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<latexit sha1_base64="43DrbSgg/UGODKtiXPWtB0qRWhw=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgapgWqi4LBXEjVOgL2qFk0jttaCYzJBmhDAV/xY0LRdz6He78GzPtFFT0QOBwzr3JyfFjzpR23U9rZXVtfWOzsFXc3tnd27cPDtsqSiSFFo14JLs+UcCZgJZmmkM3lkBCn0PHn9Qzv3MPUrFINPU0Bi8kI8ECRok20sA+viV6jJtA6BgkrjNJOTjFgV1ynaqbAbuOuyS5Us6VEsrRGNgf/WFEkxCEppwo1Su7sfZSIjUzF86K/URBTOiEjKBnqCAhKC+dx5/hM6MMcRBJc4TGc/X7RkpCpaahbyZDk1b99jLxL6+X6ODKS5mIEw2CLh4KEo51hLMu8JBJoJpPDSFUMpMV0zGRhGrTWFbC8qf4f9KuOOULp3pXKdWu8zoK6ASdonNURpeohm5QA7UQRSl6RM/oxXqwnqxX620xumLlO0foB6z3L52PlKM=</latexit>

Math Teacher Circle.

<latexit sha1_base64="zqB49zbuE/865sF+4a0iiCCxTQ8=">AAAB9XicdZDLSgMxFIYz9VbrrerSTbAIrobMYNVlQRBXUsFeoB1LJj3ThmYuJJlKKX0PNy4Uceu7uPNtzLQjqOgPgZ/vnMM5+f1EcKUJ+bAKS8srq2vF9dLG5tb2Tnl3r6niVDJosFjEsu1TBYJH0NBcC2gnEmjoC2j5o4us3hqDVDyObvUkAS+kg4gHnFFt0N11PIbQB4ld4p6UeuUKsaskEyY2+TI5cXJSQbnqvfJ7tx+zNIRIM0GV6jgk0d6USs2ZgFmpmypIKBvRAXSMjWgIypvOr57hI0P6OIileZHGc/p9YkpDpSahbzpDqofqdy2Df9U6qQ7OvSmPklRDxBaLglRgHeMsAtznEpgWE2Mok9zcitmQSsq0CSoL4eun+H/TdG3n1K7euJXaZR5HER2gQ3SMHHSGaugK1VEDMSTRA3pCz9a99Wi9WK+L1oKVz+yjH7LePgGdOZFM</latexit>

November 2024

<latexit sha1_base64="q7fj3VgTeP9ryV1yNkD8BSsZNcM=">AAACCXicdVBNSwMxFMzWr7p+VT16CRbBU9ktVD0WelDQQwVbC20p2fS1Dc0mS5IVytKrF/+KFw+KePUfePPfmG23oKIDgWHmDS9vgogzbTzv08ktLa+sruXX3Y3Nre2dwu5eU8tYUWhQyaVqBUQDZwIahhkOrUgBCQMOt8G4lvq3d6A0k+LGTCLohmQo2IBRYqzUK2DsXtkoUbgmxVDFICjgcxCgiJFKu26vUPRKFS8F9kregmSKnylFlKHeK3x0+pLGIQhDOdG67XuR6SZEGUY5TN1OrCEidEyG0LZUkBB0N5ldMsVHVunjgVT2CYNn6vdEQkKtJ2FgJ0NiRvq3l4p/ee3YDM66CRNRbOyJ80WDmGMjcVoL7jMF1PCJJYQqZv+K6YgoQo0tLy1hcSn+nzTLJf+kVLkuF6uXWR15dIAO0THy0SmqogtURw1E0T16RM/oxXlwnpxX520+mnOyzD76Aef9C4fkmQI=</latexit>

Linear Congruence Generators

<latexit sha1_base64="U0YM8WsYiqIFZrHrsfJbGECsmK8=">AAACBXicbVDLSgMxFM3UVx1fVZe6CBbBVZkp+NhZUMRlFfuAdiiZ9LYNTTJDkimU0o0bf8WNC0Xc+g/u/BvTdhbaeiBwOOc+ck8Yc6aN5307maXlldW17Lq7sbm1vZPb3avqKFEUKjTikaqHRANnEiqGGQ71WAERIYda2L+a+LUBKM0i+WCGMQSCdCXrMEqMlVq5Q+zeE9mOBB5ofA0GlGDSrmX0ErutXN4reFPgReKnJI9SlFu5r2Y7ookAaSgnWjd8LzbBiCg7j8PYbSYaYkL7pAsNSyURoIPR9IoxPrZKG3ciZZ80eKr+7hgRofVQhLZSENPT895E/M9rJKZzEYyYjBMDks4WdRKOTYQnkeA2U0ANH1pCqGL2r5j2iCLUpqEnIfjzJy+SarHgnxVO74r50k0aRxYdoCN0gnx0jkroFpVRBVH0iJ7RK3pznpwX5935mJVmnLRnH/2B8/kDYjGXQA==</latexit>

Random vs Deterministic?

<latexit sha1_base64="cUXxRvQOtm5UxQ49X/IN2PWhujE=">AAAB9HicbVDLSsNAFL2pr1pfUZduBotQNyUp+FgWdeGygn1AG8pkOmmHTiZxZlIIod/hxoUibv0Yd/6N0zYLbT1w4XDOvdx7jx9zprTjfFuFtfWNza3idmlnd2//wD48aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH9/O/PaESsUi8ajTmHohHgoWMIK1kbwKuksFDhlRCJ337bJTdeZAq8TNSRlyNPr2V28QkSSkQhOOleq6Tqy9DEvNCKfTUi9RNMZkjIe0a6hZRJWXzY+eojOjDFAQSVNCo7n6eyLDoVJp6JvOEOuRWvZm4n9eN9HBtZcxESeaCrJYFCQc6QjNEkADJinRPDUEE8nMrYiMsMREm5xKJgR3+eVV0qpV3cvqxUOtXL/J4yjCCZxCBVy4gjrcQwOaQOAJnuEV3qyJ9WK9Wx+L1oKVzxzDH1ifP/PakO0=</latexit>

( Dynamics )
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<latexit sha1_base64="PxcC0fv6CPRA7cGiGKxUzYM5Eek=">AAACCXicdZBNS8MwHMbT+TbrW9Wjl+AQ5qV0g6nHoRcvwgQ3B1sZaZpuYWlSklQYZVcvfhUvHhTx6jfw5rcx3TpQ0QcCD7//S/g/QcKo0p73aZWWlldW18rr9sbm1vaOs7vXUSKVmLSxYEJ2A6QIo5y0NdWMdBNJUBwwchuML/L67R2Rigp+oycJ8WM05DSiGGmDBg68EmHKkIRVzAQeH0OIJNWjmGiKXWhDe+BUPLfh5YKe6y1MQWoFqYBCrYHz0Q8FTmPCNWZIqV7NS7SfIWk2MjK1+6kiCcJjNCQ9YzmKifKz2SVTeGRICCMhzeMazuj3iQzFSk3iwHTGSI/U71oO/6r1Uh2d+RnlSaoJx/OPopRBLWAeCwypJFiziTEImwQohniEJMLahJeHsLgU/m86dbd24jau65XmeRFHGRyAQ1AFNXAKmuAStEAbYHAPHsEzeLEerCfr1Xqbt5asYmYf/JD1/gVqFZg6</latexit>

Modular (clock) arithmetic.
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<latexit sha1_base64="gBUld1Lf91JVLWnbpQFQaZOTxBg=">AAAB83icdZDLSsNAFIZP6q3GW9Wlm8EiuApJodWNUHTjsoK9QBvKZDpph04mYWYilNDXcONCEbe+jDvfxkmbgor+MPDznXM4Z/4g4Uxp1/20SmvrG5tb5W17Z3dv/6ByeNRRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjC9yevdByoVi8W9niXUj/BYsJARrA0aeDV0hVzHtm1kDytV16m7uQxyV6YgXkGqUKg1rHwMRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1jBY6o8rPFzXN0ZsgIhbE0T2i0oN8nMhwpNYsC0xlhPVG/azn8q9ZPdXjpZ0wkqaaCLBeFKUc6RnkAaMQkJZrPjMFEMnMrIhMsMdEmpjyE1U/R/6ZTc7yGU7+rVZvXRRxlOIFTOAcPLqAJt9CCNhBI4BGe4cVKrSfr1XpbtpasYuYYfsh6/wIxkI6K</latexit>

12 = 0.

<latexit sha1_base64="Y2rcBzcXdOAU3k+CJRFaTDXNbgQ=">AAAB8XicdZDLSsNAFIZPvNZ4q7p0M1gEVyGpVN0IRTcuK9gLtqFMppN26GQSZiZCCX0LNy4UcevbuPNtnLQpqOgPAz/fOYc55w8SzpR23U9raXlldW29tGFvbm3v7Jb39lsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDsbXeb39QKVisbjTk4T6ER4KFjKCtUH33im69GzbRna/XHGdmpsLuY67MAXxClKBQo1++aM3iEkaUaEJx0p1PTfRfoalZoTTqd1LFU0wGeMh7RorcESVn802nqJjQwYojKV5QqMZ/T6R4UipSRSYzgjrkfpdy+FftW6qwws/YyJJNRVk/lGYcqRjlJ+PBkxSovnEGEwkM7siMsISE21CykNYXIr+N62q4505tdtqpX5VxFGCQziCE/DgHOpwAw1oAgEBj/AML5aynqxX623eumQVMwfwQ9b7F3D6jio=</latexit>

13 =1

<latexit sha1_base64="e6S9caX4pMSF1wd284hsUoUds3c=">AAAB+XicdZDLSsNAFIZP6q3GW9Slm8EiuApptepGLLpxWcFeoA1lMp20QyeTMDMpltA3ceNCEbe+iTvfxqRNQUV/GPj5zjmcM78Xcaa043wahaXlldW14rq5sbm1vWPt7jVVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y1usnprTKViobjXk4i6AR4I5jOCdYp6lmWaJwg9oFN0ia5ME5k9q+TYVScTcmxnYXJSzkkJctV71ke3H5I4oEITjpXqlJ1IuwmWmhFOp2Y3VjTCZIQHtJNagQOq3GR2+RQdpaSP/FCmT2g0o98nEhwoNQm8tDPAeqh+1zL4V60Ta//CTZiIYk0FmS/yY450iLIYUJ9JSjSfpAYTydJbERliiYlOw8pCWPwU/W+aFbt8ZlfvKqXadR5HEQ7gEI6hDOdQg1uoQwMIjOERnuHFSIwn49V4m7cWjHxmH37IeP8CcuCPqg==</latexit>

3 x 4 = ?

<latexit sha1_base64="a1oDsUN7uc4rHJX/yH6YQ4EgxbI=">AAAB+XicdZDLSsNAFIYn9VbjLerSzcEiCEJIC7XdiEU3LivYC7ShTKaTduhkEmYmhRL6Jm5cKOLWN3Hn25i0KajoDwM/3zmHc+b3Is6UdpxPo7C2vrG5Vdw2d3b39g+sw6O2CmNJaIuEPJRdDyvKmaAtzTSn3UhSHHicdrzJbVbvTKlULBQPehZRN8AjwXxGsE7RwLJMswYXUIcruAYwwRxYJceuOpnAsZ2VyUk5JyWUqzmwPvrDkMQBFZpwrFSv7ETaTbDUjHA6N/uxohEmEzyivdQKHFDlJovL53CWkiH4oUyf0LCg3ycSHCg1C7y0M8B6rH7XMvhXrRdrv+4mTESxpoIsF/kxBx1CFgMMmaRE81lqMJEsvRXIGEtMdBpWFsLqp/C/aVfs8qVdva+UGjd5HEV0gk7ROSqjGmqgO9RELUTQFD2iZ/RiJMaT8Wq8LVsLRj5zjH7IeP8CKZePew==</latexit>

7 + 8 = ?
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<latexit sha1_base64="3lRzRjoTg18lx9V77sDtUgA+rfU=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroa0UHVZdOOygr1AO5RMmmljM8mQZIQy9B3cuFDEre/jzrdxpp2Civ4Q+PnOOeScP4gFNxbjT2dldW19Y7O05W7v7O7tlw8O20YlmrIWVULpbkAME1yyluVWsG6sGYkCwTrB5Dqvdx6YNlzJOzuNmR+RkeQhp8RmqO262EXuoFzBXh3nQtjDS1OQakEqUKg5KH/0h4omEZOWCmJMr4pj66dEW04Fm7n9xLCY0AkZsV5mJYmY8dP5tjN0mpEhCpXOnrRoTr9PpCQyZhoFWWdE7Nj8ruXwr1ovseGln3IZJ5ZJuvgoTASyCuWnoyHXjFoxzQyhmme7IjommlCbBZSHsLwU/W/aNa967tVva5XGVRFHCY7hBM6gChfQgBtoQgso3MMjPMOLo5wn59V5W7SuOMXMEfyQ8/4FsSCNQA==</latexit>

0

<latexit sha1_base64="BvbSudv1u/6gJmsw0MTJ5XqD5pc=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroaZQtVl0Y3LCvYC7VAyaaaNzSRDkhFK6Tu4caGIW9/HnW9jpp2Civ4Q+PnOOeScP0o508b3P52V1bX1jc3Slru9s7u3Xz44bGmZKUKbRHKpOhHWlDNBm4YZTjupojiJOG1H4+u83n6gSjMp7swkpWGCh4LFjGBjUct1Axe5/XLF92p+LuR7/tIUJChIBQo1+uWP3kCSLKHCEI617gZ+asIpVoYRTmduL9M0xWSMh7RrrcAJ1eF0vu0MnVoyQLFU9gmD5vT7xBQnWk+SyHYm2Iz071oO/6p1MxNfhlMm0sxQQRYfxRlHRqL8dDRgihLDJ9ZgopjdFZERVpgYG1AewvJS9L9pVb3g3KvdViv1qyKOEhzDCZxBABdQhxtoQBMI3MMjPMOLI50n59V5W7SuOMXMEfyQ8/4FsqeNQQ==</latexit>

1

<latexit sha1_base64="BX/YB5SoDPXnDO3nTFhFKNsBJy4=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroZpoeqy6MZlBXuBdiiZNNPGZpIhyQhl6Du4caGIW9/HnW9jpp2Civ4Q+PnOOeScP0w408b3P52V1bX1jc3Slru9s7u3Xz44bGuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2Ek+u83nmgSjMp7sw0oUGMR4JFjGBjUdt1ay5yB+WK79X9XMj3/KUpSLUgFSjUHJQ/+kNJ0pgKQzjWulf1ExNkWBlGOJ25/VTTBJMJHtGetQLHVAfZfNsZOrVkiCKp7BMGzen3iQzHWk/j0HbG2Iz171oO/6r1UhNdBhkTSWqoIIuPopQjI1F+OhoyRYnhU2swUczuisgYK0yMDSgPYXkp+t+0a1713Kvf1iqNqyKOEhzDCZxBFS6gATfQhBYQuIdHeIYXRzpPzqvztmhdcYqZI/gh5/0LtC6NQg==</latexit>

