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The calculus of Cartan °°Q0§rns
ctions of a vector bur_ldle of linear
qanifold. We begin with the exteri
s fiberwise to a vector bundle. .
e is the tangent bundle of a n

section.

We leave as an easy exer
T(E). |
Recall that the permutal

Wih the multiplicative groug
5=(R, X). That is, for o, T¢
“gnis the subgroup { —1,
Permutations. One other f
“heasily check: If G is a
Oljection, &
“32 Definition. The

" 10t index the A) is def
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102 1  apping O
ition. 4 is a linear
2.3.3 Propos™
[i[y, andA oA"‘A- ce. Ifteﬂk(E)’ then
. oarity of 4 follows at o €,0k))
Prooﬁ Linearity 1 2 (sig” O')t(ea(l)’ -+ =2 %(k)

At(el""’e")= k! 0 € Sk

_1 2 t(ev""e")
- k'/ 0 E Sk
=t(el,...,ek)
0
d, for tE T, (E) W
. 2=1 and S, has order k!. Secon
since (signo) = k : )
_ 1 >, (sign )t (1) -+ +>€o(k)
At(el’-"’ek) k_/ 5 E S
- -—17 > (signom)t(€sn(1)s -+ +>€ortk
k' oESk
= (sign T)At(e,(l), GaC ,e,,.(k))

since 0 —or is a bijection and sign is a homomorphism. This
two assertions, and the last follows from them. [

Then we may define the exterior product as follows.

23.4 Definition. If a € TYE) gny BETXE), define anB

arnB=(k+1)!/k!l! A(a®B) _ .
“ETo(E)=R. we pui cfu\Bf }affiaz}; we do not index A

h Guillem; i’and Bourbakis[ee

. n‘
~ISCUssion of whyy Conventjopg :ilea:)l;s[slilg)’{q.
e.

a/\B iS the on
¢ that elimj
der shoyq Prove that § Inates the 1

. » 10T exterior fo
kr1)= 2 (sign o)a(e

2’ denotes the 0(1)) teey ea(k))B(eo(k R l), :

(a/\B)(el, .

Where

.....

J Such ¢ Ove
Perties of theat °h<... ShuﬂkS? that is,

OPeratioy ol Y _) and o(k 4 <t

235 r L
Pr0p°s|“°n' Fo € 8iven ip the followin

: r Qe TO

- Qf\Bh (E

( P=4a,p_ KE)

) , ls bi[i"eg\,ﬂ.\a’\AB; B - TIO( E),
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) anp=(=1"Bra;
(l”l‘l an(BAY)=(@ABAY.
- For (i), first note that if o€ S, ang ot(e
(hen A(ot) = (sign o)At for L) =te, a(1) - > €54)),

A(ot)(ep---,ek)=ki_, 2 (sign p)e(e

PES, po(1)> + = 5 €po(k))
LS (Gsign o)
e Si no)(si
i, -4 g gn po)t(e i)y = e € i)

= (sign O)At(e,, cevs @)
since p>po is a bijection. Then,

A(Aa®B)(ey, ... €, ..., .,)=A(dale, ..., eBery - ... e.))

(k’ 2 signTa(e (1)"'"e-r(k))B(ek+l""’ek+[))

TESk

k’ 2 (signT)(a®B)(e,,. .. Wy

TESk

2 (signt)A(ra®B)(e,,....,) (linearity of A)

k! TE S
- 2 (signt)Ar'(a®B)(e,,. - 1)
TESk

Where 1/
g1 S, .,

'rr(l,...,k,...,k+l)=(»r(1),__,,»r(k),k+1,...,k+1)

0 signy = signt’ and ra®@B=1(a®P). Thus the above becomes

’ek+[)

L > (Sigm")(signf’)A(a®B)(e,,...

