MASUR

Now let ¢ > 0. In the following estimates ¢; depends only on ¢, p,, p, and
will be chosen later. By 7.1 there is an L, such that

#(L N 0,) . Fl(pl)
#(L N py) Fy(py)

for any segment L with |L|= L. Also take a neighborhood W of the zeroes
small enough and L, large so that

(7.3)

£

(7.4)

for any L with | L |= L,,.

Consider the segments B, ..., B, each of length L, one on each critical leaf
of F,, each with a critical point as one endpoint. Let §, be a segment of §, of
length L, not intersecting any B; and initial point x. Then since the angles §,
makes with leaves goes to zero, for n sufficiently large, there is a leaf segment L
starting at x of length L intersecting p, the same number of times 8—,, intersects p;
except possibly counting the intersections each has with o, N W. By 7.4 these are
very few and we can take n large enough and e, small enough so that

#(L N pi)

(7 #( 8, N Pf)

—1l<e/4, j=12.

Now again since the angle goes to zero so that §, crosses B; rarely, we may for
large n write §, as a disjoint union

3; U« Usnmy ..y

such that

i) |8|=L,, 8iNB=@2;1<i=nr(n), 1=j=<s;
ro(n)
2 #<3,i N pr’)

ii) i::ﬁ))H < g5, i=1,2.
> #(8,’; N pi)

i=1

Then we find L' satisfying 7.5 with respect to §', i <r(n) and also
satisfying 7.3. By picking ¢, small enough we conclude from 7.3 and 7.5

#(6:; a Pl) Fy(p,)

#(8/ N py) F\(p;)

<e/2, i<r(n)
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and therefore

r(n)

#(5.Np
i§1 ( 1) . Fi(p,) <e/2
() ) Fl(Pz) '
2 #(8:1 N Pz)

i=1
Finally, by taking &, small and n large by (ii), we have

#(8, N py) . Fi(p,) <
#(8, N py)  Filpy) '

This implies that §, — F, in PF which is a contradiction proving the claim.

We now finish the proof of the proposition. Eventually all components in
the complement of §, U v, are simply connected. For suppose i(8,,v,) = O for
some f3,. The angle B, makes with leaves goes to zero, and so 8, converges to F,
in PF. This clearly means i(§,,8,) # 0. We may therefore find transverse
foliations F,,, F,, such that F,, has closed leaves homotopic to v,, F,, closed
leaves homotopic to §, ([12], Prop. 2.4). We give the cylinder of F,, height
h,=1/#(y, N B) and the cylinder of F,, height 1/F\(§,). Since F, ,F,,
converge in PF to F, and F,, we need to show g, = (F,,, F,,) has a convergent
subsequence in Q.

The norm of g, is i(y,, 8, )h,/F,(8,). Since the slope of §, is bounded away
from zero, i(y,,8,) h,/F,(8,) is bounded above and below. We therefore need
only show that the carrier Riemann surfaces X, of g, lie in a compact set in T,. If
not, there exist curves p, such that the extremal length of p, on X, converges to
zero. Since the metric | g, |'/? is only one competing metric in extremal length
and |l g, |l is bounded above, we have

2
lim (/an|1/2|dz|) = 0.
n=o \vp,

In>

This implies both

i(p,,0,
lim F,,(p,) = lim i(p,,vy,)h, =0 and lim F, (p,) = lim ie,. ) =0.
n—oc n— oo n— oo n—oo F1(8n)
The first means the slope of p, with respect to (F,, G,) approaches zero, which
means p, converges to F, in PF. But then, i(p,,8,)/F(8,) is unbounded and we

have a contradiction. This completes the proof.

7.2 Proof of Theorem 4. We follow the outline of Hopf’s proof [5]. We first note
that since po(Q,/Mod(g)) < oo, the flow on Q,/Mod(g) is conservative: for
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198 HOWARD MASUR

almost all g, g, returns infinitely often to a compact set. Now for any f € L'(p,)
consider

() = lim 7 ["flq)dtand

fr(P) = lim %f;f(q_,)dt-

Since p(Q,/Mod(g)) < oo, the Birkhoff ergodic theorem says f*(P) and f«(P)
exist almost everywhere [u,], and are invariant under the flow and

(16) | frhdp, = [ fhdp, = [ fehdp,
Qo/Mod(g) Qo/Mod(g) Qo/Mod(g)

for any bounded invariant h. Taking h = sign( f* — fx) we have f* = f, almost
everywhere. To show the flow is ergodic, we need to show f* = f, = constant
almost everywhere. This will follow from two lemmas. Let d be any metric on
Q,/Mod(g) compatible with the topology.

