
CSE 16    

Summer 2020         

Quiz 4                                    Solutions   
 

 

1. (10 Points) Let 𝑛 ∈ ℕ.  Prove that if 7𝑛 + 3 is even, then 𝑛 is odd. 

 

Proof:  (contrapositive) 

We prove that 𝑛 is even ⇒  7𝑛 + 3 is odd.  The result follows by contraposition. 

 

Assume 𝑛 is even, so 𝑛 = 2𝑘 for some 𝑘 ∈ ℤ.  Then 

 

7𝑛 + 3 = 7(2𝑘) + 3 = 14𝑘 + 2 + 1 = 2(7𝑘 + 1) + 1, 

 

showing that 7𝑛 + 3 is odd, as required.                                                                                              ■ 

 

 

 

 

 

2. (20 Points) Prove that √5 is irrational.  (Hint: you may use without proof that 5|𝑛2 ⇒  5|𝑛 for any 

integer 𝑛.) 

 

Proof:  (contradiction) 

Assume, to get a contradiction, that √5 is rational.  Then √5 = 𝑎/𝑏 for some 𝑎, 𝑏 ∈ ℤ.  If 𝑎 and 𝑏 have 

any common factors, we may cancel them.  We can therefore assume, without loss of generality, that 𝑎 

and 𝑏 have no common factors.  In particular, 𝒂 and 𝒃 are not both divisible by 5.  We have 

 

         5 = (
𝑎

𝑏
)

2

=
𝑎2

𝑏2
 

∴      5𝑏2 = 𝑎2 

∴      5|𝑎2 

∴      𝟓|𝒂   (by the hint) 

∴      𝑎 = 5𝑘 

∴      5𝑏2 = (5𝑘)2 = 25𝑘2 

∴      𝑏2 = 5𝑘2 

∴      5|𝑏2 

∴      𝟓|𝒃   (by the hint) 

 

We have shown that 𝒂 and 𝒃 are both divisible by 5, contradicting our earlier remark.  Therefore our 

assumption was false, and √5 is irrational.                                                                                              ■ 

 

 

 

 

 

 

 

 



3. (20 Points)  Let 𝑛, 𝑚, 𝑘 ∈ ℤ, where 0 ≤ 𝑘 ≤ 𝑚 ≤ 𝑛.  Prove that (
𝑛
𝑚

) (
𝑚
𝑘

) = (
𝑛
𝑘

) (
𝑛 − 𝑘
𝑚 − 𝑘

).  You may 

use an algebraic or a combinatorial proof.  

 

Algebraic Proof:   

(
𝑛
𝑚

) (
𝑚
𝑘

) =
𝑛!

𝑚! ⋅ (𝑛 − 𝑚)!
⋅

𝑚!

𝑘! ⋅ (𝑚 − 𝑘)!
 

 

                   =
𝑛!

𝑚! ⋅ (𝑛 − 𝑚)!
⋅

𝑚!

𝑘! ⋅ (𝑚 − 𝑘)!
⋅

(𝑛 − 𝑘)!

(𝑛 − 𝑘)!
 

 

                   =
𝑛!

𝑘! ⋅ (𝑛 − 𝑘)!
⋅

(𝑛 − 𝑘)!

(𝑚 − 𝑘)! ⋅ (𝑛 − 𝑚)!
 

 

                   =
𝑛!

𝑘! ⋅ (𝑛 − 𝑘)!
⋅

(𝑛 − 𝑘)!

(𝑚 − 𝑘)! ⋅ ((𝑛 − 𝑘) − (𝑚 − 𝑘))!
 

 

                   = (
𝑛
𝑘

) (
𝑛 − 𝑘
𝑚 − 𝑘

).                                                                                        ■ 

 

Combinatorial Proof:   

Let 𝑆 be a set with |𝑆| = 𝑛.  We count the number of ordered pairs (𝐴, 𝐵) such that 𝐴 ⊆ 𝐵 ⊆ 𝑆 with 

|𝐴| = 𝑘 and |𝐵| = 𝑚, and we count them in two different ways. 

 

I. First choose 𝐵 ⊆ 𝑆 with |𝐵| = 𝑚, then choose 𝐴 ⊆ 𝐵 with |𝐴| = 𝑘.  The first step can be done in 

(
𝑛
𝑚

) ways, and the second in (
𝑚
𝑘

) ways.  By the multiplication principle, the number of ways of 

making these choices in succession is (
𝑛
𝑚

) (
𝑚
𝑘

), which is the left hand side. 

 

II. First choose 𝐴 ⊆ 𝑆 with|𝐴| = 𝑘, then choose 𝐶 ⊆ 𝑆 − 𝐴 with |𝐶| = 𝑚 − 𝑘.  When this is done set 

𝐵 = 𝐴 ∪ 𝐶, so 𝐴 ⊆ 𝐵 ⊆ 𝑆 with |𝐴| = 𝑘 and |𝐵| = 𝑘 + (𝑚 − 𝑘) = 𝑚.  The first choice can be made 

in (
𝑛
𝑘

) ways, and the second in (
𝑛 − 𝑘
𝑚 − 𝑘

) ways.  By the multiplication principle, the number of ways 

of making these choices in succession is (
𝑛
𝑘

) (
𝑛 − 𝑘
𝑚 − 𝑘

), which is the right hand side. 

 

Since the left and right sides of the above formula count the very same set of objects, they must be 

equal, hence (
𝑛
𝑚

) (
𝑚
𝑘

) = (
𝑛
𝑘

) (
𝑛 − 𝑘
𝑚 − 𝑘

).                                                                                                  ■ 

 

 


