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Manifolds HW 1 J Connor Jackman

1. Let M be a smooth manifold, and f ¢ C*(M). Then by the natural coordinate on
R, we mean the identity map R — R by y y. For v € X(M),p € M, we define the
one-form df by df (v,) := v,(f) where v, € 1,M is thought of as a derivation.

Now we have f*dy(v,) = dy(f*(vp))m fevp(y) = vp(y&f) = up(f) = df (vp), s0 frdy = df
since v and p were arbitrary. e yof L

Let (U, (z1,...,z,)) be a system of local coordinates on M . For p € U, define the
one-forms dz; as the dual basis to the basis %]p of T,M.

Since dz; is a basis for T M, we may write df (vp) = -7 asdz;(v,) for some a; € R and
any v € X(M). Now df(%}p) =) aidx@-(g—%c—lp) = ay, by definition of dual basis. On
the other hand, by our above definition, df(g%;lp) = 52:’33(-]0) = %Ip, 80 Gy = %Ip,
hence df = 37 . 2L dp, on U,

i=1 3:1:-,;
2. Let a be a one form on a smooth connected manifold M. " 'T‘
If o is exact, then o = df for some f € C®(M). Let v be a closed curve, by Stoke’s) Yo

theorem: Bt s
ﬁy o = j:y df = fa,y f = f3 f =0 (since the boundary of a closed curve is empty).
Conversely suppose fy a = 0 for any closed curve v. Fix any xo € M, for x € M let ¢

be a curve from z, to « (since M is connected and comnected implies path connected

for manifolds our curve ¢ exists) define f(#} = [ a. Then fis well-defined, for if
t

1y ¢ 0 {0,1] — M are two curves from To to z, then set y(t) = e (t), Lelo, 1],

(2—-t) tell,?]

80 7y 1s a closed curve.
By assumption (¢ = Ja= JZa(y(£)dt = [ ald,(8)dt + ff afcy(2 — t))dt =
Jo a— f; a(ch(s)ds = [, o — L,o= o @= [, aand fis well-defined.

We claim df = a. First we'll do it for M = R™, then we’ll get the general result via a
chart,

For M = R" and y € R®, let n be a path from zp to y and define ¢, : [0,¢] — R™ by
ct(s) = y + sz; (where z; is our standard basis for R"} write « = 3% | a;dx; where
a; € C*°(R"). Then:

of d , d d b -
Oxily E!t:of(y +imy) = EL:O/%&—F fna = E’t:n/(, a(c(s)) ds =
d g d ¢

So df = a by # 1.

Now for a general manifold, let p € M, and (U, p : R* — U) be a chart with p € U,
set y = (p"'l(p):w /e have seeilthat using a different base point for the definition of f
anges f by a comistat which has no effect on df, so we may chose our base point




Manifolds HW 1 Connor Jackman

zg € U. Then for a curve 7y from g to p, ©*f{y) = fely) = flp) = f,yaf = f(p(,y) oo,
and ©(v) is a curve from ©~*(zy) to ¥ so by our R™ case, dp*f = ¢*a. Now:
pla=dp'f = otdf = (¢ )Veta = (o) df = (e = (¢Te)d = a = df.
So we have that « is exact <= f7 a = 0 for any closed curve ~.

. Let o = zdy — ydz on R%. Let S} be circle of radius R > 0 centered at origin and

oriented widdershins. Then c(t) = (Rcost, Rsint) for ¢ € [0, 27| is a parametrization
of S} with ¢/(t) = (—Rsint, Rcost).

So ijl{oz = [T a(d(t)) dt = [ Reostdy(c/(t)) — Rsintdz(c'(t)) dt =

" R2cos?t + R2sint dt = 2rR2 0, hence o is not exact by # 2.
0 H

For any closed simple curve v in R?, we have that - is the boundary of some region
that is v = OU. Stoke’s theorem gives: fvo: = [opo= [ da= [ deAdy—dyndz =
2 fU dx A dy = 2Area(U), so integrating o over v gives twice the area of the region
enclosed by .
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