LemmMa 7.2. Let f be continuous on Q,/Mod(g) with compact support K.
Suppose P, P’ € Q,/Mod(g) satisfy lim,_ . d(P,, P/_,) = O for some a. Further
suppose f*(P) exists. Then so does f*(P’) and f*(P) = f*(P’) with similar
statements about fyx and t > — 0.

Proof. Since f* is flow invariant we may assume P, P’ satisfy
lim,_ .d(P,P/) =0. Given ¢ >0, let § >0 be so that d(P, P/) <& implies
| f(P,) — f(P)|< e. Let T, be large enough so that for t = T;,, d(F,, P/) <. Let
B = max, g | f{x)|. Then

AR~ A= [C1AR) AR |

1 T ,
o [ 1AR) — S(E) | de
- 2BT, N T —T,) '
T T
The limit of the right side is ¢ as T — oo. Since ¢ is arbitrary we have

fX(P) = f*(P).

LeEMMA 7.3. Suppose fis continuous with compact support K C Q,/Mod(g).
For any k > 0 let

E = {P|f*(P)=k),F = {P|f«(P) = k).
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Then
mo(E) = po(F) = 0 or py(Q,/Mod(g) — E) = py(Q,/Mod(g) — F) = 0.

Proof. Since f* and f, are flow invariant we may consider E, F as sets of
lines and therefore as subsets of PF X PF/Mod(g). Since almost all foliations are
uniquely ergodic by Theorem 2, and almost all foliations are arational we may
use Proposition 7.1 and restrict ourselves to the set of projective arational
uniquely ergodic foliations which we write PUE. All pairs in PUE X PUE off the
diagonal are transverse. In [13] we proved that if P, P’ € Q have the same
uniquely ergodic vertical foliation, then lim,_ 7(X,,,, X;) =0 for some a
where 7 is the Teichmiiller metric and X, ., and X carry P,,, and P, respec-
tively. Equivalently we have the same result if P, P’ € (), have the same
projective uniquely ergodic vertical foliation. In this latter statement, since P, ,
and P’ have unit norm and their vertical foliations are projectively the same we
must also have

lim d(Pt+lI’ Pr/) =0
t—o0

for any sequence ¢t such that P, P/ € K. This follows because
lim,_ . 7(X,,,, X;) = 0 and the theorem in [6] which says that on any Riemann
surface there is a unique normalized quadratic differential with vertical foliation
in a given projective class. By Lemma 7.2, f*(P) = f*(P’) when either exists.
Therefore we may write E = PUE X E, for some E, C PUE.

Similarly F = F, X PUE for some F,. Since f*(P) = f«(P) almost every-
where, we have m(E — F) = m(F — E) = 0 where m is measure (class) on
PF X PF. This gives m(F{ X E|) = m(F,; X E{) = 0. Therefore we either have
m(F{) = m(E{) = 0 or m(E,) = m(F,) = 0 where now m is measure (class) on
PF. This proves the lemma.

To finish the proof of the theorem we note following Hopf that the linear
operator f — f* is bounded in L'. This follows from 7.6 by taking h = sign f*
giving [ | f*|dp =< [|f|dp. Therefore it is enough to show f* constant almost
everywhere for a dense set of f € L'(p1), namely those f continuous with compact
support. By Lemma 7.3 for any such f, {P| f*(P) = k} has measure zero or its
complement does for any k, proving f* constant almost everywhere.

Proof of Theorem 3. Suppose E C PF X PF is invariant. Then so is
E N (PUE X PUE) and they have the same measure class by Theorem 2. The
latter set gives rise to an invariant set of lines in Q, which by Theorem 4 has
measure zero or its complement does.

