EXERCISES

1. Show that Stokes theorem for a c]og

ed interval [a. b1 in R! e :
Fundamental Theorem of Calculus, ( [a, ] in R s Just the

See Exercise I, Section 4)

2. Prove the classical Green’s formula in the plane: let W be 4 compact
domain in R? with smooth boundary 9w — Y. Prove b

fdx + d:f dg _ of
f, gdy W(dx dy)dxdy.

3. Prove the Divergence Theorem: let W be a compact domain in R3 with

smooth boundary, and let F = (f,, f,, /) be a smooth vector field on
W. Then

f (divﬁ)dxdydz:j (n-F)dA.
/4 oW

(Here n is the outward normal to 01/1’. See Exercises 13 and 14 of Sec-
tion 4 for dA4, and page 178 for div F.)

4. Prove the classical Stokes theorem: let S be a compact oriented two-
manifold in R* with boundary, and let F = (f1,f2,f3) be a smooth
vector field in a neighborhood of S. Prove

f (curlF"-;;)dA =f frdx, + frdx, + f5dx,.
S as

(Here 7 is the outward normal to S. For dA, see Exercises 13 and 14
of Section 4, and for curl F , see page 178.)
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The Divergence Theorem has an interesting inter
namics. Let D be a compact domain in R?
S = dD. We assume that D is filled with an j
density at x is p(x) and whose velocity is

Pretation jj fluj
: d

with a SMooth bound:i~
ncompressible fluig whosy
x). The quantity e

fsp(a-?z)dA

measures the amount of fluid flowing out of § at any fixed time, If ¢

D and B, is the ball of radius € about x, the “infinitesimal amoyng” of
fluid being added to D at x at any fixed time is

: p(v-n)d4
(*) 15151 sse VOI(B.)
Show that (x) = div p'i, and deduce from the
the amount of fluid flowjn

being added.

Divergence Theorem that
goutof D at any fixed time equals the amount

The Divergence Theorem is also useful jn electrostatics. Let D be a
compact region in R? with a smooth boundary S. Assume 0 € Int (D).

If an electric charge of magnitude g is. placed at 0, the resulting force
field 18 gr/r?, where 7(x) is the vector to a point x from 0 and r(x)isits
magnitude. Show that the amount of charge g can be determined from
the force on the boundary by proving Gauss’s law:

[HINT: Apply the Div

€rgence Theorem t i nsisting of D -
minus a small bajj aro O a region co g

und the origin.]

. x @ = 0. [HINT: Apply Stokes theo-
is empty.] X is a manifolq Wwith boundary, even though 8%

Suppose that X =

oW, wi
Letwbea closed & o0

Mmpact, and f: y _, y; map-
form o ¥ J: X— Yis a smooth map

» Where & = djm X. Prove that if fextends
to all of W, then fx f*o =0, S/

Suppose thatfo,f,: X— Yare homo

boundaryless manifold X hag dimcnstopic Priove that o, o compact

ion k. Prove that for all closed k-
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stokes Theorem .
forms @ on Y»

j.x fiw = J-xffw-
[HINT: Previous exercise.]

Show that if X is a simply connected manifold, then § & =0 for all
4

closed 1-forms @ on X and all closed curves y in X. [HINT: Previous
exercise.]

prove that if X is simply connected, then all closed 1-forms @ on X are
exact. (See Exercise 11, Section 4.)

Conclude from Exercise 11 that H' ($*)=0if k> 1.

Suppose that Z, and Z, are compact, cobordant, p-dimensional sub-
manifolds of X. Prove that
W= (]
j Z, J-Z 1

for every closed p-form w on X.

(a) Suppose that ; and @, are cohomologous p-forms on X, and Z
is a compact oriented p-dimensional submanifold. Prove that

J.(Dlzj. 2.
z z

(b) Conclude that integration over Z defines a map of the cohomology
group H?(X) into R, which weé denote by

j K H?(X)—R.

is a linear functional on H*(X).

pecifically, assume that Z is the boundary
dp+ 1 dimensional submanifold-with-
of some comp

n X. ShoVw that Iz is zero on H?(X).
ompact oriented manifolds Z; and Z, in X

Check that J.z

(c) Suppose that 7 bounds; $

act oriente

boundary i
(d) Show that if the two €

wo linear functionals I and ,[ are equal.
are cobordant, then the t ] ) ;
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