2

<latexit sha1_base64="vXv2teJOrs5/HuRGiyBcw6tiaeQ=">AAAB7nicdZDLSsNAFIZP6q3GW9Wlm8EiuApJpdVl0Y3LCvYCbSiT6aQdOpmEmYlQQh/CjQtF3Po87nwbJ20KKvrDwM93zmHO+YOEM6Vd99Mqra1vbG6Vt+2d3b39g8rhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67wfQmr3cfqFQsFvd6llA/wmPBQkawNqhr2xe2jexhpeo6dTcXch13ZQriFaQKhVrDysdgFJM0okITjpXqe26i/QxLzQinc3uQKppgMsVj2jdW4IgqP1usO0dnhoxQGEvzhEYL+n0iw5FSsygwnRHWE/W7lsO/av1Uh1d+xkSSairI8qMw5UjHKL8djZikRPOZMZhIZnZFZIIlJtoklIewuhT9bzo1x2s49btatXldxFGGEziFc/DgEppwCy1oA4EpPMIzvFiJ9WS9Wm/L1pJVzBzDD1nvX+owjVc=</latexit>

3

<latexit sha1_base64="WlrdqTnUnsTPDf9Kp5SFRrWIulM=">AAAB7nicdZDLSsNAFIZP6q3GW9Wlm8EiuApJsdVl0Y3LCvYCbSiT6aQdOpmEmYlQQh/CjQtF3Po87nwbJ20KKvrDwM93zmHO+YOEM6Vd99Mqra1vbG6Vt+2d3b39g8rhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67wfQmr3cfqFQsFvd6llA/wmPBQkawNqhr2xe2jexhpeo6dTcXch13ZQriFaQKhVrDysdgFJM0okITjpXqe26i/QxLzQinc3uQKppgMsVj2jdW4IgqP1usO0dnhoxQGEvzhEYL+n0iw5FSsygwnRHWE/W7lsO/av1Uh1d+xkSSairI8qMw5UjHKL8djZikRPOZMZhIZnZFZIIlJtoklIewuhT9bzo1x2s49btatXldxFGGEziFc/DgEppwCy1oA4EpPMIzvFiJ9WS9Wm/L1pJVzBzDD1nvX+u4jVg=</latexit>

4

<latexit sha1_base64="JQIPP72VBSpnIpctHlRMLPGLoYs=">AAAB8nicdZDNSsNAFIVv6l+Nf1WXbgaL4CqkharLggvdCBVsLaShTCaTdugkE2YmQgl9DDcuFHHr07jzbZy0KajogYHDd+9l7j1BypnSrvtpVVZW19Y3qpv21vbO7l5t/6CnRCYJ7RLBhewHWFHOEtrVTHPaTyXFccDpfTC5LOr3D1QqJpI7PU2pH+NRwiJGsDbIs+0bEaKWbSN7WKu7TssthFzHXZqSNEpSh1KdYe1jEAqSxTTRhGOlvIabaj/HUjPC6cweZIqmmEzwiHrGJjimys/nK8/QiSEhioQ0L9FoTr9P5DhWahoHpjPGeqx+1wr4V83LdHTh5yxJM00TsvgoyjjSAhX3o5BJSjSfGoOJZGZXRMZYYqJNSkUIy0vR/6bXdBpnTuu2WW9flXFU4QiO4RQacA5tuIYOdIGAgEd4hhdLW0/Wq/W2aK1Y5cwh/JD1/gVwc47G</latexit>

Mod 5
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<latexit sha1_base64="3lRzRjoTg18lx9V77sDtUgA+rfU=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroa0UHVZdOOygr1AO5RMmmljM8mQZIQy9B3cuFDEre/jzrdxpp2Civ4Q+PnOOeScP4gFNxbjT2dldW19Y7O05W7v7O7tlw8O20YlmrIWVULpbkAME1yyluVWsG6sGYkCwTrB5Dqvdx6YNlzJOzuNmR+RkeQhp8RmqO262EXuoFzBXh3nQtjDS1OQakEqUKg5KH/0h4omEZOWCmJMr4pj66dEW04Fm7n9xLCY0AkZsV5mJYmY8dP5tjN0mpEhCpXOnrRoTr9PpCQyZhoFWWdE7Nj8ruXwr1ovseGln3IZJ5ZJuvgoTASyCuWnoyHXjFoxzQyhmme7IjommlCbBZSHsLwU/W/aNa967tVva5XGVRFHCY7hBM6gChfQgBtoQgso3MMjPMOLo5wn59V5W7SuOMXMEfyQ8/4FsSCNQA==</latexit>

0

<latexit sha1_base64="BvbSudv1u/6gJmsw0MTJ5XqD5pc=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroaZQtVl0Y3LCvYC7VAyaaaNzSRDkhFK6Tu4caGIW9/HnW9jpp2Civ4Q+PnOOeScP0o508b3P52V1bX1jc3Slru9s7u3Xz44bGmZKUKbRHKpOhHWlDNBm4YZTjupojiJOG1H4+u83n6gSjMp7swkpWGCh4LFjGBjUct1Axe5/XLF92p+LuR7/tIUJChIBQo1+uWP3kCSLKHCEI617gZ+asIpVoYRTmduL9M0xWSMh7RrrcAJ1eF0vu0MnVoyQLFU9gmD5vT7xBQnWk+SyHYm2Iz071oO/6p1MxNfhlMm0sxQQRYfxRlHRqL8dDRgihLDJ9ZgopjdFZERVpgYG1AewvJS9L9pVb3g3KvdViv1qyKOEhzDCZxBABdQhxtoQBMI3MMjPMOLI50n59V5W7SuOMXMEfyQ8/4FsqeNQQ==</latexit>

1

<latexit sha1_base64="BX/YB5SoDPXnDO3nTFhFKNsBJy4=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroZpoeqy6MZlBXuBdiiZNNPGZpIhyQhl6Du4caGIW9/HnW9jpp2Civ4Q+PnOOeScP0w408b3P52V1bX1jc3Slru9s7u3Xz44bGuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2Ek+u83nmgSjMp7sw0oUGMR4JFjGBjUdt1ay5yB+WK79X9XMj3/KUpSLUgFSjUHJQ/+kNJ0pgKQzjWulf1ExNkWBlGOJ25/VTTBJMJHtGetQLHVAfZfNsZOrVkiCKp7BMGzen3iQzHWk/j0HbG2Iz171oO/6r1UhNdBhkTSWqoIIuPopQjI1F+OhoyRYnhU2swUczuisgYK0yMDSgPYXkp+t+0a1713Kvf1iqNqyKOEhzDCZxBFS6gATfQhBYQuIdHeIYXRzpPzqvztmhdcYqZI/gh5/0LtC6NQg==</latexit>

2

<latexit sha1_base64="vXv2teJOrs5/HuRGiyBcw6tiaeQ=">AAAB7nicdZDLSsNAFIZP6q3GW9Wlm8EiuApJpdVl0Y3LCvYCbSiT6aQdOpmEmYlQQh/CjQtF3Po87nwbJ20KKvrDwM93zmHO+YOEM6Vd99Mqra1vbG6Vt+2d3b39g8rhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67wfQmr3cfqFQsFvd6llA/wmPBQkawNqhr2xe2jexhpeo6dTcXch13ZQriFaQKhVrDysdgFJM0okITjpXqe26i/QxLzQinc3uQKppgMsVj2jdW4IgqP1usO0dnhoxQGEvzhEYL+n0iw5FSsygwnRHWE/W7lsO/av1Uh1d+xkSSairI8qMw5UjHKL8djZikRPOZMZhIZnZFZIIlJtoklIewuhT9bzo1x2s49btatXldxFGGEziFc/DgEppwCy1oA4EpPMIzvFiJ9WS9Wm/L1pJVzBzDD1nvX+owjVc=</latexit>

3

<latexit sha1_base64="WlrdqTnUnsTPDf9Kp5SFRrWIulM=">AAAB7nicdZDLSsNAFIZP6q3GW9Wlm8EiuApJsdVl0Y3LCvYCbSiT6aQdOpmEmYlQQh/CjQtF3Po87nwbJ20KKvrDwM93zmHO+YOEM6Vd99Mqra1vbG6Vt+2d3b39g8rhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67wfQmr3cfqFQsFvd6llA/wmPBQkawNqhr2xe2jexhpeo6dTcXch13ZQriFaQKhVrDysdgFJM0okITjpXqe26i/QxLzQinc3uQKppgMsVj2jdW4IgqP1usO0dnhoxQGEvzhEYL+n0iw5FSsygwnRHWE/W7lsO/av1Uh1d+xkSSairI8qMw5UjHKL8djZikRPOZMZhIZnZFZIIlJtoklIewuhT9bzo1x2s49btatXldxFGGEziFc/DgEppwCy1oA4EpPMIzvFiJ9WS9Wm/L1pJVzBzDD1nvX+u4jVg=</latexit>

4

<latexit sha1_base64="JQIPP72VBSpnIpctHlRMLPGLoYs=">AAAB8nicdZDNSsNAFIVv6l+Nf1WXbgaL4CqkharLggvdCBVsLaShTCaTdugkE2YmQgl9DDcuFHHr07jzbZy0KajogYHDd+9l7j1BypnSrvtpVVZW19Y3qpv21vbO7l5t/6CnRCYJ7RLBhewHWFHOEtrVTHPaTyXFccDpfTC5LOr3D1QqJpI7PU2pH+NRwiJGsDbIs+0bEaKWbSN7WKu7TssthFzHXZqSNEpSh1KdYe1jEAqSxTTRhGOlvIabaj/HUjPC6cweZIqmmEzwiHrGJjimys/nK8/QiSEhioQ0L9FoTr9P5DhWahoHpjPGeqx+1wr4V83LdHTh5yxJM00TsvgoyjjSAhX3o5BJSjSfGoOJZGZXRMZYYqJNSkUIy0vR/6bXdBpnTuu2WW9flXFU4QiO4RQacA5tuIYOdIGAgEd4hhdLW0/Wq/W2aK1Y5cwh/JD1/gVwc47G</latexit>

Mod 5

 

1 mod 5

I

2
r

a 10
v

3 7 4

0 1 2 3 4 0
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<latexit sha1_base64="fyc32IVuSnXkydseZW3heP9JnGc=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GSyCq5IUfCwLLtRdBfuANpTJ9KYdOnkwcyOU2IW/4saFIm79DXf+jUmbhbYeuHA4517uvceLpdBo29/G0vLK6tp6acPc3Nre2bX29ps6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6Hlja5yv/UASosovMdxDG7ABqHwBWeYST3r0DRvERRDoDgEGrCYmiY1e1bZrthT0EXiFKRMCtR71le3H/EkgBC5ZFp3HDtGN2UKBZcwMbuJhpjxERtAJ6MhC0C76fT+CT3JlD71I5VViHSq/p5IWaD1OPCyzoDhUM97ufif10nQv3RTEcYJQshni/xEUoxoHgbtCwUc5TgjjCuR3Ur5kCnGs0h0HoIz//IiaVYrznnl7K5arl0XcZTIETkmp8QhF6RGbkidNAgnj+SZvJI348l4Md6Nj1nrklHMHJA/MD5/ABIlk5M=</latexit>

Iterate the map

<latexit sha1_base64="HK43ItBGXvAjnaztaQo7F6kxToc=">AAACFHicbVDLSsNAFJ3UV42vqks3F4vQUiiJWnUjFFzosoJ9QFvKZDJph04enZlIS+hHuPFX3LhQxK0Ld/6NSVtBWw9cOHPOvcy9xwo4k8owvrTU0vLK6lp6Xd/Y3Nreyezu1aQfCkKrxOe+aFhYUs48WlVMcdoIBMWuxWnd6l8lfv2eCsl8706NAtp2cddjDiNYxVInU9B1JzfMwyWcwBAKJrQGgxDbADnXt38epTzoOuidTNYoGhPAIjFnJItmqHQyny3bJ6FLPUU4lrJpGoFqR1goRjgd661Q0gCTPu7SZkw97FLZjiZHjeEoVmxwfBGXp2Ci/p6IsCvlyLXiThernpz3EvE/rxkq56IdMS8IFfXI9CMn5KB8SBICmwlKFB/FBBPB4l2B9LDARMU5JiGY8ycvktpx0Twrlm5Ps+XrWRxpdIAOUQ6Z6ByV0Q2qoCoi6AE9oRf0qj1qz9qb9j5tTWmzmX30B9rHN+rUmSM=</latexit>

f(x) = 3x+ 1 (mod 5)

<latexit sha1_base64="DggwReIc04hXySRS4B3v6EQFexo="></latexit>

in other words xn+1 = 3xn + 1 (mod 5)
<latexit sha1_base64="Q/KgexB0gYTqv6kVhMqA/pFSWi0=">AAACC3icbVC7TsMwFHV4lvAKMLJYbZAYqiopzwWpEgOMRaIPqY0ix3Vaq44T2Q5QRd1Z+BUWBhBi5QfY+BuSNgO0nOnonHt17zlexKhUlvWtLSwuLa+sFtb09Y3NrW1jZ7cpw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW94mfmtOyIkDfmtGkXECVCfU59ipFLJNYq6fk/VAJoPLoUX0Crb5WoZHpkwFNA8NnUd6q5RsirWBHCe2DkpgRx11/jq9kIcB4QrzJCUHduKlJMgoShmZKx3Y0kihIeoTzop5Sgg0kkmWcbwIFV60E/P+yFXcKL+3khQIOUo8NLJAKmBnPUy8T+vEyv/3Ekoj2JFOJ4e8mMGVQizYmCPCoIVG6UEYUHTXyEeIIGwSuvLSrBnI8+TZrVin1ZObqql2lVeRwHsgyI4BDY4AzVwDeqgATB4BM/gFbxpT9qL9q59TEcXtHxnD/yB9vkD8dmVRg==</latexit>

with xi = 0, 1, 2, 3 or 4

<latexit sha1_base64="R7YKlfbrWtOky8qVFiYMsATAc1Q=">AAACGHicbVDLThtBEJzlFbPhYcgxlxYWUk5mFykhysmIQ3IkEjZItmXNjtt45HmsZnojrSx/Bhd+hQsHIsSVW/4m48cBDCW1VKrqVndXlivpKUn+RSura+sbHyqb8cet7Z3d6t5+y9vCCWwKq6y7yrhHJQ02SZLCq9wh15nCy2x0NvUv/6Dz0poLKnPsan5t5EAKTkHqVY/i+BS81LlC6JeG6+Ao8KUn1GAN0BBBKCtGPwDiGOJetZbUkxngLUkXpMYWOO9Vnzt9KwqNhoTi3rfTJKfumDuSQuEk7hQecy5G/BrbgYYL0HfHs8cmcBiUPgysC2UIZurLiTHX3pc6C52a09Ave1PxPa9d0OB7dyxNXhAaMV80KBSQhWlK0JcOBakyEC6cDLeCGHLHBYUspyGkyy+/Ja3jevqt/vX3ca3xcxFHhX1mB+wLS9kJa7Bf7Jw1mWA37I49sL/RbXQfPUZP89aVaDHzib1C9PwfRM2dZg==</latexit>

A simple dynamical system on the clock:



21

<latexit sha1_base64="0225PkPzeij2iwW97LCg0nlDofM=">AAACEnicbVDLSsNAFJ34rPEVdelmsBXaTUkKPnYtuNBlBfuAtpTJ9KYZOsmEmYlSSr/Bjb/ixoUibl25829M2iy09cCFwzn3cu89bsSZ0rb9baysrq1vbOa2zO2d3b196+CwqUQsKTSo4EK2XaKAsxAammkO7UgCCVwOLXd0lfqte5CKifBOjyPoBWQYMo9RohOpb5VMs+WDBDwQoLCNh6KKWRnwg080ZgoXvKJdKlRNbPatvF22Z8DLxMlIHmWo962v7kDQOIBQU06U6jh2pHsTIjWjHKZmN1YQEToiQ+gkNCQBqN5k9tIUnybKAHtCJhVqPFN/T0xIoNQ4cJPOgGhfLXqp+J/XibV32ZuwMIo1hHS+yIs51gKn+eABk0A1HyeEUMmSWzH1iSRUJymmITiLLy+TZqXsnJfPbiv52nUWRw4doxNURA66QDV0g+qogSh6RM/oFb0ZT8aL8W58zFtXjGzmCP2B8fkDKhyZXw==</latexit>

Where does 0 go? i.e what is f(0)?

