CSE 201
Homework Assignment 2
Solutions

1. Let f(n) be a positive, increasing function that satisfies f(n/2) = 8(f(n)). Prove that Y1, f(i) =
G)(n f (n)). Hint: emulate the example on page 4 of the handout on asymptotic growth rates in which
it is shown that Y1, i* = @(nk*1).

Proof:
Since f(n) is increasing, we have Y1, f(i) < X, f(n) = nf(n) = 0(nf(n)). Note also that

= Z?:[n 21 (@ by discarding some positive terms
=Y 21 f(n/21) since f(n) is increasing
= —[n/2]1+ Df(In/2])
= (In/2] + Df (In/21)
> ((n/Z) -1+ 1)f(n/2) since |x] > x — 1, [x] = x and f(n) is increasing
= (1/2)nQ(f(n)) since f(n/2) = G)(f(n)) c Q(f(n))
= Q(nf(n))

Thus ¥, f(i) is bounded above and below by functions in the classes O(nf(n)) and Q(nf(n)),

respectively. By an exercise in the handout on asymptotic growth rates, we have Y1, £ (i) = 0(nf(n))
as required. u

2. Use the result of the preceding problem to prove that log(n!) = ©(nlog(n)), without using Stirling's
formula.

Proof:
Observe that the function logn is positive (for n > 1), increasing and log(n/2) = logn —log2 =
©(logn). Therefore we may take f(n) = log(n) in the preceding problem, giving

log(n!) =log(1-2-3-n)

= Xi=11og()
= O(nlogn).
[
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3. Use Stirling's formula to determine a constant a > 0 such that (n) =0 ( ﬁ)'
Proof:
By Stirling's formula we have
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Therefore
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and since 0 < oV < oo, it follows that (77:) = G)( 7 ) Hence a = 27/4. |

. Define S(n) for n € Z* by the recurrence

0 if n=1
S(n) = {S([n/Z]) +1 if n>2

Prove that S(n) > Ig(n) for all n > 1, and hence S(n) = Q(Ig(n)).

Proof:

I. Whenn = 1 we have S(1) > Ig(1), which reduces to 0 > 0, which is true.

II. Let n > 1 and assume for all £ in the range 1 < k < n that S(k) > 1g (k). We must show that
S(n) = 1g(n). We have

S(n)=S(n/2]) +1

> lg([n/2]) +1 by the induction hypothesis with k = [n/2]
>1g(n/2) +1 since [x] = x for any x
=lg(n) —1g(2) +1
= lg(n).
By the Second Principle of Mathematical Induction, S(n) = lg(n) foralln > 1. =

. Let T(n) be defined by the recurrence

1 if n=1
T(n) = {T([n/ZJ) +n? if n>2

Show that Yn > 1: T(n) < (4/3)n?, and hence T(n) = 0(n?).

Proof:

I. Forn=1wehaveT(1) =1<4/3 = (4/3) - 12, so the base case is satisfied.

II. Letn > 1 and assume for all kin the range 1 < k < n that T (k) < (4/3)k?. In particular we have
T(In/2]) < (4/3)|n/2]?>. We must show that T(n) < (4/3)n?. We have



T(n) = T(|n/2]) + n?

< (4/3)In/2]? + n? by the induction hypothesis
< (4/3)(n/2)? + n? since |x| < x for any x
= (1/3)n%? + n?
= (4/3)n?.
By the Second Principle of Mathematical Induction, T(n) < (4/3)n? foralln > 1. n

6. Prove that the First Principle of Mathematical Induction implies the Second Principle of Mathematical
Induction. (This is Exercise 4 at the end of the handout on Induction Proofs.)

Proof:
The 1% PMI asserts that for any propositional function P(n), the following sentence holds.

P(HA[VR>1:P(n—1) > P(n)] = Vn = 1: P(n)
The 2™ PMI says the following sentence is true for any propositional function Q(n).
QMAIVR>1:(Q()AQR)A-AQ(n—1)) = Q(n)] — Vn = 1:Q(n)

We assume the 1% PMI, and show the 2™ PMI as a consequence. To that end, let Q(n) be any
propositional function, and define P(n) by

P(n) =QMAQE2)A--AQN).
In particular, we have
P(1) = Q(1),
Pn—1)= QM)AQ@2)A--AQ(n—1),

P(n) =P(n—1)AQ(n).

and

To prove the 2" PMI, we assume both Q(1) and Vn > 1: (Q(l) AQR2)A--AQ(n— 1)) — Q(n) are
true. We must show that Yn > 1: Q(n) holds.

These assumptions give us that both P(1) and Vn > 1: P(n — 1) — Q(n) are true. As a consequence,
we have Vvn > 1: P(n — 1) - P(n — 1) A Q(n) holds, which implies Vn > 1: P(n — 1) - P(n). We
have shown that under our assumptions both P(1) and Vn > 1: P(n — 1) - P(n) are true. The 1% PMI
now yields Vn = 1: P(n). Obviously P(n) = Q(n), so ¥n = 1: Q(n) is also true.

We have shown that if Q(1) and Vn > 1: (Q(l) AQR2)A-AQ(n— 1)) — Q(n) are both true, then
vn > 1: Q(n) must also be true, establishing the 2™ PML. n
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