MATH 209, MANIFOLDS II, WINTER 2014

Solutions.

Below, F,G are vector fields, a, 3 are forms and f,g is a (scalar) function. V is the
differential operator of vector calculus so that Vf = grad(f), Vx F = curl(F) and V- F =

div(F).

TABLE 1. Comparison of vector calculus and exterior differential calculus

Vector Calculus Formulae

Exterior Differential Calculus

R?’

manifold M™

linearity for V :

linearity for d :

V(f+cg)=Vf+cVg

dla+cf) =da+ cdf

VX (F4+c¢G)=VxF+cVxG

same as above

V- (F+c¢G)=V-G+cV- -G

same as above

Liebnitz for V

Liebnitz for d

V(fg) = fVg+gVyg

dlaAB) =daA B+ (-1)*landB

VX (fF)=fVxF+xVfxF

same as above

V. (fF)=Vf-F+Vf-F

same as above

mixed partials commute d>=0:
V x (Vf) =0 o =0
V(VxF)=0 same as above

Poincairé lemma, which says:

If the domain of F is R? or a contractible open subset thereof:

If the domain of « is R™ or a contractible open subse

curl-free implies conservative: Vx F'=0f = F =Vf

da=0 = a=dp

div.-free implies a curl: V- F =0 = F =V xG

same

and the integral identities!

Stokes’ formula

Stokes : [((V x F) -ndS = [, F - ds

Jsda = [0%a

Divergence or Gauss Thm: [,(V - F)dV = [ F - ndS

same as above

Laplacian:A = V? = div(grad)

HODGE Laplacian. Requires a Riem metric g

_ 0 92 92
A=gztozt oz

A= (d+0)2%6=d = (-1)% xdx

V3(fg) = fV?9+2Vf-Vg+gV3f

A(fg) = fAg+2Vf-Vg+gAf