/
k' TESk

=A(a®B)(e;--- ek+1)k! 2 1

=A(G®B)(e1,-"~ek+1)

nlusA(A“®B) =A(a®p); that is, (Aa)B=arb

¢ other equality in (i) is similar.
B 1o ear
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104 7 PRELI " Ck+D=(k+ 1, ks
iven by Oot® "~
For (iil). let 0g € S+ be gl\e,‘ W i Q al(€oy1y = * eOO(lZH)l)ikIl-{eg-ce’uby
, Qple - AT, t sign 0o =(—1)". Fina
L. fm.f T(%;er; . ®B;;)'= (sian aAB@a)- BUL 8N 0o Y.
the proot of (1)

(iv) follows from (1. W
m of the spaces SH(E) (k=0,1,2.. )
r space and multiplication induced by

he Grassmann algebra of E.
it follows that if a,

2.3.6 Definition. The direct sul il
together with its structure as a real ve

1 E, ort
«_is called the exterior algebra O_f ,or
lL‘(sing 735 and a simple induction argument,

k are one-forms, then

-----

We can now find a basis for Q¥ (E).

2.3.7 Proposition. Let n=dimE. Then for k>n, Q (E)={0}, while for
9 < ij n.d Of (.E )(has dimension (}). The exterior algebra over E has dimension
= Indeed, if e=(e,,...,e ) is an ord, ] 0% = (! 1

bass. a buote o Q"I(E) is) ordered basis of E and é*=(a\,...,a") its dual

P ' /
roof. First we show that the indicated wed

tEQX(E), then from 1.7.2 we kn g¢ products span QF(E). If

t= )
t(ei,,o..,eik)(l'1®. . 4 ®aik

Where t .
all _he SUmmatiop Convention ;
all choices of ; ention j

’ Ndicat |

it beessl b es t
Z;Oposmoe' Now if tkhe e;'tween I'an hat. this should be summed over
CLEQY(E) Inear op Just the ordered ones of the

— n, not
' ator 4 i )
applied to thjs sum, we have,

o fhat o)A, ®ak)
a'k

" (signo) 3
0y, ( "R . ‘
S, QxR . . 3 ®a’k)(j;(l),.,,,f;(k))
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above remark. Therefore, :
¢

= 1.
t—t(ei,”"’eik)Fal‘/\- S /\a’k

o still Tuns over a!l choices of the i\,....i, and we w
deere 4 ones. However, since ¢ 1s skew symmetric, the coeff{acr'1t only distinct,
; R o Ry 1€
gro 1 enal are not distinct. If they are distinct and oES t}r:et:r:(e"n"-weik)
s o

T e = .
t(e,-l,. ..,e,'k)a"/\ AQK = t(eo(,-l), ...,ea(’.k))atJ(n)/\_“/\aa(,-k)

e noth ¢ and the wedge product change by a factor of signo. [Use
13.5(ii), where a and B are one-forms.] Since there are k! of these rear'r

e are left with -

menls, w

i > t(e,-,8 )0 A0 pdth

%condly, we show
{ail/\. ke /\ai"|i1< e <lk}

a¢ linearly independent. Suppose that

2 {. _ail/\.../\a’k=0

 ARRE )

<o <lig
For fixed iy, ..., i, letjr, - - - »J, denote the complementary set of indices,
Js1<+ -+ <j’. Then
P, s .,+ X "I _ 0
o ti,...ika"A- o AQEAQTIA ne'

il< Sy <Ik
H .
OWever, this reduces to

t ’al/\.-o/\a":()

[RERy A

Byt 1
ut(l/\. : ] ,en)= l. Hence

A" #0, as a'A - - - AaT(egs -

t. .=0

ik

¢ o
Proposition now follows. W

n
, Q"(E)
' nsiont -
| Q'fg ID ®finition. The nonzero elements of the One'ld’;;’e"m e Say @ a,,(/u_;~
: e > oS O
| e fd volume elements. If w, and ¢, 4'¢ polume € An quivalence clas
| : =—‘['w1.