<latexit sha1_base64="0YNdXptV0bCtUSAscEK9UfpxAxE=">AAAB7nicbVDLSsNAFL2prxpfVZduBovgqiQFHzsLLnRZwT6gDWUynbRDJ5NhZiKU0I9w40IRt36PO//GSZuFth64cDjnXu69J5ScaeN5305pbX1jc6u87e7s7u0fVA6P2jpJFaEtkvBEdUOsKWeCtgwznHalojgOOe2Ek9vc7zxRpVkiHs1U0iDGI8EiRrCxUsd1/RsXuYNK1at5c6BV4hekCgWag8pXf5iQNKbCEI617vmeNEGGlWGE05nbTzWVmEzwiPYsFTimOsjm587QmVWGKEqULWHQXP09keFY62kc2s4Ym7Fe9nLxP6+Xmug6yJiQqaGCLBZFKUcmQfnvaMgUJYZPLcFEMXsrImOsMDE2oTwEf/nlVdKu1/zL2sVDvdq4K+Iowwmcwjn4cAUNuIcmtIDABJ7hFd4c6bw4787HorXkFDPH8AfO5w8rEY2F</latexit>

1?
<latexit sha1_base64="x64TicN94k5wqaci8ka8zoMD0YM=">AAAB9HicbVDLSsNAFL2prxpfVZduBovgopSkPncWXOiygn1AG8pkOm2HTiZxZlIood/hxoUibv0Yd/6NkzYLbT1w4XDOvdx7jx9xprTjfFu5ldW19Y38pr21vbO7V9g/aKgwloTWSchD2fKxopwJWtdMc9qKJMWBz2nTH92mfnNMpWKheNSTiHoBHgjWZwRrI3m2XSmdodI5urGR3S0UnbIzA1ombkaKkKHWLXx1eiGJAyo04ViptutE2kuw1IxwOrU7saIRJiM8oG1DBQ6o8pLZ0VN0YpQe6ofSlNBopv6eSHCg1CTwTWeA9VAteqn4n9eOdf/aS5iIYk0FmS/qxxzpEKUJoB6TlGg+MQQTycytiAyxxESbnNIQ3MWXl0mjUnYvyxcPlWL1LosjD0dwDKfgwhVU4R5qUAcCT/AMr/Bmja0X6936mLfmrGzmEP7A+vwBlSWOwQ==</latexit>

2,3 ,4 ?

<latexit sha1_base64="Bgl1GnpZ6FrlblwXzEBdzlX/PT8=">AAAB/XicbVDLSsNAFJ34rPEVHzs3g0VwVZKCj50FF7qsYB/QhnIznTRDJ5MwMxFqKP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPUHKmdKu+20tLa+srq2XNuzNre2dXWdvv6mSTBLaIAlPZDsARTkTtKGZ5rSdSgpxwGkrGF5P/NYDlYol4l6PUurHMBAsZAS0kXrOoW23ItA4gjSlQl1h28Z2zym7FXcKvEi8gpRRgXrP+er2E5LFVGjCQamO56baz0FqRjgd291M0RTIEAa0Y6iAmCo/n14/xidG6eMwkaaExlP190QOsVKjODCdMehIzXsT8T+vk+nw0s+ZSDNNBZktCjOOdYInUeA+k5RoPjIEiGTmVkwikEC0CWwSgjf/8iJpViveeeXsrlqu3RRxlNAROkanyEMXqIZuUR01EEGP6Bm9ojfryXqx3q2PWeuSVcwcoD+wPn8AtqWS1A==</latexit>

What happens?



21

<latexit sha1_base64="3lRzRjoTg18lx9V77sDtUgA+rfU=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroa0UHVZdOOygr1AO5RMmmljM8mQZIQy9B3cuFDEre/jzrdxpp2Civ4Q+PnOOeScP4gFNxbjT2dldW19Y7O05W7v7O7tlw8O20YlmrIWVULpbkAME1yyluVWsG6sGYkCwTrB5Dqvdx6YNlzJOzuNmR+RkeQhp8RmqO262EXuoFzBXh3nQtjDS1OQakEqUKg5KH/0h4omEZOWCmJMr4pj66dEW04Fm7n9xLCY0AkZsV5mJYmY8dP5tjN0mpEhCpXOnrRoTr9PpCQyZhoFWWdE7Nj8ruXwr1ovseGln3IZJ5ZJuvgoTASyCuWnoyHXjFoxzQyhmme7IjommlCbBZSHsLwU/W/aNa967tVva5XGVRFHCY7hBM6gChfQgBtoQgso3MMjPMOLo5wn59V5W7SuOMXMEfyQ8/4FsSCNQA==</latexit>

0

<latexit sha1_base64="BvbSudv1u/6gJmsw0MTJ5XqD5pc=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroaZQtVl0Y3LCvYC7VAyaaaNzSRDkhFK6Tu4caGIW9/HnW9jpp2Civ4Q+PnOOeScP0o508b3P52V1bX1jc3Slru9s7u3Xz44bGmZKUKbRHKpOhHWlDNBm4YZTjupojiJOG1H4+u83n6gSjMp7swkpWGCh4LFjGBjUct1Axe5/XLF92p+LuR7/tIUJChIBQo1+uWP3kCSLKHCEI617gZ+asIpVoYRTmduL9M0xWSMh7RrrcAJ1eF0vu0MnVoyQLFU9gmD5vT7xBQnWk+SyHYm2Iz071oO/6p1MxNfhlMm0sxQQRYfxRlHRqL8dDRgihLDJ9ZgopjdFZERVpgYG1AewvJS9L9pVb3g3KvdViv1qyKOEhzDCZxBABdQhxtoQBMI3MMjPMOLI50n59V5W7SuOMXMEfyQ8/4FsqeNQQ==</latexit>

1

<latexit sha1_base64="BX/YB5SoDPXnDO3nTFhFKNsBJy4=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroZpoeqy6MZlBXuBdiiZNNPGZpIhyQhl6Du4caGIW9/HnW9jpp2Civ4Q+PnOOeScP0w408b3P52V1bX1jc3Slru9s7u3Xz44bGuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2Ek+u83nmgSjMp7sw0oUGMR4JFjGBjUdt1ay5yB+WK79X9XMj3/KUpSLUgFSjUHJQ/+kNJ0pgKQzjWulf1ExNkWBlGOJ25/VTTBJMJHtGetQLHVAfZfNsZOrVkiCKp7BMGzen3iQzHWk/j0HbG2Iz171oO/6r1UhNdBhkTSWqoIIuPopQjI1F+OhoyRYnhU2swUczuisgYK0yMDSgPYXkp+t+0a1713Kvf1iqNqyKOEhzDCZxBFS6gATfQhBYQuIdHeIYXRzpPzqvztmhdcYqZI/gh5/0LtC6NQg==</latexit>

2

<latexit sha1_base64="vXv2teJOrs5/HuRGiyBcw6tiaeQ=">AAAB7nicdZDLSsNAFIZP6q3GW9Wlm8EiuApJpdVl0Y3LCvYCbSiT6aQdOpmEmYlQQh/CjQtF3Po87nwbJ20KKvrDwM93zmHO+YOEM6Vd99Mqra1vbG6Vt+2d3b39g8rhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67wfQmr3cfqFQsFvd6llA/wmPBQkawNqhr2xe2jexhpeo6dTcXch13ZQriFaQKhVrDysdgFJM0okITjpXqe26i/QxLzQinc3uQKppgMsVj2jdW4IgqP1usO0dnhoxQGEvzhEYL+n0iw5FSsygwnRHWE/W7lsO/av1Uh1d+xkSSairI8qMw5UjHKL8djZikRPOZMZhIZnZFZIIlJtoklIewuhT9bzo1x2s49btatXldxFGGEziFc/DgEppwCy1oA4EpPMIzvFiJ9WS9Wm/L1pJVzBzDD1nvX+owjVc=</latexit>

3

<latexit sha1_base64="WlrdqTnUnsTPDf9Kp5SFRrWIulM=">AAAB7nicdZDLSsNAFIZP6q3GW9Wlm8EiuApJsdVl0Y3LCvYCbSiT6aQdOpmEmYlQQh/CjQtF3Po87nwbJ20KKvrDwM93zmHO+YOEM6Vd99Mqra1vbG6Vt+2d3b39g8rhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67wfQmr3cfqFQsFvd6llA/wmPBQkawNqhr2xe2jexhpeo6dTcXch13ZQriFaQKhVrDysdgFJM0okITjpXqe26i/QxLzQinc3uQKppgMsVj2jdW4IgqP1usO0dnhoxQGEvzhEYL+n0iw5FSsygwnRHWE/W7lsO/av1Uh1d+xkSSairI8qMw5UjHKL8djZikRPOZMZhIZnZFZIIlJtoklIewuhT9bzo1x2s49btatXldxFGGEziFc/DgEppwCy1oA4EpPMIzvFiJ9WS9Wm/L1pJVzBzDD1nvX+u4jVg=</latexit>

4

<latexit sha1_base64="JQIPP72VBSpnIpctHlRMLPGLoYs=">AAAB8nicdZDNSsNAFIVv6l+Nf1WXbgaL4CqkharLggvdCBVsLaShTCaTdugkE2YmQgl9DDcuFHHr07jzbZy0KajogYHDd+9l7j1BypnSrvtpVVZW19Y3qpv21vbO7l5t/6CnRCYJ7RLBhewHWFHOEtrVTHPaTyXFccDpfTC5LOr3D1QqJpI7PU2pH+NRwiJGsDbIs+0bEaKWbSN7WKu7TssthFzHXZqSNEpSh1KdYe1jEAqSxTTRhGOlvIabaj/HUjPC6cweZIqmmEzwiHrGJjimys/nK8/QiSEhioQ0L9FoTr9P5DhWahoHpjPGeqx+1wr4V83LdHTh5yxJM00TsvgoyjjSAhX3o5BJSjSfGoOJZGZXRMZYYqJNSkUIy0vR/6bXdBpnTuu2WW9flXFU4QiO4RQacA5tuIYOdIGAgEd4hhdLW0/Wq/W2aK1Y5cwh/JD1/gVwc47G</latexit>

Mod 5
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<latexit sha1_base64="3lRzRjoTg18lx9V77sDtUgA+rfU=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroa0UHVZdOOygr1AO5RMmmljM8mQZIQy9B3cuFDEre/jzrdxpp2Civ4Q+PnOOeScP4gFNxbjT2dldW19Y7O05W7v7O7tlw8O20YlmrIWVULpbkAME1yyluVWsG6sGYkCwTrB5Dqvdx6YNlzJOzuNmR+RkeQhp8RmqO262EXuoFzBXh3nQtjDS1OQakEqUKg5KH/0h4omEZOWCmJMr4pj66dEW04Fm7n9xLCY0AkZsV5mJYmY8dP5tjN0mpEhCpXOnrRoTr9PpCQyZhoFWWdE7Nj8ruXwr1ovseGln3IZJ5ZJuvgoTASyCuWnoyHXjFoxzQyhmme7IjommlCbBZSHsLwU/W/aNa967tVva5XGVRFHCY7hBM6gChfQgBtoQgso3MMjPMOLo5wn59V5W7SuOMXMEfyQ8/4FsSCNQA==</latexit>

0

<latexit sha1_base64="BvbSudv1u/6gJmsw0MTJ5XqD5pc=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroaZQtVl0Y3LCvYC7VAyaaaNzSRDkhFK6Tu4caGIW9/HnW9jpp2Civ4Q+PnOOeScP0o508b3P52V1bX1jc3Slru9s7u3Xz44bGmZKUKbRHKpOhHWlDNBm4YZTjupojiJOG1H4+u83n6gSjMp7swkpWGCh4LFjGBjUct1Axe5/XLF92p+LuR7/tIUJChIBQo1+uWP3kCSLKHCEI617gZ+asIpVoYRTmduL9M0xWSMh7RrrcAJ1eF0vu0MnVoyQLFU9gmD5vT7xBQnWk+SyHYm2Iz071oO/6p1MxNfhlMm0sxQQRYfxRlHRqL8dDRgihLDJ9ZgopjdFZERVpgYG1AewvJS9L9pVb3g3KvdViv1qyKOEhzDCZxBABdQhxtoQBMI3MMjPMOLI50n59V5W7SuOMXMEfyQ8/4FsqeNQQ==</latexit>

