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rds Theorem.) Suppose that y is a regular v
X is compact and has the same dimensionas 1. fin

that f~1(y) is a finite set {x1,..., Xy} Prove there exists a negth

hood U of y in Y such that f~1(U) is a disjoint union ¥, U+-Ul,

where V, is an open neighborhood of x; and f maps each J d

morphically onto U. [HiNT: Pick disjoint neighborhoods ¥, of 7

are mapped diffeomorphically. Show that f(X — U W) is compactzs
does not contain y.] See Figure 1-13.
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Theorem.

If X =0W and J: X — Y extends smoothly to all of W, then

E S — »
J ) /¥ = Ojfor every k-form w on Y. (Here X and are compact, all three

manifolds are oriented and £ = dim X = dim Y.

Proof. Let F: W — Y be an extension of £, Since F — fon X,

f f*o = F*a)zf F*do.
X w

oW

But w is a k-form on a k-dimensional manifold, so dew = 0. (All kK + 1 forms
on k-dimensional manifolds are automatically 0.) Q.E.D.
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k-dimensional manifolds, then for every k-form w on Y

Ed "k
J’X fiw jx./lﬂ)-
Proof. let F:I1x X— Ybea homotopy. Now
oI X X) = X, — X,

SO

0= j RCOCE j _@Fyo — j _@F)o

(0 according to the theorem). But when we identify X, and X; with X, dF
becomes f, on X, and f; on X;. Q.E.D.

A local version of the degree formula around regular values is very easily
established, and its proof shows most concretely the reason why the factor
deg (f) appears.

Lemma. Let y be a regular value of the map f: X — Y between oriented
k-dimensional manifolds. Then there exists a neighborhood U of y such that

the degree formula

fsf*co = deg (f)fyw

is valid for every k-form e with support in U.

Proof. Because f is a local diffecomorphism at each point in the preimage
£~1(y), y has a neighborhood U such that f~1(U) consists of disjoint open sets
Vi ...,Vy, and f: ¥,— U is a diffecomorphism for each i = ..., N
(Exercise 7, Chapter 1, Section 4). If o has support in U, then f*w has sup-
port in f~1(U); thus
N
[ rro=3%] fro.

i=1 vV

But since f: V;, — U is a diffeomorphism, we know that

f*co:azj @,
Vi U

: , e
the sign g, being + 1, depending on whether f: V;, — U preserves Of rg’g'sb'
orientation. Now, by definition, deg (f) = 3, g, s0 We ¢ done. &




phism isotopic to the identity, covers Y. By Compactness, we can find finitely

many maps 4, ..., h, such that ¥ = p,(v) ... U h,(U). Using a parti-
tion of unity, we can write any form @ as a sum of formg
support in one of the sets 4,(U); therefore, since both sides of the degree

*k —
[, fro=dee(n[ o
are linear in @, it suffices to prove the formula for forms supported in some
hU).

So assume that  is a form supported in A(U). Since h ~ identity, then
hof ~ f. Thus the corollary above implies

[ %, _ 5 ey = *pk
[ (1o =] Gopto=] 1w
As gy i Supported in U, the lemma implies

| w) = deg (1) | i

F. . . .
inllzai")’, the diffeomorphism # is orientation preserving; for .h ~ identity
* deg (1) < +1. Thus the change of variables property gives

f h*a):f ,
| Y Y

SC]:;L,AW,, ( [0 = deg () { a.



