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A.2 Vector pundles
Definitions: The theory of fibré pundles 15 described in several pooks. A€
counts which emphasize physical apphcations re given Choquet—Bruhat
DeWitt-Morette, and Dillard—Bleick 982, Schutz 1980, Nash and Sen 1983,
and Crampin and Pirani 1986. Most (but not all) of the bundles 12 this
book are vector bundles-
al manifold and let F denote either the real or the compleX
ifold V (the total space)

Let M bea re
vector pundle over M is a smooth mal
. v — M (the projection

qumbers. A
together with a smooth map 7 -
following hold.
(VB1) For cach m € M, Vin = 7~ 1(m) has the structure of an
1 ector space oVer F (Vi 18 called the fibre over
fibre dimension

N -dimensmnal \
m; N is constant it is called the

or rank of the bundle)-

(VB2) There is a system of loca
the Us cover M. A local trivia
tog.ether with a diffeomorphism 7
which, on restriction to {m} X FV, becomes a linea

V,,, for each m € U.

throughout M:

] trivializations (Ui, 7i) such that
lization is an Openl set U C M
.U xFN — a HW(U) C 1%
r map FN —

\Vvlth var 1
ying degrees of .
et sV = M. sloppiness, one denotes the bundle by V, VoM
The basic o ) "’ i
vect . vector ¢
ctor bundles: given V and V' :)ngpa(‘,es
) e can

sum) V& V!
. the tensor he
e tenso product V& V't dual bundl | %
, eV

extend 1n an obvious way to

form the direct sum (Whitney
and, in the
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e V. We say that a vector bundle

the complez conjugate bundl
he fibres of W are subspaces of

complex case, J
b-bundle of V whenever t

W — M is asu

the fibres of V. _ _ o
Amaps:UC M — V such that mo s 1s the identity is called a section

over U. A local section of V is a section over some open subset of M. The

space of smooth sections over U 1s denoted CF(U). If s is a section of V

B . r / / ] =
and s’ is a section of V', then s+ §', 88 (more properly s ® s ), and 3 are,

respectively, sections ofVoV, VeV and V.
A p-form with values in V is a map «a that assigns a smooth section

o(X,Y,Z,...) to each collection of p vector fields X,Y, Z,.... It must be
linear in each entry and skew-symmetric under permutations of XY, Z,....
For example, if a1s a differential form on M (in the ordinary sense) and s
is a smooth section of V, then as is a form with values in V. Forms with
values in V' can be contracted with vector fields on M. One can also take

their exterior products with ordinary differential forms on M.

s. A connection V on a vector bundle V is an operator that

Connection
ach (smooth) section s of V', such

assigns a 1-form Vs with values in V to e
that for any function f and sections s, s' € C¥(M),

V(s4+s)=Vs+Vs and V(fs)=(df)s+fVs

If X is a vector field, we denote X J Vs by Vxs.

Connections on V and V' induce connections on V & Vi, VeV, Vv,
and V in the obvious way. For example, in the case of VeV V(ss') =
(Vs)s' + s(Vs').

Hermitian structures. A Hermitian structure on a complex vector bun-
dle V is a Hermitian inner product (-,-) on the fibres which is smooth in
the sense that V — C : v — (v,v) is a smooth function. It is compatible
with a connection V if for all sections s, s’ and all real vector fields Ay

XJd(s,s') = (Vxs,s') + (s, Vxs)

Eq}xivalence. Two vector bundles V and V' are equivalent if there exists
arfhffeomorphism .V — V' which restricts to a linear isomorphism Vin —
V! at each m € M. If they have connections or Hermitian structures,
then they are equivalent as bundles with connection or as Hermitian vector
bundles if ¢ can be chosen so that in addition

Vx(tos)=1oVxs or (tos,tos)=/(s,s)
for all sections s and vector fields X. It is important in prequantization



Pull-backs. Let VV — M be a vector bundle and let p : M — M be a
smooth map. Then

xYs oo ' ,
p*V ={(m' ') |m' e M, v €V, m}

is a vector bundle over M’', called the pull-back of V. If (U, 7) is a local
trivialization of V| then ’

p N U) x FN = p*V i (m!,z) = (m/,7(p(m'),2)),

where z € FV_ is a local trivialization of p*V.
A section s of V determines a pull-back section p*s of p*V by

(p*s)(m') = (m', s(p(m'))).