4 :
Wu'n:wa lent iff there is a ¢>0 such ’hq[ >
Clements on E is called an orientalt o BFE=
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106 ! en volume elements ang

tionship betwe

la
We shall se€ shortly the close 1€

terminants. . )
) Qa e E*. Then a,,-.-,ak ly dependen;
i Let ay,--+>®
2.3.9 Proposition.
iff @t NGk =0.

e linearly dependent, then

Proof. 1f aj,.... @ T
o= 2 G%

i |

see ajn- - nay=0. Conversely, if

. 1 a/\a=0~ we ’
for some i. Then, since d to a basis a;,...,a,. Then a;n--- ,

Bimsie a, are linearly independent, exteno -
a #0, by 2.3.7 and hence a;A~ -~ ray #0.

2.3.10 Proposition. Let dim(E)=n and ¢pEL(E E). Thfn thfre is a l:znique
constant det, called the determinant of @, such. tﬁat p*: Q"(E)-Q(E),
defined by ¢*w(ey.....e,)=w(p(e)),...,p(e,)) satisfies p*w=(detp)w for all
€X' (E).

Proof. Clearly ¢*: Q'(E)->Q"(E) is a linear mapping. But, from 2.3.7,
{"(E) is one-dimensional so that if ¢, is a basis and w= cwy, P*w=cp*w,=
be for some constant b, clearly unique. g

It is easy to see that this definition of determinant is the usual one
(d E)f(}er.qse 2.3B.) However, it has the advantage of suggesting the proper global
elinition (Sect. 2.5), as well as making its basic properties trivial, as follows.

2.3.11 Proposition, Let »YEL(E E). Then

(l) de[(q,01t!/)=(det
SO @) (det ),
((IZ; if 15 the identity, go; (p)=1 ;
Y 1S an isomorphjsy, iff d :
et B
Proog ¢70, and in this case det (@~ ") =(det (p)—l-
roof. For (1) ( o <TA%
from the dqor . W*@=det(qo
ety ™S 35 i 1777 S PoY) = yregre as we s
Wiy T en = =
(1]])1 SuppOSe ¢ is arll . S. (]1) follows Ce, ((p 1#)*(,0 = ‘P*(‘.let (P)w
1= der( ism wigh 1 0N from the definition. FO)f
.1 7L Then, by (i) and (iii):
% i particylay » by (1) .

Cnce, an. 0 . -
RC‘C&H frOm ¥ de[(p§0‘ . rms w) (p w(e], ) en)

A un;i
Slona], Hque vector space topology O"
“Ovenient norm giving t*

, det 970, Conversely, i
(). ¢ b€y, .. .
¥y 2),...,(!}(6,”)2):0.’]8;- Then fi)l‘ aslo @(81)20 (Exercise 12B) Extend
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3 V. E), Usi ;
: sing the determinant, we can give a simp

- T AANJL -lll:

ol =
sup (Il (e)[lef] = 1) :Sup{ﬂ;ﬂﬂq
el

e#O]

is a norm E
Jhere lell orm on E. (See Exercise | 2A)
-«A). Hence, f
10T any ec

lo )l <lig| |le|

23.12 Proposition.  det: L(E
’ ’E)‘—>R IS conti

proof. Note that

||| = sup { |w = = =
|=sup{le(e,....e,)| |lle|=--- =|e | 1}
= sup { |w(e n #
{I ( 1’---aen)|/||el||"'”en|||el’- e, 70}
is a norm on "(E) and e . Th
Iw(ela---9en)| < ” ” ”elll o ”e ” en, fo
nll- , for g,y €

L(E,E),
detp = det ||| = || @*w—Y*w|

)

up {|w(p(ey), ..., p(e,)) —w(¥(ey),....¥(e))l e =--- =]l =1}
<sup {|w(p(e) —Y(e), pley),....p(e,)| + |
-
(¥ (er), Y(ey),-.., p(e) — (e lllel = =llenl =1}
<llllllg=wlI{lll" ="+ Il 2@l + - - +I¥I"™

<lllllle=¢l (llell+I1¥iD" "

Conse
quently, |detp —
\detq— dety| < [[g— il (]| + 1wl " and the result follons

ms are an open subset of

In 13,
14 and 1.7.7 we saw that the isomorphis
ler proof in the finite-

1 .
Mensional case

ite-dimensional and let GL(E F)

