CSE 16
Homework Assignment 7
Solutions to Selected Problems

Chapter 9 (page 179): # 26
Prove or disprove the statement: for any sets A, Band C, if A=B —C,thenB=AUC.

Solution: The statement is false.
Disproof: We must show that there exist sets 4, B and C for whichA =B —C,butB # AU C.
LetA ={1},B={1,2}and C = {2,3}. Then

B-C={1,2}-{2,3}={1}=4

and
AucC ={1}u{2,3}=1{1,2,3} # B. n

Chapter 10 (page 195): # 12
Prove (by induction) that vn > 0: 9|(43" + 8).

Proof:
Let P(n) be the assertion 9|(43™ + 8). We use weak induction form Ila.

. fn=0,then43" +8=4%+8=1+8=09, hence 9|(4%° + 8), showing that P(0) is true.

Il. Let n > 0 be chosen arbitrarily. Assume, for this n, that 9|(43™ + 8). Therefore 43" + 8 = 9k for
some k € Z. We must show that 9|(43™*+1 + 8). Observe

43(n+1) 4 g — 43n+3 4 g
=4%.4%" 18
=(63+1)-4"+8
= 63-4°" + (4°" + 8)
=9(7-43") + 9k By the induction hypothesis
=9(7- 4" + k),
showing that 9|(43(™*Y) + 8) as required.

The result follows for all n > 0 by the 15t Principle of Mathematical Induction. [ ]



Chapter 10 (page 196): # 24
Prove (by induction) that vn > 1: Zﬁzlk(

Z) =n2"1,

Proof:
Let P(n) be the sentence Y-, k (Z) = n2""1, We use weak induction form IIb.

1

l. P(1)saysYi_,k (,1) =1-2""0e.1: (1

) =1-2°%ie.1=1,whichis true.

II. Letn > 1 be arbitrary. Assume, for this n, that ¥7_1 k (n ; 1) = (n—1)2"%. We must show that
Yr .k (Z) =n2""1. We have

Zn: k (Z) = Zn: k [(Z ~ 1) + (n ; 1)] by Pascal's identity
k=1 k=1
n n
= Z k n-= 1 + z k ” - 1
k=1 k=1

n
= Z(k +1) (n; 1) + Z k (n; 1) replacing k by k + 1 in the 15* sum

k=1
n-1 n
_ n—1 n—1 n—1
_Z[k( k )+ ( k )|+ Z"( k )
k=0 k=1
n-1 n-1 n
_Z n—l _|_ kn—l +Zk n—1
k=0 k=0 k=1
n-1
 on—1 n—1 n—1
=2m1 4. ( + 2 Zk + n( N )
k=1
=21+ 0+ 2-m—1)2"2 + 0 by the induction hypothesis

=21 + (n— 12!
=n2" 1,

as required. The result follows for all n > 1 by the 15 PMI. [



Chapter 10 (page 196): # 26
Prove (by induction) that vn > 1: Y7%_, F? = F,F,,, where E, is the n™" Fibonacci number.

Proof:
Let P(n) be the sentence Y7_, F? = E,F,,,. We use weak induction form Ila.

I. P(1)saysYj_,F? =F,F,, ie F? =FF,ie 12=1-1,0r1 = 1, which is true.
Il. Letn > 1. Assume X%_, F? = E;F,,,. We must show Y1 F? = F,,1F,,,. We have
n+1 n
D R = (Z F,?) + Fi
k=1 k=1
= (E,Fpy1) + F24 by the induction hypothesis
= Fpp1(Fy + Fryq)
= Fpi1Fpyo by the Fibonacci recurrence

It follows that Y%_, F? = E,F,,, forall n > 1 by the 15t PMI.