A connection or Hermitian structure on V induces a connection or Hermi-
tian structure on p*V" in the obvious way.

When M’ is a submanifold of M and p is the inclusion map, the pull-
back is the restriction of V to M', and is denoted by V| or V.

section, we shall look in more detail at the special case of
e-dimensional fibres, which play a central
We shall not develop further the general
in particular examples.

In the next
complex vector bundles with on
role in geometric quantization.
theory of vector bundles since it is required only

A.3 Line bundles

I — M be a line bundle, that is, a complex vector bundle
Strictly, we should call L a ‘complex line
his book, so the qualification

Curvature. Let
with one-dimensional fibres.
bundle’, but real line bundles do not appear in t

is unnecessary. Let V be a connection on L.
A local trivialization (U,7) 1s determined by its unit section s = 7(-,1),
which is a nonvanishing element of Ccse(U). The potential 1-form © €

QL(U) of the connection in this trivialization is characterized by

Vs = —iOs. (A.3.1)

If s’ is any other section, then s = s, where ¥ 1s a complex-valued func-

tion, and

Vys' = (X(¢) —1X4 O)s. (A.3.2)

By dropping the distinction between s’ and its local representative v, We

can write this as V =d —10.
The 2-form §? = d© is the curvature. For any X, Y€ V (M),

% I ' 1
Q(/\v} )5’ = 5 (VXVYS = VYV_\'SI —~ V[_\—‘Y]s ) ;
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Since this holds for any smooth section s, the curvature 2-form is indepen-
mce
dent of the loca

Let 7 : [0,1] :
' be a section over 7 ie. s

is well defined by
U = if—dTJ9>s. |

s' is parallel along 7 if Vps' = 0. There is a unique parallel
lue of s'(0). If v 1is closed (i.e. 7(0) = (1)) and s’ is
0) for some ¢ ecC &is the holonomy of the
connection around the curve. The holonomy 1s independent of s', and also
of the parametrization of the curve, as well as of the choice of the base
point ¥(0)- If v can be spanned by a smooth surface S, and if S is given

the appropriate orientation, then

gzexp(i/sn).

v = d + i® and has curvature =q.
dles with connection is again a line
s the sum of the curvatures of

| trivialization. |
— M be a smooth curve with tangent vector T = 4 and let

r:[0,1] = L, with 7(s'(t)) = ¥(t). Then Vrs'

We say that
section for each va
parallel, then s'(1) = &s'(

The connection on V is given by
The tensor product of two line bun
bundle with connection, and its curvature 1
the individual connections.

Transition functions. Let (U, 71) and (Uy, 72) be two local trivializations
of L. and let s; and sy be the corresponding unit sections. The transition
function from (Uy,71) to (Uz,T2) is the function c12 € CE (U N Us) such
that s; = c128; on Ul N UQ.

It s po:ssible to find a collection {(U;,7;)} of local trivializations such
.tha‘t {L i} is a contractible open cover of M (the subscripts are in some
11}(1ex1ng. set). That is, each U; and each nonempty finite intersection U; N
UpN--- is contractible to a point. Let s; be the unit section of (Uj, 75) and
let ¢jx € C&(U; N Uy) be th it : i

j ¢ (U .) be the transition function from (Uj,7;) to (U, Tk)-
Th(’n Sk = Cjks]- alld

cjkck; = 1 whenever U;NUp #0 (A.3.3)
cjkeriej = 1 whenever U;NU.NU #0 (A.3.4)

(there is no summati

; ‘ : 1

e on over the repeated indices). These are the cocycle

C 7 elv o1v ]

i i)li\ erse 1}}. given a contractible cover {U;} and a collection of nonvan-

t‘h-dt f(jxrgl(;(;t'l tiomplex functigns {cjx} on the nonempty intersections such

e (.S‘ ds .tradlit.( A3.4) h.old, it is possible to construct a line bundle L with
s transition functions. The total space is the disjoint union of the



dulo the equivalence relation (mj, z;) ~ (m, z; ) whenever

sets U; X C mo
C, (mu,zx) € Uk X C and

(’rn]',ZJ') € U]‘ X
mj = mg and z; = cjk(m;)zk-
re line bundles with transition functions ¢;k and c;. .. (relative