1
<latexit sha1_base64="BX/YB5SoDPXnDO3nTFhFKNsBJy4=">AAAB7XicdZDLSgMxFIbPeK3jrerSTbAIroZpoeqy6MZlBXuBdiiZNNPGZpIhyQhl6Du4caGIW9/HnW9jpp2Civ4Q+PnOOeScP0w408b3P52V1bX1jc3Slru9s7u3Xz44bGuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2Ek+u83nmgSjMp7sw0oUGMR4JFjGBjUdt1ay5yB+WK79X9XMj3/KUpSLUgFSjUHJQ/+kNJ0pgKQzjWulf1ExNkWBlGOJ25/VTTBJMJHtGetQLHVAfZfNsZOrVkiCKp7BMGzen3iQzHWk/j0HbG2Iz171oO/6r1UhNdBhkTSWqoIIuPopQjI1F+OhoyRYnhU2swUczuisgYK0yMDSgPYXkp+t+0a1713Kvf1iqNqyKOEhzDCZxBFS6gATfQhBYQuIdHeIYXRzpPzqvztmhdcYqZI/gh5/0LtC6NQg==</latexit>

2

<latexit sha1_base64="vXv2teJOrs5/HuRGiyBcw6tiaeQ=">AAAB7nicdZDLSsNAFIZP6q3GW9Wlm8EiuApJpdVl0Y3LCvYCbSiT6aQdOpmEmYlQQh/CjQtF3Po87nwbJ20KKvrDwM93zmHO+YOEM6Vd99Mqra1vbG6Vt+2d3b39g8rhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67wfQmr3cfqFQsFvd6llA/wmPBQkawNqhr2xe2jexhpeo6dTcXch13ZQriFaQKhVrDysdgFJM0okITjpXqe26i/QxLzQinc3uQKppgMsVj2jdW4IgqP1usO0dnhoxQGEvzhEYL+n0iw5FSsygwnRHWE/W7lsO/av1Uh1d+xkSSairI8qMw5UjHKL8djZikRPOZMZhIZnZFZIIlJtoklIewuhT9bzo1x2s49btatXldxFGGEziFc/DgEppwCy1oA4EpPMIzvFiJ9WS9Wm/L1pJVzBzDD1nvX+owjVc=</latexit>

3
<latexit sha1_base64="WlrdqTnUnsTPDf9Kp5SFRrWIulM=">AAAB7nicdZDLSsNAFIZP6q3GW9Wlm8EiuApJsdVl0Y3LCvYCbSiT6aQdOpmEmYlQQh/CjQtF3Po87nwbJ20KKvrDwM93zmHO+YOEM6Vd99Mqra1vbG6Vt+2d3b39g8rhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67wfQmr3cfqFQsFvd6llA/wmPBQkawNqhr2xe2jexhpeo6dTcXch13ZQriFaQKhVrDysdgFJM0okITjpXqe26i/QxLzQinc3uQKppgMsVj2jdW4IgqP1usO0dnhoxQGEvzhEYL+n0iw5FSsygwnRHWE/W7lsO/av1Uh1d+xkSSairI8qMw5UjHKL8djZikRPOZMZhIZnZFZIIlJtoklIewuhT9bzo1x2s49btatXldxFGGEziFc/DgEppwCy1oA4EpPMIzvFiJ9WS9Wm/L1pJVzBzDD1nvX+u4jVg=</latexit>

4
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<latexit sha1_base64="4O4siJQYpeLgfECWOAoGYxyL6Y8=">AAACEnicbVDLSgMxFM3UV62vUZdugq2gUMpMwcey6MZlBfuAtgyZTNqGZjJDckctpd/gxl9x40IRt67c+Tdm2i609UDI4Zx7SO7xY8E1OM63lVlaXlldy67nNja3tnfs3b26jhJFWY1GIlJNn2gmuGQ14CBYM1aMhL5gDX9wlfqNO6Y0j+QtDGPWCUlP8i6nBIzk2Sf3HPq48ODJIsakiGkBExngQmhuITCXwHomnsM5z847JWcCvEjcGcmjGaqe/dUOIpqETAIVROuW68TQGREFnAo2zrUTzWJCB6THWoZKEjLdGU1WGuMjowS4GylzJOCJ+jsxIqHWw9A3kyGBvp73UvE/r5VA96Iz4jJOgEk6faibCAwRTvvBAVeMghgaQqji5q+Y9okiFNIaTAnu/MqLpF4uuWel05tyvnI5qyOLDtAhOkYuOkcVdI2qqIYoekTP6BW9WU/Wi/VufUxHM9Yss4/+wPr8Acf+mmg=</latexit>

with xn, a, c and m all integers

<latexit sha1_base64="iU4y3HaCHub4pIxXB07FOK4FJvM="></latexit>

xn+1 = axn + c (mod m)

<latexit sha1_base64="vkSUZi2bHbYH6sVdpdsqww0ikVo=">AAACFXicbVC7SgNBFJ31GeNr1dJmMAgWIewGfGAVTBGLFBHMA5IQZid3kyGzM8vMrBBCfsLGX7GxUMRWsPNvnDwKTbzV4Zx7uPecIOZMG8/7dlZW19Y3NlNb6e2d3b199+CwpmWiKFSp5FI1AqKBMwFVwwyHRqyARAGHejAoTvT6AyjNpLg3wxjaEekJFjJKjKU6brZsjUThohQ9lYCggEsgQBEjlc5iqXC5WNL4GuM0TnfcjJfzpoOXgT8HGTSfSsf9anUlTSIQhnKiddP3YtMeEWUY5TBOtxINMaED0oOmhYJEoNujaaoxPrVMF4f2hVAKg6fsb8eIRFoPo8BuRsT09aI2If/TmokJr9ojJuLE2MCzQ2HCsZF4UhHuMgXU8KEFhCpmf8W0TxShxhY5KcFfjLwMavmcf5E7v8tnCjfzOlLoGJ2gM+SjS1RAt6iCqoiiR/SMXtGb8+S8OO/Ox2x1xZl7jtCfcT5/AKvRnI0=</latexit>

Linear Congruence Generators, or LCGs :

<latexit sha1_base64="JGXi8SxYOymVUfCLekL1cApKtss="></latexit>

f(x) = ax+ c; with x 2 Zm = {0, 1, 2, . . . ,m� 1}
<latexit sha1_base64="3RigvN/uZlutUCRUnxJwMy5toWI=">AAACFHicbVDLSsNAFJ34rPEVdelmsBUEoSQFH7gquNBlBfvAJoTJdNIOnUzCzEQooR/hxl9x40IRty7c+TdO2ixs64GBwzn3MvecIGFUKtv+MZaWV1bX1ksb5ubW9s6utbffknEqMGnimMWiEyBJGOWkqahipJMIgqKAkXYwvM799iMRksb8Xo0S4kWoz2lIMVJa8q1TU8awEl7BzI2QGgQBfBj7EXRVPKtUTGj6Vtmu2hPAReIUpAwKNHzr2+3FOI0IV5ghKbuOnSgvQ0JRzMjYdFNJEoSHqE+6mnIUEellk1BjeKyVHgxjoR9XcKL+3chQJOUoCvRkfqec93LxP6+bqvDSyyhPUkU4nn4UpgzqyHlDsEcFwYqNNEFYUH0rxAMkEFa6x7wEZz7yImnVqs559eyuVq7fFHWUwCE4AifAARegDm5BAzQBBk/gBbyBd+PZeDU+jM/p6JJR7ByAGRhfv+fUnD0=</latexit>

so f : Zm ! Zm

<latexit sha1_base64="OpdtRf3J5aJEXhhA/zav1zIV4to=">AAACDXicbVC7TsNAEDzzDOYVoKQ5kaBQRXYkHmUkCiiDRB4itpzzZZOccj5bd2dEZOUHaPgVGgoQoqWn42+wkxSQMNJKo5ld7e74EWdKW9a3sbS8srq2ntswN7e2d3bze/sNFcaSQp2GPJQtnyjgTEBdM82hFUkggc+h6Q8vM795D1KxUNzqUQRuQPqC9RglOpW8fNHsdBRAt1TCxQfPwg4TOHECoge+j+/GXlA0senlC1bZmgAvEntGCmiGmpf/crohjQMQmnKiVNu2Iu0mRGpGOYxNJ1YQETokfWinVJAAlJtMvhnj41Tp4l4o0xIaT9TfEwkJlBoFftqZ3anmvUz8z2vHunfhJkxEsQZBp4t6Mcc6xFk0uMskUM1HKSFUsvRWTAdEEqrTALMQ7PmXF0mjUrbPyqc3lUL1ahZHDh2iI3SCbHSOquga1VAdUfSIntErejOejBfj3fiYti4Zs5kD9AfG5w/wMpj3</latexit>

“seed” x0 2 Zm

<latexit sha1_base64="TIcNTBRM7LMAwG3kJF0/j92bqVQ=">AAACEXicbVDLSsNAFJ3UV42vqEs3g0WoICUpvjZCwYUuK9gHtCFMJpN26CQTZibSUvoLbvwVNy4UcevOnX/jpM1CWw8MnHvOvdy5x08Ylcq2v43C0vLK6lpx3dzY3NresXb3mpKnApMG5oyLto8kYTQmDUUVI+1EEBT5jLT8wXXmtx6IkJTH92qUEDdCvZiGFCOlJc8qm0PPgVcwLA89+/gEwqFXzUtHl10WcCWhCU3PKtkVewq4SJyclECOumd9dQOO04jECjMkZcexE+WOkVAUMzIxu6kkCcID1CMdTWMUEemOpxdN4JFWAhhyoV+s4FT9PTFGkZSjyNedEVJ9Oe9l4n9eJ1XhpTumcZIqEuPZojBlUHGYxQMDKghWbKQJwoLqv0LcRwJhpUPMQnDmT14kzWrFOa+c3Z2Wajd5HEVwAA5BGTjgAtTALaiDBsDgETyDV/BmPBkvxrvxMWstGPnMPvgD4/MHc0GYag==</latexit>

x1 = f(x0), x2 = f(x1), . . .
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<latexit sha1_base64="Qh68rUwRI7TbZCWc1U3Y+zlCGP4=">AAAB8nicdZDLSgMxFIYz9VbrrerSTbAIroaZQtVlUQRBxXqpLUyHkkkzbWgmGZKMUIY+hhsXirj1adz5NmbaKajoD4Gf75xDzvmDmFGlHefTKszNLywuFZdLK6tr6xvlza17JRKJSRMLJmQ7QIowyklTU81IO5YERQEjrWB4ktVbD0QqKvidHsXEj1Cf05BipA3yGjdXxxenl7c2hN1yxbFrTibo2M7M5MTNSQXkanTLH52ewElEuMYMKeW5Tqz9FElNMSPjUidRJEZ4iPrEM5ajiCg/naw8hnuG9GAopHlcwwn9PpGiSKlRFJjOCOmB+l3L4F81L9HhkZ9SHieacDz9KEwY1AJm98MelQRrNjIGYUnNrhAPkERYm5RKJoTZpfB/c1+13QO7dl2t1M/zOIpgB+yCfeCCQ1AHZ6ABmgADAR7BM3ixtPVkvVpv09aClc9sgx+y3r8ADDaP1Q==</latexit>

PROBLEMS.
<latexit sha1_base64="OZmBjeO05or6IXgcGSBYi4BynYo="></latexit>

Assume a 6= 1 in the following.

<latexit sha1_base64="NT+KvMgiwUwq56h09iXSQlOVtHM="></latexit>

1. Working modulo 5:
Describe the orbit structure of x 7! 4x+ 1 mod 5.

<latexit sha1_base64="/d5KpFW/Gh6bw56PXEm7xR65ugg="></latexit>

2. Working modulo 8:
Describe the orbit structure of x 7! 5x+ 1 ( mod 8. )

<latexit sha1_base64="/+zzSYjqaoXXS5DC5lNXjeDzmMQ="></latexit>

3. Work modulo m = 5. Show that every LCG

xn+1 = axn + c (mod 5)

has a fixed point with the single exception of xn+1 = xn + 1.
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4 Generalize the statement of
problem 3 by replacing
m 5 by m

any prime

5 Prove it

Terminology so far

orbit fixed point
transitive

from number theory
modulo modular arithmetic

Im or Z mZ

which we represent by
0,1 2,3 m 1 or a clock

j
m



21

<latexit sha1_base64="dsok7JRCuIHEYyzSazsk5RUNnC8=">AAAB9XicbVDLSsNAFL2prxpfVZduBlvBVUkqPjZC0Y3LCvYBbVom00k7dCYJMxOlhP6HGxeKuPVf3Pk3TtsstPXAhcM593LvPX7MmdKO823lVlbX1jfym/bW9s7uXmH/oKGiRBJaJxGPZMvHinIW0rpmmtNWLCkWPqdNf3Q79ZuPVCoWhQ96HFNP4EHIAkawNlLXRiWBrlGlm565k1KvUHTKzgxombgZKUKGWq/w1elHJBE01IRjpdquE2svxVIzwunE7iSKxpiM8IC2DQ2xoMpLZ1dP0IlR+iiIpKlQo5n6eyLFQqmx8E2nwHqoFr2p+J/XTnRw5aUsjBNNQzJfFCQc6QhNI0B9JinRfGwIJpKZWxEZYomJNkHZJgR38eVl0qiU3Yvy+X2lWL3J4sjDERzDKbhwCVW4gxrUgYCEZ3iFN+vJerHerY95a87KZg7hD6zPHx7QkFY=</latexit>

m = 231

<latexit sha1_base64="VXBnQvn0QjWalUksUZc7KYgmDvA=">AAAB+nicbVDLSgMxFM3UVx1fU126CbaCG8tMxcdGKLpxWcE+oB1LJs20oUlmSDJKGfspblwo4tYvceffmLaz0NYDFw7n3Mu99wQxo0q77reVW1peWV3Lr9sbm1vbO05ht6GiRGJSxxGLZCtAijAqSF1TzUgrlgTxgJFmMLye+M0HIhWNxJ0excTnqC9oSDHSRuo6BRuWOLyElfv0xBsfQ6/UdYpu2Z0CLhIvI0WQodZ1vjq9CCecCI0ZUqrtubH2UyQ1xYyM7U6iSIzwEPVJ21CBOFF+Oj19DA+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eO9HhhZ9SESeaCDxbFCYM6ghOcoA9KgnWbGQIwpKaWyEeIImwNmnZJgRv/uVF0qiUvbPy6W2lWL3K4siDfXAAjoAHzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH7PWnJXN7IE/sD5/AM8ukSM=</latexit>

m = 231 � 1 <latexit sha1_base64="loqTn49XkxeBL+21fZ/sySu+nP8=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1iEuilJwcey6MaNUME+oA1lMr1ph04mYWYilFDwV9y4UMSt3+HOv3HaZqGtBwYO55zLvXOChDOlXffbKqysrq1vFDftre2d3T1n/6Cp4lRSaNCYx7IdEAWcCWhopjm0EwkkCji0gtHN1G89glQsFg96nIAfkYFgIaNEG6nnHNllTPCdSYAQgBPJIjjDPafkVtwZ8DLxclJCOeo956vbj2kagdCUE6U6nptoPyNSM8phYndTBQmhIzKAjqGCRKD8bHb+BJ8apY/DWJonNJ6pvycyEik1jgKTjIgeqkVvKv7ndVIdXvkZE0mqQdD5ojDlWMd42gXuMwlU87EhhEpmbsV0SCSh2vRhmxK8xS8vk2a14l1Uzu+rpdp1XkcRHaMTVEYeukQ1dIvqqIEoytAzekVv1pP1Yr1bH/NowcpnDtEfWJ8/x7iUGw==</latexit>

