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CSE 107 

Probability and Statistics for Engineers 

The Gaussian Integral 

 

The following integrals are used to establish some basic facts about the Normal distribution.  The first 

is often just called the Gaussian Integral. 

 

(1)                         ∫ 𝑒−𝑥2
 𝑑𝑥

∞

−∞

  =  √𝜋 

 

Proof:   

Square the left hand side, then switch the double integral to polar coordinates. 

 

(∫ 𝑒−𝑥2
 𝑑𝑥

∞

−∞

)

2

= (∫ 𝑒−𝑥2
 𝑑𝑥

∞

−∞

) ⋅ (∫ 𝑒−𝑦2
 𝑑𝑦

∞

−∞

) 

 

                               = ∫ ∫ 𝑒−(𝑥2+𝑦2)
∞

−∞

 𝑑𝑥𝑑𝑦
∞

−∞

 

 

                               =  ∫ ∫ 𝑒−𝑟2
∞

0

 𝑟𝑑𝑟𝑑𝜃
2𝜋

0

 

 

                               =  ∫ 𝑑𝜃 ⋅  ∫ 𝑟𝑒−𝑟2
 𝑑𝑟

∞

0

2𝜋

0

 

 

                               = 2𝜋 ⋅ (−
1

2
) 𝑒−𝑟2

|
0

∞

 

 

                               =  −𝜋 ⋅ (0 − 1) 

 

                               = 𝜋 

 

proving (1).                                                                                                                                               ■ 

 

 

(2)                      ∫ 𝑒−𝑢2/2
∞

−∞

 𝑑𝑢 =  √2𝜋 

 

Proof:   

Do the substitution 𝑥 = 𝑢/√2, to get 𝑥2 = 𝑢2/2 and 𝑑𝑢 = √2 𝑑𝑥.  Using (1) we have 

 

∫ 𝑒−𝑢2/2
∞

−∞

 𝑑𝑢 = ∫ 𝑒−𝑥2
∞

−∞

√2𝑑𝑥 =  √2 ⋅ √𝜋 = √2𝜋  

 

                                                                                                                                                                   ■ 
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The following identity establishes that the Normal density is a valid PDF. 

 

(3)                    
1

√2𝜋 𝜎 
 ∫ 𝑒

− 
(𝑥−𝜇)2

2𝜎2

∞

−∞

𝑑𝑥 = 1  

 

Proof:   

Do the substitution  𝑢 = (𝑥 − 𝜇)/𝜎  ⟹   𝜎𝑑𝑢 = 𝑑𝑥 and apply (2) to get 

 

1

√2𝜋 𝜎 
 ∫ 𝑒

− 
(𝑥−𝜇)2

2𝜎2

∞

−∞

𝑑𝑥 =  
1

√2𝜋 𝜎 
 ∫ 𝑒− 𝑢2/2

∞

−∞

𝜎 𝑑𝑢 =
1

√2𝜋
⋅ √2𝜋  = 1  

                                                                                                                                                                 ■ 

 

We can use the same substitution to calculate the variance of the Normal distribution 𝑋. 

 

(4)                   𝑉𝑎𝑟(𝑋) = 𝜎2 

 

Proof:  

Here we use a different variable to do the substitution: 𝑦 = (𝑥 − 𝜇)/𝜎  ⟹   𝑑𝑥 = 𝜎 𝑑𝑦   

 

𝑉𝑎𝑟(𝑋) = 𝐸[(𝑋 − 𝜇)2] 
 

                =  
1

√2𝜋 𝜎 
 ∫ (𝑥 − 𝜇)2 𝑒

− 
(𝑥−𝜇)2

2𝜎2

∞

−∞

𝑑𝑥  

 

                =  
1

√2𝜋 𝜎 
 ∫ 𝜎2𝑦2 𝑒− 𝑦2/2

∞

−∞

𝜎 𝑑𝑦 

 

                =  
𝜎2

√2𝜋 
 ∫ 𝑦2 𝑒−

𝑦2

2

∞

−∞

𝑑𝑦 

 

Now integration by parts with 𝑢 = 𝑦, 𝑑𝑣 = 𝑦𝑒𝑦2/2   ⟹   𝑑𝑢 = 𝑑𝑦, 𝑣 = −𝑒−𝑦2/2, and (2) yields 

 

𝑉𝑎𝑟(𝑋) =
𝜎2

√2𝜋 
 (−𝑦𝑒−

𝑦2

2 )|
−∞

∞

−  
𝜎2

√2𝜋 
 ∫ −𝑒−

𝑦2

2  𝑑𝑦
∞

−∞

 

 

               = 0 +
𝜎2

√2𝜋 
⋅ √2𝜋 

 

               = 𝜎2 

                                                                                                                                                                 ■ 

 

Many other import facts about the Gaussian integral will be covered in lecture.  See here for a proof that 

the sum of two Normal random variables is again normal, which uses the convolution product and a lot 

of algebraic details. 

https://en.wikipedia.org/wiki/Sum_of_normally_distributed_random_variables#:~:text=this%20normal%20distribution.-,Proof%20using%20convolutions,-%5Bedit%5D