If Land L' a

to the same open cover), then
[ & L' has transition functions ¢;;cjy;
L* has transition functions (cj;\.)‘l;

T, has transition functions ;-

If there exists a collection of nonvanishing functions f; € C&(U;) such that

: /i cjr whenever U,NnU. # 0, (A.3.5)

_—

Coog =
7k
k

then L and L' are equivalent. The equivalence ¢ : L — L' is given by
L(T]‘(m,z)) = f_,-TJ’-(m, z) on Uj, where the (U,7)s and the (U, 7')s are the
respective local trivializations of L and L. The converse is also true.

We denote the tensor product of L with itself by L?; we also use the
notation L1 for L*. By taking tensor products and duals, we can construct
arbitrary integral powers L™ (L° is the trivial bundle M x C). We can
also try to construct non-integral taking roots of the transition
functions. For example, VL has transition functions v/Cjk- [t may not be
possible to choose the square roots so that the cocycle relations hold, in
which case /L does not exist; when it does exist, there may be inequivalent
ways of constructing it. The existence of /L requires the vanishing of an
obstruction in H2(M,Z2), and the equivalence classes of square roots are
labelled by elements of HY(M,Z,) (see §A.6). If M is contractible, then

VL exists and is unique up to equivalence.
Let V be a connection on L and let ©; be
| trivialization (Uj, ;). On each nonempty

powers by

Connection potentials.

the potential 1-form in the loca
UJ N Uy,
_dejk (A.3.6)

ek'—@j =1 = s
Cjk

g these relations, we can recover \Y

Given a collection of 1-forms satisfyin

by using (A.3.1).
Without upsetting (A.3.6), we can replace the .
the ds are constants satisfying the cocycle relations, while keeping the Os

unchanged. This gives another line bundle with connection with the same
curvature, which is not equivalent to (L, V) unless there exist complex

constants f; such that (A.3.5) holds.

cs by C_Ijk = d;jkCjk; where




If L also has a Hermitian structure compatible with V, then, by rescaling
if necessary, we can choose the local trivializations (Uj, ;) so that the unit
sections satisfy (s;,s;) = 1. ition functions are of
ce for any X ¢ V(]\I),

0=X1 d(Sj,Sj) = (V‘\'SJ,S]') + (Sj,v_\'Sj) = i("YJ@j - X4 @J)

In this case, the trans
unit modulus and the potential 1-forms are real, sin

Conversely, if the cs have unit modulus and the Os are real, then I has 5
Hermitian structure compatible with V.

Connection forms. A useful way to describe a

15 in terms of the connection form on the total space (less the zero section).
Let m: L — M be a line bundle with conn

ection V and let L* pe the
complement of the zero section in L. The connection form a € Qé:(LX) is
defined by

a=7"(0)+i(r 1) (di) ;

z

connection on a line bundle

where 7 : U x C — T~ (U)

1s a local trivialization, © is the connection
potential, and z € C. If (U’,

7') is another local trivialization, then

dz dz de

—1\% . r—1\x% = S

o () (8
where ¢ is the transition function from (U,7) to (U’

corresponding potential 1-forms are related by ©' — ©
not depend on the choice of local trivialization.

The connection can be recovered from « either by using

). However the
= idc/e, so a does

Vs = —i(s*a)s,
which holds for any nonvanishing smooth section s, or by using ©; = sja,
where s; is the unit section of (Uj,1;)-
If L also has a Hermitian structure compatible with V, then
_  .dH
O~ =j—

where H : L - R : [ — (l,1). When M is connected, this determines H,
and hence (-, -), uniquely up to a constant factor. A necessary and sufficient
condition for (L, V) to admit a compatible Hermitian structure is that the
Imaginary part of o should be exact (Kostant 1970a, Proposition 1.9.1).

Locally constant bundles, Alocally constant line bundle is a line bundle
with a flat connection; that is, with Q = 0. It has a preferred class of local
trivializations with covariantly constant unit sections. The corresponding
transition functions are locally constant (constant in a neighbourhood of

(")
> Yottt/ a



