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Brian Ma

[Sj] Exercise 2.1 Consider the forms a =z dx —y dy, = z de Ndy + = dy N dz,
v = z dy on R3. Calculate:

(i) aB, aby;
Proof: We have

af = (x dr —y dy)(z de Ndy + x dy N dz)
=gy de ANdx ANdy —yz dy Adx A dy + xz de Adx Ady — 2% de A dy A dz
=2 de ANdyAdz

Also, we have
afy = (—2* dx Ady AN dz)(z dy) = 0
(ii) da, dB, dv.

Proof: We have

_ Ox ox ox oy oy dy
da = (8xdx+ aycly—l— achz) A dx (8xdx+ aydy—i— (9de) A dy
=dx Ndx —dy N\ dy

=0
Similarly,
df =dzNdx Ndy+de Ndy Ndz =2 dx Ndy N dz

and
dy=dz Ndy



[Sj] Exercise 2.2 Compute the exterior derivative of the following forms. Recall
that a hat indicates that a term has to be omitted.

(i) e® = da

Proof: We have

a(ezy—i-zz )

a(€$y+z2) a(ezy—i-zQ)
d
ox T dy odz
= gVt dy A dx + 22" dz A da

d(e™+* dx) = ( dy + dz) \dx

(i) S0 a2 doy A Aday A Aday,
Proof: Let a =Y | 7 dzy A---Adz; A -+ Adz,. We have

(a2 (2
da=2(a<%’l)dx1+---+ (;)

dz,) Adzy A Adzi A A day,
i=1 O,

n
= (2w dag) Aday A--- Aday A Nday,
i=1
Note that when ¢ is odd, we interchange the variables an even number of times and
when ¢ is even, we interchange the variables an odd number of times.
Thus, by the alternating property, the terms at an odd index will be positive while
the terms at an even index will be negative. So,

do = (221 — 2w9 + 223 — -+ 2x,) dxy A -+ Ndxy,
O

[Sj] Exercise 2.5: Write the coordinates on R** as (z1,y1,To, Yo, . - -, Tn, Yn). Let
w:dxl/\dyl—|—dx2/\dy2—|—--~+da:n/\dyn:dei/\dyi
i=1
Compute w" = ww - - - w (n-fold product). (First work out the cases for n = 1,2, 3)

Proof: For n =1, we have R? with coordinates (x1,%;). Thus,
w' =w =dx; Ady

For n = 2, we have R* with coordinates (w1, 41, T2, y2). So, w = dz1 Ady; + dzs A dys.
Then,

w = dxo Ndys AN dry Adyy + dxy Ady; A dxs A dys
=2 de’l /\dyl /\dﬂ?g /\d’yg



For n = 3, we have R® with coordinates (x1,y1, T, Yo, T3, y3). Let 21 = dry Adyy, 20 =
dxy A\ dys, 23 = dxsz A dys. Then, w = 21 + 29 + 23.

Notice that a Ab=bAa for all a,b € {21, 29, 23}. Then,

w= (214 20+ 23) (21 + 22+ 23) (21 + 22 + 23)
=221 N204+221AN23+2 20N 23)(21 + 20 + 23)
=22 N29N23+2 20 N29N23+2 21\ 29\ 23
=621\ 29 A\ 23
=6 dri Ady; Adxg A dys N\ dxs N\ dys

Thus, for R?*" with coordinates (z1,y1, T2, Y2, - - -, Tn, Yn), We get

w" =nldry ANdyy Ndxg Ndys A -+ ANdx, A dy,,