( a Mersenne prime)

<latexit sha1_base64="NAynEAW0R2SeIJqt/jLAevN68S8=">AAAB8HicbVDLSsNAFL2prxpfVZduBotQNyUp+FjWx8KVVDFtpQ1lMp20QyeTMDMRSuhXuHGhiFs/x51/4/Sx0NYDFw7n3Mu99wQJZ0o7zreVW1peWV3Lr9sbm1vbO4XdvbqKU0moR2Iey2aAFeVMUE8zzWkzkRRHAaeNYHA19htPVCoWiwc9TKgf4Z5gISNYG+nRLt1f3F57x6hTKDplZwK0SNwZKcIMtU7hq92NSRpRoQnHSrVcJ9F+hqVmhNOR3U4VTTAZ4B5tGSpwRJWfTQ4eoSOjdFEYS1NCo4n6eyLDkVLDKDCdEdZ9Ne+Nxf+8VqrDcz9jIkk1FWS6KEw50jEaf4+6TFKi+dAQTCQztyLSxxITbTKyTQju/MuLpF4pu6flk7tKsXo5iyMPB3AIJXDhDKpwAzXwgEAEz/AKb5a0Xqx362PamrNmM/vwB9bnD1lRjtE=</latexit>

(RANDU)

<latexit sha1_base64="b1Bwn8622yYuZv0D7LcJtMIvbwo="></latexit>

From the late 1950 to the late 1980
most random number generators were LCGs

<latexit sha1_base64="ZzdgmUDhP4f5uoA3PM2zfITPQoA=">AAACIXicbVDLSgMxFM3UVx1foy7dBFuhgpSZgtplsRuXFewD2lIymUwbmseQZIRS+itu/BU3LhTpTvwZ08dCWw8EDufcQ+49YcKoNr7/5WQ2Nre2d7K77t7+weGRd3zS0DJVmNSxZFK1QqQJo4LUDTWMtBJFEA8ZaYbD6sxvPhGlqRSPZpSQLkd9QWOKkbFSzytXJedSQDyQFBMNZQwTpBAnxoZgnudhgcsoZam+hEhEMI+uIM67Lux5Ob/ozwHXSbAkObBEredNO5HEKSfCYIa0bgd+YrpjpAzFjEzcTqpJgvAQ9UnbUmF30N3x/MIJvLBKBGOp7BMGztXfiTHiWo94aCc5MgO96s3E/7x2auJyd0xFkhoi8OKjOGXQSDirC0ZUEWzYyBKEFbW72qpsQXjWj2tLCFZPXieNUjG4KV4/lHKVu2UdWXAGzkEBBOAWVMA9qIE6wOAZvIJ38OG8OG/OpzNdjGacZeYU/IHz/QMTN6Dh</latexit>

Common choices of parameters m (modulus) and a, c

<latexit sha1_base64="jxzLrhGZ2+4c0UOeNBdari6U2PE=">AAAB/HicbVDJSgNBEK2JWxy30Ry9NAbBg4QZMctFCHrxGMEskIyhp9OTNOlZ6O4RhiH+ihcPinj1Q7z5N3aWgyY+qOLxXhVd/byYM6ls+9vIra1vbG7lt82d3b39A+vwqCWjRBDaJBGPRMfDknIW0qZiitNOLCgOPE7b3vhm6rcfqZAsCu9VGlM3wMOQ+YxgpaW+VcDoClUfyro7lfOaXTVN1LeKdsmeAa0SZ0GKsECjb331BhFJAhoqwrGUXceOlZthoRjhdGL2EkljTMZ4SLuahjig0s1mx0/QqVYGyI+ErlChmfp7I8OBlGng6ckAq5Fc9qbif143UX7NzVgYJ4qGZP6Qn3CkIjRNAg2YoETxVBNMBNO3IjLCAhOl8zJ1CM7yl1dJ66LkVErlu8ti/XoRRx6O4QTOwIEq1OEWGtAEAik8wyu8GU/Gi/FufMxHc8ZipwB/YHz+AMiVkP4=</latexit>

a = 75 = 16, 807
<latexit sha1_base64="q7bi7aVaOL7f0bY46Xwx+m06sxI=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EiyCp7IrVr0IRS8eK9gPaZeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZx093a3tndK+0fNHWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR7dTv/VElWaxfDDjhAYCDySLGMHGSo8EXSMPuS7qlcpexZsBLRM/J2XIUe+Vvrr9mKSCSkM41rrje4kJMqwMI5xO3G6qaYLJCA9ox1KJBdVBNjt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eJzXRVZAxmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRm5NgR/8eVl0jyr+BeV6v15uXaTx1GEIziGU/DhEmpwB3VoAAEBz/AKb45yXpx352PeWnDymUP4A+fzB33yjkI=</latexit>

c = 0

<latexit sha1_base64="/F93+EJdfVC9U9oE9oUlsDjnhGY=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcCElUVt1IRTduKxgL9CGMplO26GTSZiZCCUUfBU3LhRx63O4822ctllo6w8DH/85h3PmD2LOlHbdb2thcWl5ZTW3Zq9vbG5tOzu7NRUlktAqiXgkGwFWlDNBq5ppThuxpDgMOK0Hg9txvf5IpWKReNDDmPoh7gnWZQRrY7WdfYyuUalYPLs6QYgYdpFto7aTdwvuRGgevAzykKnSdr5anYgkIRWacKxU03Nj7adYakY4HdmtRNEYkwHu0aZBgUOq/HRy/ggdGaeDupE0T2g0cX9PpDhUahgGpjPEuq9ma2Pzv1oz0d1LP2UiTjQVZLqom3CkIzTOAnWYpETzoQFMJDO3ItLHEhNtErNNCN7sl+ehdlrwSoXi/Xm+fJPFkYMDOIRj8OACynAHFagCgRSe4RXerCfrxXq3PqatC1Y2swd/ZH3+AGBNkUE=</latexit>

a = 65539, c = 0

<latexit sha1_base64="yEJaIkUK8RMj7iGVQ+sqGq+5tNI="></latexit>

to get random numbers u in the unit interval 0  u  1
divide the “random outputs” xn by m, the modulus ; ie
set un = xn/m

<latexit sha1_base64="yEtMprDL4GIu/x3lKYa+P3ArEk8="></latexit>

“By far the most successful random number generators known today [1968]

are special cases of the following scheme ..” WHATWE JUST DESCRIBED!

LCGs

– Donald Knuth, “The Art of Computer Programming”, vol. 2, p. 9.
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<latexit sha1_base64="u9P2Wt16HnftRrwKlbYUw2y8etg=">AAAB8nicbZDLSsNAFIYn9VbjrerSzWARXIWk4GVZdOOyBXuBNJTJdNIOnUzCzIlQQh/DjQtF3Po07nwbJ20W2vrDwMd/zmHO+cNUcA2u+21VNja3tnequ/be/sHhUe34pKuTTFHWoYlIVD8kmgkuWQc4CNZPFSNxKFgvnN4X9d4TU5on8hFmKQtiMpY84pSAsXy7nTFdkHaGtbrruAvhdfBKqKNSrWHtazBKaBYzCVQQrX3PTSHIiQJOBZvbg0yzlNApGTPfoCQx00G+WHmOL4wzwlGizJOAF+7viZzEWs/i0HTGBCZ6tVaY/9X8DKLbIOcyzYBJuvwoygSGBBf34xFXjIKYGSBUcbMrphOiCAWTkm1C8FZPXoduw/Gunat2o968K+OoojN0ji6Rh25QEz2gFuogihL0jF7RmwXWi/VufSxbK1Y5c4r+yPr8AcwOkPM=</latexit>

Questions.

<latexit sha1_base64="tjmHur1c0n2wJQi1uFtw9q8ELms="></latexit>

How can we make “good” choices of the parameters
a, c,m? Of the seed x0?

<latexit sha1_base64="AUq0bBsSCx/hQsJdwlWHndwlMs0=">AAACAHicbZDLSsNAFIYnXmu8RV24cDNYBFclKXjZWXTjsoK9QBvKZHLSDJ1cmJkoIXTjq7hxoYhbH8Odb+O0zUJbfxj4+M85nDm/l3ImlW1/G0vLK6tr65UNc3Nre2fX2ttvyyQTFFo04YnoekQCZzG0FFMcuqkAEnkcOt7oZlLvPICQLInvVZ6CG5FhzAJGidLWwDo0O2GOH5OM+1iFIEGzGF3hgVW1a/ZUeBGcEqqoVHNgffX9hGYRxIpyImXPsVPlFkQoRjmMzX4mISV0RIbQ0xiTCKRbTA8Y4xPt+DhIhH6xwlP390RBIinzyNOdEVGhnK9NzP9qvUwFl27B4jRTENPZoiDjWCV4kgb2mQCqeK6BUMH0XzENiSBU6cxMHYIzf/IitOs157x2dlevNq7LOCroCB2jU+SgC9RAt6iJWoiiMXpGr+jNeDJejHfjY9a6ZJQzB+iPjM8fXdKVoQ==</latexit>

Why would these work?

<latexit sha1_base64="up2dbJ3iyMwo/LAqPqNBJ8pSHwk=">AAAB+XicbVDLSsNAFJ34rPEVdelmsAiuSlLwsbOoC5cV7APaUCbTSTt0kgkzN5UQ+iduXCji1j9x5984bbPQ1gMXDufcy733BIngGlz321pZXVvf2Cxt2ds7u3v7zsFhU8tUUdagUkjVDohmgsesARwEayeKkSgQrBWMbqd+a8yU5jJ+hCxhfkQGMQ85JWCknuPYdxLDkGX4SarRNbZ7TtmtuDPgZeIVpIwK1HvOV7cvaRqxGKggWnc8NwE/Jwo4FWxid1PNEkJHZMA6hsYkYtrPZ5dP8KlR+jiUylQMeKb+nshJpHUWBaYzIjDUi95U/M/rpBBe+TmPkxRYTOeLwlRgMN+aGHCfK0ZBZIYQqri5FdMhUYSCCWsagrf48jJpViveReX8oVqu3RRxlNAxOkFnyEOXqIbuUR01EEVj9Ixe0ZuVWy/Wu/Uxb12xipkj9AfW5w9i65I2</latexit>

Do they work?

<latexit sha1_base64="jCE3CxhhlyxBgCoY8ZZGb7Niv24=">AAACEXicbVA9SwNBEN3zM8avqKXNYhBShbuAH51BG0sFo0I8wt5mLlmyt3vsziUcR/6CjX/FxkIRWzs7/413MYVGHww83pthZl4QS2HRdT+dufmFxaXl0kp5dW19Y7OytX1tdWI4tLiW2twGzIIUClooUMJtbIBFgYSbYHBW+DdDMFZodYVpDH7EekqEgjPMpU6lVj7XI8p1Irs01QmFISiKICUVIcU+pHSkzeCEljuVqlt3J6B/iTclVTLFRafycdfVPIlAIZfM2rbnxuhnzKDgEsblu8RCzPiA9aCdU8UisH42+WhM93OlS0Nt8lJIJ+rPiYxF1qZRkHdGDPt21ivE/7x2guGxnwkVJwiKfy8KE0lR0yIe2hUGOMo0J4wbkd9KeZ8ZxjEPsQjBm335L7lu1L3D+sFlo9o8ncZRIrtkj9SIR45Ik5yTC9IinNyTR/JMXpwH58l5dd6+W+ec6cwO+QXn/QsIQZvj</latexit>

How could you even tell if they work?
<latexit sha1_base64="UQ6bpw8+oZJgww/Dus73jB0wTUQ="></latexit>

(What does it mean for a sequence of numbers to be “random”?)

<latexit sha1_base64="WnfP0P44TI3hBFIw8zaJiA6SFoU=">AAACHnicbVDLSgMxFM34rPVVdekmWARXZUaoulPsQhcuKtgHtKVk0jttaCYZkjtKKX6JG3/FjQtFBFf6N6aPhVYPXDg5915yzwkTKSz6/pc3N7+wuLScWcmurq1vbOa2tqtWp4ZDhWupTT1kFqRQUEGBEuqJARaHEmphvzTq127BWKHVDQ4SaMWsq0QkOEMntXPFbK03oB1N6R24Ygop9oBqEwq0VEfj11XpgqKmIVCpVfeU0nYu7xf8MehfEkxJnkxRbuc+mh3N0xgUcsmsbQR+gq0hMyi4hPtsM7WQMN5nXWg4qlgMtjUc27un+07p0EgbV+6+sfpzY8hiawdx6CZjhj072xuJ//UaKUYnraFQSYqg+OSjKJUjr6OsaEcY4ChdPoJxI9ytlPeYYRxdolkXQjBr+S+pHhaCo0Lx+jB/dj6NI0N2yR45IAE5JmfkkpRJhXDyQJ7IC3n1Hr1n7817n4zOedOdHfIL3uc3jWafqQ==</latexit>

Why do we want the orbits of the LCG to be long?
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<latexit sha1_base64="pEPu9qwq2wcIPc97mqnQl6jGrUs=">AAACHXicbVDLSgNBEJyN7/iKevQyGARPYTf4uinm4jGCiUIMoXe2EwfnsczMCiHkR7z4K148KOLBi/g3ziY5qLGhoajqpqiKU8GtC8OvoDAzOze/sLhUXF5ZXVsvbWw2rc4MwwbTQpvrGCwKrrDhuBN4nRoEGQu8iu9quX51j8ZyrS5dP8W2hJ7iXc7AeapT2q+BokATdGgkV96QM5oazdBa2ucoEq8aUImWVGcuzdwJLXZK5bASjoZOg2gCymQy9U7p4ybRLJOoHBNgbSsKU9cegPFuAofFm8xiCuwOetjyUIFE2x6M0g3prmcS2tXGr3J0xP78GIC0ti9jfynB3dq/Wk7+p7Uy1z1uD7jyoVCxsVE3E9RpmldFE26QOdH3AJjheTPsFgww35XNS4j+Rp4GzWolOqwcXFTLp2eTOhbJNtkheyQiR+SUnJM6aRBGHsgTeSGvwWPwHLwF7+PTQjD52SK/Jvj8Bo5+oZQ=</latexit>

Can a deterministic process yield a random output?
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LCGs have the form:
<latexit sha1_base64="AYWp+MOWV4KnmGLN3KuK2kA3zf4=">AAACDXicbVDLSgNBEJz1bXxFPXppjIIihF3xdRGCXjxGMCaQhGV2MpsMzswuM72SsOQHvPgrXjwo4tW7N//GzeOg0YKGoqqb7q4glsKi6345U9Mzs3PzC4u5peWV1bX8+satjRLDeIVFMjK1gFouheYVFCh5LTacqkDyanB3OfCr99xYEekb7MW8qWhbi1Awipnk53e6fqoPvD6cQ7jX9fU+QAN5F1NQUQv6oAAg5+cLbtEdAv4Sb0wKZIyyn/9stCKWKK6RSWpt3XNjbKbUoGCS93ONxPKYsjva5vWMaqq4babDb/qwmyktCCOTlUYYqj8nUqqs7akg61QUO3bSG4j/efUEw7NmKnScINdstChMJGAEg2igJQxnKHsZocyI7FZgHWoowyzAQQje5Mt/ye1h0TspHl8fFUoX4zgWyBbZJnvEI6ekRK5ImVQIIw/kibyQV+fReXbenPdR65Qzntkkv+B8fAMJBJj/</latexit>

xn+1 = f(xn) mod m

<latexit sha1_base64="IO49+sn58OKSCiZ0doPvAhWby/M="></latexit>

where f : Zm ! Zm is a map
applied iteratively starting with some “seed” x0 2 Zm

<latexit sha1_base64="knphvPhexCIsTD453e40pCJlHAk="></latexit>

The resulting sequence x0, x1, x2, . . . , xn, . . .
is called the “orbit” of x0.

