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hyperb: ind “hyperbolic cosine” suggest a connection between the
Seetion whicd ometric functions. This excursion explores the source of this con-

CCLOII, WIIICH Ieads us to o ' ¢ . B —
us to complex numbers and a famous formula of Euler (Figure 1).

: satisfies the differential equation y’
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every solution is of the form - C el for ~ (Yheary ; , — ¢! and
my = Ce' for some constant C. Observe that both y = ¢ an

y = e~ satisf > sec .
sty the second-order differential equation
/!
B

Indeed, (¢')’ = ¢' and (e~ ')’ : : : :
I eed, .(( )" = ¢' and (e~")” = (—e ') = e~. Furthermore, every solution of Eq. (2)
as L T )I — e o= X
has the for m__) = Ae' + Be™' for some constants A and B (Exercise 44).
Now let’s see what happens when we change Eq. (2) by a minus sign:

!
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In this case, y = sint and y = cos are solutions because

Recall that vy = ¢! ’
= y. In fact, we know that

(sint)” = (cost) = —sint, (cost)” = (—sint) = —cost

And as before, every solution of Eq. (3) has the form

| y=Acost + Bsint |
e .

m to be the end of the story. However, we can also write down solutions

This might see
it and y = e ''. Here,

of Eq. (3) using the exponential functions y = ¢

— _1.Since i is not a real number, €'’ is

is an imaginary complex number satisfying i :
assume that ¢!’ can be defined and that

not defined without further explanation. But let’s
the usual rules of calculus apply:
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'-ei“ni' _ AcosO+ Bsin0=A




