Geometry and Topology Preliminary Examination Fall 2015

Instructions: Answer seven of the following eight problems. Indicate clearly
which problems you want graded—we won’t pick your best ones for you.

1. Prove or provide a counter-example: Any integral manifold of a smooth vector field on a
manifold M is an embedded submanifold of M.

2. Let M be an n-dimensional Riemannian manifold. Define the unit tangent bundle UT (M)
of M by
UT(M) =[] {vm € TnM : |[vm]lm = 1}.
meM
Show that UT'(M) is a 2n — 1 dimensional embedded submanifold of T'M.

3. (a) Let X be a smooth vector field on a smooth manifold M. Prove or provide a counter-
example: If 8 is a closed form on M, then the Lie derivative Lx 3 of § is exact.

(b) Find the Lie derivative of the two-form 8(z,y) = (z* + y*) dzAdy on R? with respect
to the vector field X (z,y) = :cfay for k,¢ € N.

4. Show that if A is a retract of X, then the map H,,(A) — H,(X) induced by the inclusion
A C X is injective.

5. Suppose F' : M — N and G : N — P are smooth maps, and G is transverse to an
embedded submanifold X C P. Show that F is transverse to G~!(X) if and only if Go F
is transverse to X.

6. A polynomial p : C — C can be extended to a continuous map p : S? — S? of one-point
compactifications. Show that the degree of p equals the degree of p as a polynomial.

7. A connection V on the tangent bundle T'M of a smooth manifold M induces a connection
V* on the cotangent bundle T* M by requiring

X(ya) =y V'Xa+iv,va

for all smooth vector fields X and Y, and all one-forms «. Show that the condition that
V is torsion free is equivalent to the condition that for any one-form a and smooth vector
fields X and Y we have

do(X,Y) = ViaY) - Vya(X).

8. Prove or provide a counter-example: If a Lie group G acts transitively on a smooth
manifold M, then any G-equivariant vector field on M is complete.
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