<latexit sha1_base64="LwtUrt5YUNetOwPhNdI8LRHg80k="></latexit>

Eventually, the sequence must repeat:
xi = xn for some pair i < n, with 0  i.

<latexit sha1_base64="KEju6WmfW0XcZhsFupUow2FbaL0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQFHzuLblxWsA9oQplMJ+3QySTMTIQQ+htuXCji1p9x5984TbPQ1gMXDufcy733BAlnSjvOt1VZW9/Y3Kpu2zu7e/sHtcOjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6d3c7z1RqVgsHnWWUD/CY8FCRrA2kmfnXhCi3iS7QbNhre40nAJolbglqUOJ9rD25Y1ikkZUaMKxUgPXSbSfY6kZ4XRme6miCSZTPKYDQwWOqPLz4uYZOjPKCIWxNCU0KtTfEzmOlMqiwHRGWE/UsjcX//MGqQ6v/ZyJJNVUkMWiMOVIx2geABoxSYnmmSGYSGZuRWSCJSbaxGSbENzll1dJt9lwLxsXD81667aMowoncArn4MIVtOAe2tABAgk8wyu8Wan1Yr1bH4vWilXOHMMfWJ8/uP6Q1w==</latexit>

Why?
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<latexit sha1_base64="FdRhdPoZeboTNTCaCAz0h3PR7NY="></latexit>

If f is not invertible, every orbit still eventually settles down
to a periodic one: xn+k = xn for all n after some point on.

<latexit sha1_base64="B29sg4mWsmiEKau4I1lMv1jY7AQ="></latexit>

If f is invertible, n = i+ k and xn = xi

THEN, upon applying f�1
we get:

xk+i�1 = xi�1

· · ·

xk = x0

which means the whole sequence is periodic with period k.
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<latexit sha1_base64="38rXzrWfjBm5H/hejnC/gGYYgec=">AAACDXicbVDJSgNBEO2JW4xb1KOXxih4CjMBFzyFxEACSuJkskASQk+nJ2nSs9DdI4QhP+DFX/HiQRGv3r35N3aWgyY+KHi8V0VVPTtgVEhd/9ZiK6tr6xvxzcTW9s7uXnL/oC78kGNSwz7zedNGgjDqkZqkkpFmwAlybUYa9jA/8RsPhAvqe5YcBaTjor5HHYqRVFI3eVItlk2rYEJYNnMlqwqvIbwrmwVYMQs3pbxVyt0WYDeZ0tP6FHCZGHOSAnNUusmvds/HoUs8iRkSomXogexEiEuKGRkn2qEgAcJD1CctRT3kEtGJpt+M4alSetDxuSpPwqn6eyJCrhAj11adLpIDsehNxP+8Viidq05EvSCUxMOzRU7IoPThJBrYo5xgyUaKIMypuhXiAeIISxVgQoVgLL68TOqZtHGRPr/PpLK5eRxxcASOwRkwwCXIgiKogBrA4BE8g1fwpj1pL9q79jFrjWnzmUPwB9rnD7DKl4k=</latexit>

SHORTER ORBITS : MORE PREDICTIBLE

<latexit sha1_base64="A3UULuJb9j21p12MJx1J8lTEk4I=">AAACCHicbVDLSgMxFM34rPVVdenCYBFclZmCD1zValHBPqx9QVtKJs20oZnMkGSEUrp046+4caGIWz/BnX9j2s5CWw9cOJxzL/feY/uMSmWa38bc/MLi0nJkJbq6tr6xGdvarkgvEJiUscc8UbORJIxyUlZUMVLzBUGuzUjV7l2M/OoDEZJ6vKT6Pmm6qMOpQzFSWmrF9m7zuatMEUKYL6ZvSvfwDMJsvpiBxfPcZT4LW7G4mTDHgLPECkkchCi0Yl+NtocDl3CFGZKybpm+ag6QUBQzMow2Akl8hHuoQ+qacuQS2RyMHxnCA620oeMJXVzBsfp7YoBcKfuurTtdpLpy2huJ/3n1QDmnzQHlfqAIx5NFTsCg8uAoFdimgmDF+pogLKi+FeIuEggrnV1Uh2BNvzxLKsmEdZw4ukvGU+kwjgjYBfvgEFjgBKTANSiAMsDgETyDV/BmPBkvxrvxMWmdM8KZHfAHxucPRKmVsQ==</latexit>

LONGER ORBITS : MORE RANDOM

<latexit sha1_base64="dvkGDvtuFJgiAP7QMuMMZbPldgY="></latexit>

eg: x0, x1, x2, . . . , xn,= 3, 3, 3, . . . , 3,
(period 1 or a fixed point !)

<latexit sha1_base64="IOtGt47ruMmQvFib4w01x1pCAQw="></latexit>

N. B.: LONG -ish is NECESSARY but not SUFFICIENT for randomness

(eg: the sequence generated by f(x) = x+ 1 is LONG but not random)
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Show that ANY  `random number generator’of the form:
<latexit sha1_base64="AYWp+MOWV4KnmGLN3KuK2kA3zf4=">AAACDXicbVDLSgNBEJz1bXxFPXppjIIihF3xdRGCXjxGMCaQhGV2MpsMzswuM72SsOQHvPgrXjwo4tW7N//GzeOg0YKGoqqb7q4glsKi6345U9Mzs3PzC4u5peWV1bX8+satjRLDeIVFMjK1gFouheYVFCh5LTacqkDyanB3OfCr99xYEekb7MW8qWhbi1Awipnk53e6fqoPvD6cQ7jX9fU+QAN5F1NQUQv6oAAg5+cLbtEdAv4Sb0wKZIyyn/9stCKWKK6RSWpt3XNjbKbUoGCS93ONxPKYsjva5vWMaqq4babDb/qwmyktCCOTlUYYqj8nUqqs7akg61QUO3bSG4j/efUEw7NmKnScINdstChMJGAEg2igJQxnKHsZocyI7FZgHWoowyzAQQje5Mt/ye1h0TspHl8fFUoX4zgWyBbZJnvEI6ekRK5ImVQIIw/kibyQV+fReXbenPdR65Qzntkkv+B8fAMJBJj/</latexit>

xn+1 = f(xn) mod m

<latexit sha1_base64="S6t1GQLHNlB2WpMmyTXjkGu341Y="></latexit>

yields sequences x0, x1, . . . , xn, . . .
whose period is AT MOST m.

<latexit sha1_base64="5g9qbibnrqy1Wk/I4BDS1ZZPj3E=">AAAB+nicbVDJSgNBEK1xjeM20aOXxiB4CjMBFzyFiOBBMYpZIBlCT6cnadKz0N2jhDGf4sWDIl79Em/+jZ1kDpr4oODxXhVV9byYM6ls+9tYWFxaXlnNrZnrG5tb21Z+py6jRBBaIxGPRNPDknIW0ppiitNmLCgOPE4b3uB87DceqJAsCu/VMKZugHsh8xnBSksdK2+mbc9H1bubytXF9RlCo45VsIv2BGieOBkpQIZqx/pqdyOSBDRUhGMpW44dKzfFQjHC6chsJ5LGmAxwj7Y0DXFApZtOTh+hA610kR8JXaFCE/X3RIoDKYeBpzsDrPpy1huL/3mtRPmnbsrCOFE0JNNFfsKRitA4B9RlghLFh5pgIpi+FZE+FpgonZapQ3BmX54n9VLROS4e3ZYK5UoWRw72YB8OwYETKMMlVKEGBB7hGV7hzXgyXox342PaumBkM7vwB8bnD28gki4=</latexit>

PROBLEM:

<latexit sha1_base64="CdVpx+b0EV2sZOJG/61nEmRz1IA=">AAACGHicbVC7TsMwFHV4lvAKMLJYtEhMJanEQ0wVLIxFog/RRJHjOq1Vx4lsBymK+hks/AoLAwixduNvcNoOtOVOR+fcq3vOCRJGpbLtH2NldW19Y7O0ZW7v7O7tWweHLRmnApMmjlksOgGShFFOmooqRjqJICgKGGkHw7tCbz8TIWnMH1WWEC9CfU5DipHSlG+dm2EsIOIZrIQ3MHcjpAZBAJ9GfgRdFc8zFQh9q2xX7cnAZeDMQBnMpuFbY7cX4zQiXGGGpOw6dqK8HAlFMSMj000lSRAeoj7pashRRKSXT4KN4KlmerBwGMZcwQn79yJHkZRZFOjNwqZc1AryP62bqvDayylPUkU4nj4KUwZ14qIl2KOCYMUyDRAWVHuFeIAEwkp3aeoSnMXIy6BVqzqX1YuHWrl+O6ujBI7BCTgDDrgCdXAPGqAJMHgBb+ADfBqvxrvxZXxPV1eM2c0RmBtj/AuJBZ45</latexit>

for any f : Zm ! Zm

<latexit sha1_base64="YAyv70KyOXEDR2WEPToqAFidtng="></latexit>

We want long orbits.
Can we find orbits as long as possible,
which is to say, of length m?
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<latexit sha1_base64="iTLLjbiW0sdiOehbcdmTnCrKYeQ="></latexit>

REFS.
Theorem A, p. 15, vol 2 of Knuth’s “The Art of Scientific Programming”
(The ‘nice theorem” is a special case of this more general theorem)

<latexit sha1_base64="2mh26l86fyJdaJX6YXvn39lhWL0="></latexit>

Martin Greenberger, JACM (Journal of the Association of Computing Ma-
chinery ),

“Notes on a New Pseudo-Random Number Generator”, 1961.

<latexit sha1_base64="B/KrvDAHBoqXtFmYoJkpP29J1bc=">AAACFnicbZA7SwNBFIVnfbu+opY2g0GwMewGfJRRCy0sFMwDkhBmJzfJkNmZZeZuICz5FTb+FRsLRWzFzn/jbkyhiQcGPs65l+GeIJLCoud9OXPzC4tLyyur7tr6xuZWbnunYnVsOJS5ltrUAmZBCgVlFCihFhlgYSChGvQvs7w6AGOFVvc4jKAZsq4SHcEZplYrd+TSpCGQnlMlOFDsgTYQUq0oGqasQDEAenN5ZQsj13VbubxX8Mais+BPIE8mum3lPhttzeMQFHLJrK37XoTNhBkUXMLIbcQWIsb7rAv1FBULwTaT8VkjepA6bdrRJn0K6dj9vZGw0NphGKSTIcOenc4y87+sHmPnrJkIFcUIiv981IklRU2zjmhbGOAohykwbtIOOOU9ZhjHtMmsBH/65FmoFAv+SeH4rpgvXUzqWCF7ZJ8cEp+ckhK5JrekTDh5IE/khbw6j86z8+a8/4zOOZOdXfJHzsc3ks2dHw==</latexit>

A nice theorem on transitive LCGs.
<latexit sha1_base64="8LR6VnOZaWiy8WhHcm9aIMCZw9c=">AAACDnicbVDLSgNBEJz1bXxFPXppDAFBCLvi6yIIXgQvEUwiJGGZnUzMkJnZZaZXEpZ8gRd/xYsHRbx69ubfOHkc1FjQUFR1090VJVJY9P0vb2Z2bn5hcWk5t7K6tr6R39yq2jg1jFdYLGNzG1HLpdC8ggIlv00MpyqSvBZ1L4Z+7Z4bK2J9g/2ENxW906ItGEUnhfliL8z0fjAAOAMKvVDDPjCABvIeZqDiFjhLhfmCX/JHgGkSTEiBTFAO85+NVsxSxTUySa2tB36CzYwaFEzyQa6RWp5Q1qV3vO6oporbZjZ6ZwBFp7SgHRtXGmGk/pzIqLK2ryLXqSh27F9vKP7n1VNsnzYzoZMUuWbjRe1UAsYwzAZawnCGsu8IZUa4W4F1qKEMXYI5F0Lw9+VpUj0oBcelo+vDwvnVJI4lskN2yR4JyAk5J5ekTCqEkQfyRF7Iq/foPXtv3vu4dcabzGyTX/A+vgHWx5mA</latexit>

xn+1 = axn + c mod m
<latexit sha1_base64="a5/NqEfcTRS7/uAIGMdo6n5JBUw=">AAACGnicbVDLSgNBEJz1GdfXqkcvjVnBU9gN+EAQRC8eI5goJDHMTmbN4OzOMtNrCMHv8OKvePGgiDfx4t84eRzUWNBQVHXT3RVlUhgMgi9nanpmdm6+sOAuLi2vrHpr6zWjcs14lSmp9FVEDZci5VUUKPlVpjlNIskvo9vTgX95x7URKr3AXsabCb1JRSwYRSu1vNAFtyuwA+AnPgCFTHW5BhWDX/YPAbCTGxiYAEfl67ZfgpZXDErBEDBJwjEpkjEqLe+j0VYsT3iKTFJj6mGQYbNPNQom+b3byA3PKLulN7xuaUoTbpr94Wv3sG2VNsRK20oRhurPiT5NjOklke1MKHbMX28g/ufVc4wPmn2RZjnylI0WxbkEVDDICdpCc4ayZwllWthbgXWopgxtmq4NIfz78iSplUvhXmn3vFw8PhnHUSCbZIvskJDsk2NyRiqkShh5IE/khbw6j86z8+a8j1qnnPHMBvkF5/MbtLSbEQ==</latexit>

with m a power of 2: thus m = 2d.
<latexit sha1_base64="yr5HNTBtYHEOkG2O+OKlw5BXyHg="></latexit>

