with the identity map as a global trivialization). If M is a smooth manifold
then M X R* is smoothly trivial. )

Although there are many vector bundles that are not trivial, the only
one that is easy to visualize is the following.

gxample 5.2 (The Mobius Bundle). Let I = [0,1] C R be the unit
iterval, and let p: I — S' be the quotient map p(x) = €™, which iden-
tifies the two endpoints of /. Consider the “infinite strip” I X R, and let
n: [ x R — I be the projection on the first factor. Let ~ be the equiva-
lence relation on I x R that identifies each point (0,y) in the fiber over 0
with the point (1, —y) in the fiber over 1; in other words, the right-hand
edge is given a half-twist to turn it upside-down, and then is glued to the
kfi-hand edge. Let E = (I x R)/~ denote the resulting quotient space, and
ktg: I x R — E be the quotient map (Figure 5.2).

Because p o 7, is constant on each equivalence class, it descends to a
confinuous map w: £ — S'. A straightforward (if tedious) verification
shows that this makes E into a smooth real line bundle over S, called the
Mebius bundle. (One local trivialization of F is obtained in an obvious way

from the restriction of the identity map to (0,1) X R, which descends to
the quotient to yield a homeomorphism from r=1(S' ~ {1}) to (0,1) x R.

It takes & bit more work to construct a local trivialization whose domain

chudes the fiber where the gluing took place. Once this is done, the two
dinate charts defining the

Socal trivializations can be interpreted as coor -
00th structure on E. Problem 5-2 asks you to work out the details.
SIGr in the book, Problem 9-18 will suggest a more powerful. approach.)

S 0, the image under ¢ of the rectangle Ix = r] is a smooth
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