23,1
de posl"on- Supp()se E (Ind F(Ir(’ fin
Then GL(E F) is an open

'lOte thO
Subsey of l:vfl;ppei L(E, F) that are isomorphisms.
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) 5 ol  TURn M I 7.!
ot oy \ (F. F) m an ™ Wi w f}‘hx‘!v if ang Oy
5.3 A i 'u'»$ detid '9)#0. Therefore f/""
; % { ol en
- ‘," _ ~der the map taking ¢ 10 det(¢  'g). Snce
ﬁ o {21 I' ! is '!?"“ “'f‘c” -
sack ¢*f or push forward g.f of a general tensor £
o ame PV 27 T} ¢ J d
. o fhe % eomorphism. For covanant tensors, however, |
- oy 3 C ' map. On the vector space level, thas
* Tas ot ¢ 1 IS :
o »
-"‘w R 28 ] F For o ¢ T:‘r’*’”’w f"wd.
3 ] ‘
N - af®a 4 ’ b (..('." (,)"mq"[)- xﬂ'.,, ’f ‘e
Z P o .—,,«--; o by g, the push-forward map defined in 1.7.3

2295 Praposttion. Lot g © IAE F) 4 IiF, &) Then
" TOF s TAE) is lineew and ¢* (8 (F)) « 0wor,

% Thi  oieewi il ey 8 V.

g€ GLAE T then §° € GIATIF), THE), (%) "=(9 ") ad

"W - Wi
£ 7 then g, ¢ GIATNE) TR, (9 ') = g, ond

* L4 » et 14 ’pylg-q'.wq. e

gt Fir, pe s “uﬂ”"““” .«a."” ,"”
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17 sition. 1/ ¢: U XFSU s p anrore o 1oe
pism on each fiber, they g, ;- " 9 local
S0 is vector bundle map that

KE
s rphism, SO 1S @x. ¥ Moregpey ifoi
s If @ is a local vector

. dle jsomo

pul
his 18 & special case of 1.7.
P,.oof T 9% m
pefinition. Suppose w: E—B |
1318 '5-a vector bypgy, Define

“(E)a= U
QF
beE A (£,)
' bset of B and E,=q! .
heré A a Su ) y b= W (b y :
=bift L)

em. Suppose {E|U,, ¢;} is a vector bundle atlas of m, where ;-

2.3.19 TheorF’ - { k(E)l -

EIUi"’ U/ X F;. en k“’ i <Pi.} Is a vector bundle atl K(ar).:
] where @ @ (E), U. U’ % Qk — ] atlas Of %) ('ﬂ')

JHE)~ B, @i 5 M (F)) is defined by o, =

¥ in 2,3.16). A4 (Px.lEb ((P,-IEb)t

: must verify (VBA 1) and (VBA 2) of 1.5.2: (VBA 1) is clear; for
VBA 2) let ¢, @ be two charts on 7, SO that ¢, °<pj_' is a local vector bundle

somorphism. (We may assume U;= U,.) But then from 23.15, ¢, o9, ' =
(¢,—°(P,'_')¢, which is a local vector bundle isomorphism by 2.3.17. 8

We

is theorem, the vector bundle structure of a: E— B induces
le structure on *(m): w*(E)—B, which is also

Because of th
ble, and of constant dimension. Hereafter o () will

naturally a vector bund
Hausdorff, second counta
denote this vector bundle.

EXERCISES
23A. If k! is omitted in the definition of 4

associative.
23B. Show that, in terms of components, our

the usual one.
23C. If ais a two-form and B is 2 one-form, show that
e,)B(e3) ~ a(er, e3)B(e2) +a(er e;)B(e)

(anB)(e), e:, e3) =aler : | basis
23D. Show that if 1,16, 15 2 pasis of E and al,....a" 18 the dua A
(a'A--- /\a")(e,,...,e,,)= 3

ULUS OF DIFFEREN'"A

(2.3.2), show that A fails to be

definition of the determinant is

then ©

S

bun\;/e now specialize the exterior

asi les and develop a differential

melc 0 the dual integral calculus
chanics of Chapter 3.