Theorem. This LCG acts transitively on Zm

if and only if and 4 divides a� 1 and c is odd.
<latexit sha1_base64="r/cTlvdRfuE4eqwLDuMrlwjq8QY="></latexit>

Example: earlier we went through the special case
m; a, c = 8; 5, 1, of this theorem
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LCGs are   single step recursion relations:
<latexit sha1_base64="AYWp+MOWV4KnmGLN3KuK2kA3zf4=">AAACDXicbVDLSgNBEJz1bXxFPXppjIIihF3xdRGCXjxGMCaQhGV2MpsMzswuM72SsOQHvPgrXjwo4tW7N//GzeOg0YKGoqqb7q4glsKi6345U9Mzs3PzC4u5peWV1bX8+satjRLDeIVFMjK1gFouheYVFCh5LTacqkDyanB3OfCr99xYEekb7MW8qWhbi1Awipnk53e6fqoPvD6cQ7jX9fU+QAN5F1NQUQv6oAAg5+cLbtEdAv4Sb0wKZIyyn/9stCKWKK6RSWpt3XNjbKbUoGCS93ONxPKYsjva5vWMaqq4babDb/qwmyktCCOTlUYYqj8nUqqs7akg61QUO3bSG4j/efUEw7NmKnScINdstChMJGAEg2igJQxnKHsZocyI7FZgHWoowyzAQQje5Mt/ye1h0TspHl8fFUoX4zgWyBbZJnvEI6ekRK5ImVQIIw/kibyQV+fReXbenPdR65Qzntkkv+B8fAMJBJj/</latexit>

xn+1 = f(xn) mod m

Consider two-step recursion relations.

For example

<latexit sha1_base64="zK6lcMtTROjCnrvh7g8sCETnZB0=">AAACEXicbVDLSgMxFM34rPVVdekmWIRCscyIr41QdOOygrVCW4ZMmrbBJDMkd6RlmF9w46+4caGIW3fu/BszdRZqPRA495x7ubkniAQ34Lqfzszs3PzCYmGpuLyyurZe2ti8NmGsKWvSUIT6JiCGCa5YEzgIdhNpRmQgWCu4Pc/81h3ThofqCsYR60oyULzPKQEr+aXKyE9U1UvxKR75CldxVu/ZGneAjSDBMuzhFMuiXyq7NXcCPE28nJRRjoZf+uj0QhpLpoAKYkzbcyPoJkQDp4KlxU5sWEToLRmwtqWKSGa6yeSiFO9apYf7obZPAZ6oPycSIo0Zy8B2SgJD89fLxP+8dgz9k27CVRQDU/R7UT8WGEKcxYN7XDMKYmwJoZrbv2I6JJpQsCFmIXh/T54m1/s176h2eHlQrp/lcRTQNtpBFeShY1RHF6iBmoiie/SIntGL8+A8Oa/O23frjJPPbKFfcN6/AL3hmxY=</latexit>

xn+1 = xn + xn�1 mod m

Seed with:
<latexit sha1_base64="Zwz/LDwGEIbHErC0pxjTQXsnk/g=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJxNdGKLpxWcE+oA1hMpm0QyePzkykJXTjr7hxoYhbP8Odf+Ok7UJbD1w4c869zL3HSziTyrK+jcLS8srqWnG9tLG5tb1j7u41ZJwKQusk5rFoeVhSziJaV0xx2koExaHHadPr3+Z+85EKyeLoQY0S6oS4G7GAEay05JoHQ9dC18hCncEgxT4aurZ+2iXXLFsVawK0SOwZKcMMNdf86vgxSUMaKcKxlG3bSpSTYaEY4XRc6qSSJpj0cZe2NY1wSKWTTQ4Yo2Ot+CiIha5IoYn6eyLDoZSj0NOdIVY9Oe/l4n9eO1XBlZOxKEkVjcj0oyDlSMUoTwP5TFCi+EgTTATTuyLSwwITpTPLQ7DnT14kjdOKfVE5vz8rV29mcRThEI7gBGy4hCrcQQ3qQGAMz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwB+KZPH</latexit>

x0 = 0 x1 = 1

<latexit sha1_base64="H4tLpsNGiTLN3fFc7/nsuCr6X3w=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCS1OtGLLpxWcFeoA1hMp20QyeTMDORhlBfxY0LRdz6IO58G6dpFtr6w8DHf87hnPm9iFGpLOvbKCwtr6yuFddLG5tb2zvm7l5LhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7odlpvPxIhacgfVBIRJ0ADTn2KkdKWa5bHbg1ewWt4DOHYPcnQNStW1coEF8HOoQJyNVzzq9cPcRwQrjBDUnZtK1JOioSimJFJqRdLEiE8QgPS1chRQKSTZsdP4KF2+tAPhX5cwcz9PZGiQMok8HRngNRQztem5n+1bqz8SyelPIoV4Xi2yI8ZVCGcJgH7VBCsWKIBYUH1rRAPkUBY6bxKOgR7/suL0KpV7fPq2f1ppX6Tx1EE++AAHAEbXIA6uAMN0AQYJOAZvII348l4Md6Nj1lrwchnyuCPjM8f0f+Rqg==</latexit>

x2 =?, x3 =?
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<latexit sha1_base64="+DkdRwT+c1GnXtM0XVhFmDm8a64=">AAACDXicbVDJSgNBFOyJWxy3UY9eOkbBU5gJuByDgniMkA2SEHo6naRJL0MvQgj5AS/+ihcPinj17s2/sZPMQRMLGoqqerx+FSeMahOG315mZXVtfSO76W9t7+zuBfsHNS2twqSKJZOqESNNGBWkaqhhpJEognjMSD0e3kz9+gNRmkpRMaOEtDnqC9qjGBkndYKTyoDAWxpLgTCmUFgeuzTksmuZhBz6fi4HO0E+LIQzwGUSpSQPUpQ7wVerK7HlRBjMkNbNKExMe4yUoZiRid+ymiQID1GfNB0ViBPdHs+umcBTp3RhTyr3hIEz9ffEGHGtRzx2SY7MQC96U/E/r2lN76o9piKxhgg8X9SzDBoJp9XALlUEGzZyBGFF3V8hHiCFsHGV+K6EaPHkZVIrFqKLwvl9MV+6TuvIgiNwDM5ABC5BCdyBMqgCDB7BM3gFb96T9+K9ex/zaMZLZw7BH3ifP1Qlmck=</latexit>

The Fibonacci numbers modulo m
!!

<latexit sha1_base64="sWxDnztYf3AmAEbv3jHJpFd++JA="></latexit>

Problem.
For modulus m = 5 work out this mod 5 Fibonacci
sequence until it begins to repeat itself.
What is its period?

<latexit sha1_base64="50HvAJjlP7PK8Zwquktqc5H74Hk="></latexit>

Problem. Consider ANY two-step recursion relation:

xn+2 = f(xn+1, xn)modm

for generating sequences x0, x1, x2, . . . in Zm

What is the maximum possible period of such a sequence?
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<latexit sha1_base64="8syEl+Ul15hli5BLqeUIql+JXQ4="></latexit>

Back to the Fibonacci’s mod 5.
We found that they form an orbit of length 20.

<latexit sha1_base64="zl93LUVwYEkk/1DjMJARdBw2vQI="></latexit>

Of what? Of the “Fibonacci map”

(x, y) ! (x+ y, x)

acting on the space X = Z5 ⇥ Z5 of pairs (x,y) of integers mod 5.

<latexit sha1_base64="EDa87LFaEgddZudfZXz0O/HMPH0="></latexit>

Now (0,0) is a fixed point of this map, so an
orbit of length 1 while X has 25 elements total
and the orbits of the ‘Fibonacci map” partition X up.

<latexit sha1_base64="HY/oX+Dqq3wOBUERIXwpMw3dpyg="></latexit>

But 25 = 20 + 1 + 4. This suggests that there ought to be
an orbit of length 4 for the Fibonacci map acting on X.



21

<latexit sha1_base64="XXCU/m/CA39VPAAYyB7Z25bPlrE="></latexit>

PROBLEM.

Find it! Find a length 4 orbit for the Fibonacci map
acting on X = Z5 ⇥ Z5.



21

<latexit sha1_base64="scHK418Yr3ujMCSBAraT+FhGgpo=">AAACEnicbVDLSsNAFJ34rPEVdelmsAi6KUnBB7gpiuiyBfuANpTJ9KYdOnkwMxFL6De48VfcuFDErSt3/o2TNgttPTBwOOdc7tzjxZxJZdvfxsLi0vLKamHNXN/Y3Nq2dnYbMkoEhTqNeCRaHpHAWQh1xRSHViyABB6Hpje8yvzmPQjJovBOjWJwA9IPmc8oUVrqWsfXDySIOUjTNKuMqkSAvMD4hnAOYqTFWgIyi8quVbRL9gR4njg5KaIc1a711elFNAkgVJQTKduOHSs3JUIxymFsdhIJMaFD0oe2piEJQLrp5KQxPtRKD/uR0C9UeKL+nkhJIOUo8HQyIGogZ71M/M9rJ8o/d1MWxomCkE4X+QnHKsJZP7jHBFDFR5oQKpj+K6YDIghVukVTl+DMnjxPGuWSc1o6qZWLlcu8jgLaRwfoCDnoDFXQLaqiOqLoET2jV/RmPBkvxrvxMY0uGPnMHvoD4/MHkTKcLQ==</latexit>

Examples
Pictures; Gallery
Questions
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<latexit sha1_base64="WBF5l8cslmVPKNVL6Pi/aOLi6vI=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclaTgY1mVgguFivYBbSiT6aQdOpmEmYlQQn/DjQtF3Poz7vwbJ20W2nrgwuGce7n3Hj/mTGnH+baWlldW19YLG/bm1vbObnFvv6miRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Sd+a0nKhWLxKMex9QL8UCwgBGsjdSttS/v6re1B9tGdq9YcsrOFGiRuDkpQY56r/jV7UckCanQhGOlOq4Tay/FUjPC6cTuJorGmIzwgHYMFTikykunN0/QsVH6KIikKaHRVP09keJQqXHom84Q66Ga9zLxP6+T6ODCS5mIE00FmS0KEo50hLIAUJ9JSjQfG4KJZOZWRIZYYqJNTFkI7vzLi6RZKbtn5dP7Sql6lcdRgEM4ghNw4RyqcAN1aACBGJ7hFd6sxHqx3q2PWeuSlc8cwB9Ynz/ReY+X</latexit>

EXAMPLES

<latexit sha1_base64="g4Te7rS/LXsjD1Jj99zRzdLea5Y=">AAACF3icbVC7SgNBFJ2N7/hatbQZDYJV2BV8lEELrUQl0UAM4e7kbjI4j2VmVgghf2Hjr9hYKGKrnX/jbpJCjQcGDufcy51zokRw64LgyytMTc/Mzs0vFBeXlldW/bX1a6tTw7DGtNCmHoFFwRXWHHcC64lBkJHAm+juJPdv7tFYrlXV9RJsSugoHnMGLpNafrnaRXoFqq0lPU9lhIaeokIDThtLdUyBMi2T1KHZKtJiyy8F5WAIOknCMSmRMS5a/udtW7NUonJMgLWNMEhcsw/GcSZwULxNLSbA7qCDjYwqkGib/WGuAd3JlDaNtcmecnSo/tzog7S2J6NsUoLr2r9eLv7nNVIXHzX7XOW5FBsdilNBnaZ5SbTNDTInehkBZnj2V8q6YIBlNdi8hPBv5ElyvVcOD8r7l3ulyvG4jnmySbbJLgnJIamQM3JBaoSRB/JEXsir9+g9e2/e+2i04I13NsgveB/fg/OePg==</latexit>

The Random Number Generators of a computer!

<latexit sha1_base64="DwnBvSuqAJSvx0adtXFU6l3+7rI=">AAAB9XicbVDLSsNAFL2prxpfVZduRovgqiQFH8tiQVxWsA9oY5lMJ+3QyUyYmSgl9D/cuFDErf/izr8xabPQ1gMXDufcy733+BFn2jjOt1VYWV1b3yhu2lvbO7t7pf2DlpaxIrRJJJeq42NNORO0aZjhtBMpikOf07Y/rmd++5EqzaS4N5OIeiEeChYwgk0qPdQlE+iGs0gf28jul8pOxZkBLRM3J2XI0eiXvnoDSeKQCkM41rrrOpHxEqwMI5xO7V6saYTJGA9pN6UCh1R7yezqKTpNlQEKpEpLGDRTf08kONR6EvppZ4jNSC96mfif141NcOUlTESxoYLMFwUxR0aiLAI0YIoSwycpwUSx9FZERlhhYtKgshDcxZeXSatacS8q53fVcu06j6MIR3ACZ+DCJdTgFhrQBAIKnuEV3qwn68V6tz7mrQUrnzmEP7A+fwA8SJEK</latexit>

Coin Flips!