UniversiTy ofF ILuinots, CHICAGO CIRCLE

This content downloaded from
128.114.223.193 on Tue, 05 Oct 2021 23:19:11 UTC
All use subject to https://about.jstor.org/terms



200 HOWARD MASUR

REFERENCES

[1] W. ABikorr, The Real Analytic Theory of Teichmiiller Spaces, Lecture Notes in Mathematics
820, Springer-Verlag, 1980.
[2] L. AHLFORs, On quasiconformal mappings, Journal D’Analyse 3 (1954), 1-58.
[3] L. Bems, Quasiconformal mappings and Teichmiiller's theorem, in Analytic Functions
(R. Nevanlinna et al., eds.) Princeton University Press, 1960.
[4] C. EARLE aND A. MaRDEN, Quasifuchsian space and geometric complex coordinates for
Teichmiiller and moduli space, to appear.
[5] E. HopF, Ergodic theory and the geodesic flow on surfaces of constant negative curvature,
Bull. AMS 77 (1971), 863-877.
[6] J. HuBBarD anD H. Masur, Quadratic differentials and foliations, Acta Math. 142 (1979),
221-274.
[7] A. KaTok, Invariant measures of flows on oriented surfaces, Dokl. Nauk. SSR 211 (1973), Sov.
Math. Dokl. 14 (1973), 1104-1108.
[8] M. KEaNE, Interval exchange transformations, Math. Z. 141 (1975), 25-31.
[9] , Non-ergodic interval exchange transformations, Israel J. Math. 26 (1977), 188-196.
[10] H. KeyNEs aNp D. NEwTON, A minimal, non-uniquely ergodic interval exchange transforma-
tion, Math. Z. 148 (1976), 101-105.
[11] H. Masur, The extension of the Weil-Peterson metric to the boundary of Teichmiiller space,
Duke J. of Math. 43 (1976), 623-635.

[12] , Dense geodesics in moduli space, in Annals of Math. Studies, Riemann Surfaces and
Related Topics, No. 97 (1981), 417-438, Princeton U. Press.

[13] , Uniquely ergodic quadratic differentials, Commentarii Math. Helvitici 55 (1980),
255-266.

[14] V. PoENARvU et al., Travaux de Thurston sur les surfaces, Astérisque 66-67 (1979).

[15] W. VEECcH, Topological dynamics, Bull. AMS 83 (1977), 775-830.

[16] , Interval exchange transformations, J. D’Analyse Math. 33 (1978), 222-272.

[17] W. Veech, Projective swiss cheeses and uniquely ergodic interval exchange transformations, in

Ergodic Theory and Dynamical Systems 1, Proc. Special Year, Maryland 1979-1980, A. Katok
ed. Birkhaiiser, 1981, pp. 113-195.

[18] , Gauss measures for transformations on the space of interval exchange maps, Ann. of
Math. 115 (1982), 201-242.

[19] P. WaLters, Ergodic Theory, Introductory Lectures, Lecture Notes in Mathematics 548
(1975) Springer-Verlag, Berlin.

(Received September 18, 1980)

This content downloaded from
128.114.223.193 on Tue, 05 Oct 2021 23:19:11 UTC
All use subject to https://about.jstor.org/terms



	Contents
	p. [169]
	p. 170
	p. 171
	p. 172
	p. 173
	p. 174
	p. 175
	p. 176
	p. 177
	p. 178
	p. 179
	p. 180
	p. 181
	p. 182
	p. 183
	p. 184
	p. 185
	p. 186
	p. 187
	p. 188
	p. 189
	p. 190
	p. 191
	p. 192
	p. 193
	p. 194
	p. 195
	p. 196
	p. 197
	p. 198
	p. 199
	p. 200

	Issue Table of Contents
	Annals of Mathematics, Vol. 115, No. 1 (Jan., 1982) pp. 1-200
	Front Matter [pp. ]
	Volume Information [pp. ]
	A Counterexample to A Conjecture of Serre [pp. 1-33]
	Two Torsion and the Loop Space Conjecture [pp. 35-91]
	The Simple Lie p-Algebras of Rank Two [pp. 93-168]
	Interval Exchange Transformations and Measured Foliations [pp. 169-200]



