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1. (15 Points) Let 𝑎, 𝑏 ∈ ℤ and 𝑚 ∈ ℕ.  Prove that if 𝑎 ≡ 𝑏(mod 𝑚), then 𝑎3 ≡ 𝑏3(mod 𝑚).  

 

Proof:   

We have: 𝑎 ≡𝑚 𝑏 ⟹   𝑚|(𝑎 − 𝑏)  ⟹   (𝑎 − 𝑏) = 𝑚𝑘, for some 𝑘 ∈ ℤ.  Therefore 

 

𝑎3 − 𝑏3 = (𝑎 − 𝑏)(𝑎2 + 𝑎𝑏 + 𝑏2) = 𝑚𝑘(𝑎2 + 𝑎𝑏 + 𝑏2), 

 

hence 𝑚|(𝑎3 − 𝑏3), and thus 𝑎3 ≡𝑚 𝑏3, as required.                                                                            ■ 

 

 

 

 

2. (15 Points) Let 𝑎, 𝑏, 𝑐 ∈ ℤ.  Prove that if 𝑎|𝑏𝑐 and gcd(𝑎, 𝑏) = 1, then 𝑎|𝑐.  [Hint: use that fact that 

gcd(𝑎, 𝑏) = 𝑎𝑛 + 𝑏𝑚 for some 𝑛, 𝑚 ∈ ℤ.] 

 

Proof:   

Following the hint we have 

 

gcd(𝑎, 𝑏) = 1 ⟹   𝑎𝑛 + 𝑏𝑚 = 1 (for some 𝑛, 𝑚 ∈ ℤ.) 

Also 

𝑎|𝑏𝑐 ⟹   𝑏𝑐 = 𝑎𝑘 (for some 𝑘 ∈ ℤ.) 

 

Multipling the first equation by 𝑐 gives  

 

         𝑎𝑐𝑛 + 𝑏𝑐𝑚 = 𝑐, 

∴      𝑎𝑐𝑛 + 𝑎𝑘𝑚 = 𝑐, 

∴      𝑎(𝑐𝑛 + 𝑘𝑚) = 𝑐, 
 

whence 𝑎|𝑐, as required.                                                                                                                          ■ 

  

 

 

 

 

 

 

 

 

 

 

 

 

 



3. (20 Points) Use induction to prove that for all 𝑛 ≥ 1: 

 

∑ 𝑘(𝑘 + 1)

𝑛

𝑘=1

=
𝑛(𝑛 + 1)(𝑛 + 2)

3
. 

 

Proof:   

I. If 𝑛 = 1, the above formula says ∑ 𝑘(𝑘 + 1)1
𝑘=1 =

1⋅(1+1)⋅(1+2)

3
, i.e. 1 ⋅ (1 + 1) =

1⋅(1+1)⋅(1+2)

3
, i.e. 

1 ⋅ 2 =
1⋅2⋅3

3
, i.e. 2 = 2, which is true. 

 

II. Let 𝑛 ≥ 1 be chosen arbitrarily.  Assume (for this 𝑛) that 
 

∑ 𝑘(𝑘 + 1)

𝑛

𝑘=1

=
𝑛(𝑛 + 1)(𝑛 + 2)

3
. 

 

We must show that  

 

∑ 𝑘(𝑘 + 1)

𝑛+1

𝑘=1

=
(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)

3
. 

 

Observe 

 

∑ 𝑘(𝑘 + 1)

𝑛+1

𝑘=1

= (∑ 𝑘(𝑘 + 1)

𝑛

𝑘=1

) + (𝑛 + 1)((𝑛 + 1) + 1) 

 

                         = (
𝑛(𝑛 + 1)(𝑛 + 2)

3
) + (𝑛 + 1)(𝑛 + 2)        (by the induction hypothesis) 

 

                        = (𝑛 + 1)(𝑛 + 2) (
𝑛

3
+ 1) 

 

                        =
(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)

3
. 

 

The result follows for all 𝑛 ≥ 1 by the Principle of Mathematical Induction.                                        ■ 

 

 

 


