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own r=m # & smooth bundle map by Exercise 5.7. The fact that this is a functor is
Appendn gontent of parts (b) and (c) of Lemma 3.5.

llowins
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=L If E is a vector bundle over a topological space M, show that the
projection map 7: E — M is a homotopy equivalence.

Prove that the space E constructed in Example 5.2, together with
the projection 7: E — S!| is a smooth rank-1 vector bundle over S!,

SzirA‘ L and show that it is nontrivial.
morphisy Let m: £ — M be a smooth vector bundle of rank k over a smooth
manifold M. Suppose {Uy}aca is an open cover of M, and for each
@ € A we are given a smooth local trivialization ®,: 7=1(U,) = U, x
R* of E. For each o, 8 € A such that UaNUp # @, let To5: UoNUz —
GL(k,R) be the transition function defined by (5.3). Show that the
udcc—.:_ . following identity is satisfied for all o, 8,7 € A:
TaB(D)78+(P) = Tavy (D), pelUsnNUsNnU,. (5.6)
o {Here juxtaposition of matrices represents matrix multiplication.)
& Let M be a smooth manifold and let {U, }4c4 be an open cover of M.
0 itselfl Suppose for each a, 3 € A we are given a smooth map 7,5: U,NUz —
1 t.:,-f:. GL(k,R) such that (5.6) is satisfied for all a, 3,7 € A. Show that
B ;‘-, 3 there is a smooth rank-k vector bundle £ — M with smooth local
-are = trivializations ®, : 771(U,) — U, xR¥ whose transition functions are
mp‘::_ the given maps 7,3. [Hint: Define an appropriate equivalence relation
Y ‘f,‘_‘_ on UaeA(Ua x R¥), and use the bundle construction lemma.]
- B Let 7: E —» M and 7: E — M be two smooth rank-k vector bundles
- over a smooth manifold M. Suppose {U,}4ca is an open cover of M
a? :_T“t such that both E and E admit smooth local trivializations over each
\tec;:; - Us,. Let {7o3} and {Tap} denote the transition functions determined
e theal by the given local trivializations of E and E, respectively. Show that
al sl E and E are smoothly isomorphic over M if and only if for each
. & € A there exists a smooth map o,: Uy, — GL(k,R) such that
damessa 7ap(P) = 0a(p) ' Tap(P)os(p),  p € UaNUp.
cample B8 Let U = S'\ {1} and V = S'\ {~1}, and define 7: UNV — GL(1,R)
egory S by

. To €an
1 to eadl (1), Imz > 0,
(-1), Imz<O.
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5. Vector Bundles

By the result of Problem 5-4, there is a smooth real line bundle £
S! that is trivial over U and V, and has 7 as transition function. S
that F' is smoothly isomorphic to the Mébius bundle of Example

. Compute the transition function for T'S? associated with the two &

trivializations determined by stereographic coordinates.

. Let 7: E — M be a smooth vector bundle of rank k, and s

pose 01,...,0, are independent smooth local sections over an @
subset U C M. Show that for each p € U there are smooth
tions om41,...,0k defined on some neighborhood V of p such &
(01,...,0%) is a smooth local frame for E over U N V.

. Suppose E and E’ are vector bundles over a smooth manifold

and F: E — E' is a bijective bundle map over M. Show that F
bundle isomorphism.

. Consider the following vector fields on R*:

Show that there are smooth vector fields V4, Va2, V3 on S® such
V; is t-related to X, for j = 1,2,3, where ¢: S* < R is incluss
Conclude that S? is parallelizable.

- Let V' be a finite-dimensional vector space, and let Gi(V) be &

Grassmannian of k-dimensional subspaces of V. Let T be the disje
union of all these k-dimensional subspaces:

T=HS;

SeGk(V)

and let 7: T'— G (V) be the natural map sending each point z €
to S. Show that T has a unique smooth manifold structure making
into a smooth rank-k vector bundle over G,(V'), with 7 as projects
and with the vector space structure on each fiber inherited from

[Remark: T is sometimes called the tautological vector bundle o

Gk(V), because the fiber over each point S € Gx(V) is S itself.]

- Show that the tautological vector bundle over G; (R?) is isomorp
to the Mobius bundle. (See Problems 5-2, 5-6, and 5-11.)

. Let Vg be the category whose objects are finite-dimensional real

tor spaces and whose morphisms are linear isomorphisms. If ¥ is
covariant functor from Vj to itself, for each finite-dimensional vect