<latexit sha1_base64="m3h87yO0vxBC5lFK0nldpg+xIRw=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SBYhd2AD6yCaSwsopgHJCHMTu4mQ2ZnlplZISypbfwVGwtFbP0CO//G2SSFJh4YOJxzL3fO8SPOtHHdbyeztLyyupZdz21sbm3v5Hf36lrGikKNSi5V0ycaOBNQM8xwaEYKSOhzaPjDSuo3HkBpJsW9GUXQCUlfsIBRYqzUzR/e2EWicEWKvopBUMB3wCemvsQ4h3PdfMEtuhPgReLNSAHNUO3mv9o9SeMQhKGcaN3y3Mh0EqIMoxzGuXasISJ0SPrQslSQEHQnmUQZ42Or9HAglX3C4In6eyMhodaj0LeTITEDPe+l4n9eKzbBRSdhIoqNTTk9FMQcG4nTXnCPKaCGjywhVDH7V0wHRBFqbHtpCd585EVSLxW9s+LpbalQvprVkUUH6AidIA+dozK6RlVUQxQ9omf0it6cJ+fFeXc+pqMZZ7azj/7A+fwBwh6ZAA==</latexit>

Linear Congruence Relations:
<latexit sha1_base64="tt2Ba6hCKD2bZOeyjLE+7gSZDWA=">AAACGHicbVDLSitBEO3xGXO9GnXppjAIF4TcGfG1EUQ3LhWMCkkYejoVbdLdM3TXSMKQz3Djr7hxoYhbd/6NnZiFrwMFh3OqqKqTZEo6CsO3YGJyanpmtjRX/jP/d2GxsrR87tLcCqyLVKX2MuEOlTRYJ0kKLzOLXCcKL5Lu0dC/uEHrZGrOqJ9hS/MrIztScPJSXPnfiwuzEQ1gH4BDLzYAGyDAo0nYowKId9GATtswAA3luFINa+EI8JNEY1JlY5zElddmOxW5RkNCcecaUZhRq+CWpFA4KDdzhxkXXX6FDU8N1+haxeixAax7pQ2d1PoyBCP180TBtXN9nfhOzenaffeG4m9eI6fOXquQJssJjfhY1MkVUArDlKAtLQpSfU+4sNLfCuKaWy7IZzkMIfr+8k9yvlmLdmrbp1vVg8NxHCW2ytbYPxaxXXbAjtkJqzPBbtk9e2RPwV3wEDwHLx+tE8F4ZoV9QfD6DrSCnHg=</latexit>

xn+1 = axn + c taken mod m

<latexit sha1_base64="Xeq1+vGkM2EequB3qR3gGGNRclE=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7Ab8HEMCuIxgnlAsoTZSScZMjuzzMwKyxJ/xYsHRbz6Id78GyfJHjSxoKGo6qa7K4w508bzvp3C2vrG5lZxu7Szu7d/4B4etbRMFIUmlVyqTkg0cCagaZjh0IkVkCjk0A4nNzO//QhKMykeTBpDEJGRYENGibFS3y3fslAKQinDWNMxRIBx3614VW8OvEr8nFRQjkbf/eoNJE0iEIZyonXX92ITZEQZRjlMS71EQ0zohIyga6kgEeggmx8/xadWGeChVLaEwXP190RGIq3TKLSdETFjvezNxP+8bmKGV0HGRJwYEHSxaJhwbCSeJYEHTAE1PLWEUMXsrZiOiSLU2LxKNgR/+eVV0qpV/Yvq+X2tUr/O4yiiY3SCzpCPLlEd3aEGaiKKUvSMXtGb8+S8OO/Ox6K14OQzZfQHzucPSU2T5A==</latexit>

Fibonacci scheme
<latexit sha1_base64="llms9AClXTrQY+mdTK0HlCIwAHA=">AAACEHicbVDLSgMxFM3UV62vqks3wSIKxTIjvjZC0Y3LCvYBbRkyadqGJpkhuSMtQz/Bjb/ixoUibl26829MHwttPRA495x7ubkniAQ34LrfTmphcWl5Jb2aWVvf2NzKbu9UTBhryso0FKGuBcQwwRUrAwfBapFmRAaCVYPezcivPjBteKjuYRCxpiQdxducErCSnz3s+4nKe0N8hfu+wnk8qo9tjRvA+pBgGbbwEEs/m3ML7hh4nnhTkkNTlPzsV6MV0lgyBVQQY+qeG0EzIRo4FWyYacSGRYT2SIfVLVVEMtNMxgcN8YFVWrgdavsU4LH6eyIh0piBDGynJNA1s95I/M+rx9C+bCZcRTEwRSeL2rHAEOJROrjFNaMgBpYQqrn9K6ZdogkFm2HGhuDNnjxPKicF77xwdneaK15P40ijPbSPjpCHLlAR3aISKiOKHtEzekVvzpPz4rw7H5PWlDOd2UV/4Hz+AHyjmwI=</latexit>

xn+1 = xn + xn�1 mod m
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<latexit sha1_base64="+xUDcBFfkHjhw7aLUyym+v2KruY=">AAAB/3icbVC7SgNBFL0bXzG+ooKNzWAQrcJuwEcZYmMZwTwgWcLs5CYZMju7zMwKIabwV2wsFLH1N+z8GyfJFpp4YOBwzr3cMyeIBdfGdb+dzMrq2vpGdjO3tb2zu5ffP6jrKFEMaywSkWoGVKPgEmuGG4HNWCENA4GNYHgz9RsPqDSP5L0ZxeiHtC95jzNqrNTJH1XoENWZJkZRqXuRClOj4BbdGcgy8VJSgBTVTv6r3Y1YEqI0TFCtW54bG39MleFM4CTXTjTGlA1pH1uWShqi9sez/BNyapUuscftk4bM1N8bYxpqPQoDO2njDfSiNxX/81qJ6V37Yy7jxKBk80O9RBATkWkZpMsVMiNGllCmuM1K2IAqyoytLGdL8Ba/vEzqpaJ3Wby4KxXKlbSOLBzDCZyDB1dQhluoQg0YPMIzvMKb8+S8OO/Ox3w046Q7h/AHzucPDaOWJQ==</latexit>

Baker’s transformation

<latexit sha1_base64="PTkxclo4Eq6fMRmONtXyxyBhEpY=">AAAB7nicbVDLSgMxFM3UV62vqks3wSK4KjMFH8tiNy4r2Ae0Q7mTZtrQJBOSjFCGfoQbF4q49Xvc+Tem7Sy09cCFwzn3cu89keLMWN//9gobm1vbO8Xd0t7+weFR+fikbZJUE9oiCU90NwJDOZO0ZZnltKs0BRFx2okmjbnfeaLasEQ+2qmioYCRZDEjYJ3UaYDFAtSgXPGr/gJ4nQQ5qaAczUH5qz9MSCqotISDMb3AVzbMQFtGOJ2V+qmhCsgERrTnqARBTZgtzp3hC6cMcZxoV9Lihfp7IgNhzFRErlOAHZtVby7+5/VSG9+GGZMqtVSS5aI45dgmeP47HjJNieVTR4Bo5m7FZAwaiHUJlVwIwerL66RdqwbX1auHWqV+l8dRRGfoHF2iAN2gOrpHTdRCBE3QM3pFb57yXrx372PZWvDymVP0B97nD9Jljz4=</latexit>

Cat map

<latexit sha1_base64="G31Ht4I00OwVKXKUjBAOzR61h/E=">AAACEXicbVC7SgNBFJ31GdfXqqXNYBBThd2AD6yCNlYSwTwgWcLs5G4yZHZmnZlVQsgv2PgrNhaK2NrZ+Tduki008cDA4ZxzuXNPEHOmjet+WwuLS8srq7k1e31jc2vb2dmtaZkoClUquVSNgGjgTEDVMMOhESsgUcChHvQvx379HpRmUtyaQQx+RLqChYwSk0ptpxAqGeG4N9CM6nPbvoYHI8WRxnCXTCK6iDG2bbvt5N2iOwGeJ15G8ihDpe18tTqSJhEIQznRuum5sfGHRBlGOYzsVqIhJrRPutBMqSARaH84uWiED1Olg0Op0icMnqi/J4Yk0noQBWkyIqanZ72x+J/XTEx45g+ZiBMDgk4XhQnHRuJxPbjDFFDDBykhVLH0r5j2iCLUpCWOS/BmT54ntVLROyke35Ty5YusjhzaRweogDx0isroClVQFVH0iJ7RK3qznqwX6936mEYXrGxmD/2B9fkD7a6bIg==</latexit>

from physics:
Newton’s equations.

<latexit sha1_base64="LwTTha8Z5qNFPtTu01jIyeoZAi4=">AAACHHicbVDLSgMxFM3UV62vqks3wSLUTZmp+MBVURCXFewD2lIy6W0bmkmGJFMppR/ixl9x40IRNy4E/8Z0OgttvRA4nHPvubnHDznTxnW/ndTS8srqWno9s7G5tb2T3d2rahkpChUquVR1n2jgTEDFMMOhHioggc+h5g+up3ptCEozKe7NKIRWQHqCdRklxlLt7MkNlw+YaUzsFM4PJY8COMbWQ4MaMtHDRHSwgtjDml5inGlnc27BjQsvAi8BOZRUuZ39bHYktcbCUE60bnhuaFpjogyjHCaZZqQhJHRAetCwUJAAdGscHzfBR5bp4K5U9gmDY/b3xJgEWo8C33YGxPT1vDYl/9MakeletMZMhJEBQWeLuhHHRuJpUrjDFFDDRxYQqpj9K6Z9ogg1NotpCN78yYugWix4Z4XTu2KudJXEkUYH6BDlkYfOUQndojKqIIoe0TN6RW/Ok/PivDsfs9aUk8zsoz/lfP0A2B2glg==</latexit>

Flow is area (volume) preserving and reversible:

<latexit sha1_base64="7tX/fCThEwa0+vA292D329PEPnM=">AAACHHicbVDLSgNBEJyNr7i+oh69DAbBU9iN+MBT0IvHCEaFGMLspLMOzs4u071CCH6IF3/FiwdFvHgQ/Bsnj4MmNgwUVd3V0xVlWiEFwbdXmJmdm18oLvpLyyura6X1jUtMcyuhIVOd2utIIGhloEGKNFxnFkQSabiK7k4H+tU9WFSpuaBeBq1ExEZ1lRTkqHZpz8c8jgEJjzlHyjs9rowbIOUcuHBW3Pkh2HtlYp6IDH2/XSoHlWBYfBqEY1Bm46q3S583nVTmCRiSWiA2wyCjVl+4LVLDg3+TI2RC3okYmg4akQC2+sPjHviOYzq8m1r3DPEh+3uiLxLEXhK5zkTQLU5qA/I/rZlT96jVVybLCYwcLermmlPKB0nxjrIgSfccENIq91cub4UVklyegxDCyZOnwWW1Eh5U9s+r5drJOI4i22LbbJeF7JDV2BmrswaT7JE9s1f25j15L9679zFqLXjjmU32p7yvH90+oTo=</latexit>

suggests: study invertible area preserving maps

<latexit sha1_base64="srGHT5sylk3krx1vAETvA5ISzFo=">AAAB+3icbVDLSsNAFJ34rPVV69LNYBFchaTgY1l040aoaB/QhnIzmbRDJ5MwMxFL6K+4caGIW3/EnX/jpM1CWw9cOJxzL/fe4yecKe0439bK6tr6xmZpq7y9s7u3XzmotlWcSkJbJOax7PqgKGeCtjTTnHYTSSHyOe344+vc7zxSqVgsHvQkoV4EQ8FCRkAbaVCp0qGN8b0GEYAM8C0k5UGl5tjODHiZuAWpoQLNQeWrH8QkjajQhINSPddJtJeB1IxwOi33U0UTIGMY0p6hAiKqvGx2+xSfGCXAYSxNCY1n6u+JDCKlJpFvOiPQI7Xo5eJ/Xi/V4aWXMZGkmgoyXxSmHOsY50HggElKNJ8YAkQycysmI5BAtIkrD8FdfHmZtOu2e26f3dVrjasijhI6QsfoFLnoAjXQDWqiFiLoCT2jV/RmTa0X6936mLeuWMXMIfoD6/MH8++TGg==</latexit>

eg. Standard Map
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<latexit sha1_base64="7CA9hSeXCbtcAt4tsP2VImcCELk=">AAAB8nicdZDLSsNAFIYn9VbjrerSzWARXIWkUHVZKFFXUqu9QFrKZDpph04yYWYilNDHcONCEbc+jTvfxkmbgor+MPDznXOYc34/ZlQq2/40Ciura+sbxU1za3tnd6+0f9CWPBGYtDBnXHR9JAmjEWkpqhjpxoKg0Gek40/qWb3zQISkPLpX05j0QzSKaEAxUhp5ZtO9dJvuTd29G5TKtlW1M0HbspcmJ05OyiBXY1D66A05TkISKcyQlJ5jx6qfIqEoZmRm9hJJYoQnaEQ8bSMUEtlP5yvP4IkmQxhwoV+k4Jx+n0hRKOU09HVniNRY/q5l8K+al6jgop/SKE4UifDioyBhUHGY3Q+HVBCs2FQbhAXVu0I8RgJhpVMydQjLS+H/pl2xnDOrelsp167yOIrgCByDU+CAc1AD16ABWgADDh7BM3gxlPFkvBpvi9aCkc8cgh8y3r8AL7GP6w==</latexit>

REFERENCES
<latexit sha1_base64="s5CFvkmqk0dWVrT5YoGRmW2sqNI="></latexit>

Wiki pages:
Linear Congruence generators, Random Number Generators

<latexit sha1_base64="KHFST/4WwqEN8LqNFD96nZUmy9g=">AAAB7XicbVDLSsNAFL2prxpfVZduBovgqiQFH8v6WLiSKqYttKFMppN27CQTZiZCCf0HNy4Ucev/uPNvnLZZaOuBC4dz7uXee4KEM6Ud59sqLC2vrK4V1+2Nza3tndLuXkOJVBLqEcGFbAVYUc5i6mmmOW0lkuIo4LQZDK8mfvOJSsVE/KBHCfUj3I9ZyAjWRmrY9xe31163VHYqzhRokbg5KUOOerf01ekJkkY01oRjpdquk2g/w1IzwunY7qSKJpgMcZ+2DY1xRJWfTa8doyOj9FAopKlYo6n6eyLDkVKjKDCdEdYDNe9NxP+8dqrDcz9jcZJqGpPZojDlSAs0eR31mKRE85EhmEhmbkVkgCUm2gRkmxDc+ZcXSaNacU8rJ3fVcu0yj6MIB3AIx+DCGdTgBurgAYFHeIZXeLOE9WK9Wx+z1oKVz+zDH1ifPzrbjkI=</latexit>

RANDU

<latexit sha1_base64="CXQlqucNN7DInC158Tr6F8L+vqs="></latexit>

Knuth’s “The Art of Scientific Programming”
see esp. volume 2, page 15, Theorem A

<latexit sha1_base64="2mh26l86fyJdaJX6YXvn39lhWL0="></latexit>

Martin Greenberger, JACM (Journal of the Association of Computing Ma-
chinery ),

“Notes on a New Pseudo-Random Number Generator”, 1961.

<latexit sha1_base64="n1vwi30ypJNBzCocPENma7ZIy6U="></latexit>

Does Theorem A in the special case where m
has the form m = 2d
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<latexit sha1_base64="iTLLjbiW0sdiOehbcdmTnCrKYeQ="></latexit>

REFS.
Theorem A, p. 15, vol 2 of Knuth’s “The Art of Scientific Programming”
(The ‘nice theorem” is a special case of this more general theorem)

https://www.youtube.com/watch?v=thmnJXfoIYA&t=693s


on Linear Feedback Shift Registers.  by a guy named Tarnoff.


I liked it! 11 min 33 seconds long youtube. 


