CSE 107

Homework Assignment 7
Solutions

Section 3.5: Conditioning

1. Let X have a uniform distribution in the unit interval [0, 1], and let Y have an exponential distribution
with parameter v = 2. Assume that X and Y are independent, andletZ = X + Y.

a. Find P(Y = X).

Solution:
We are given
(1 ifosx<1
fx () = {0 otherwise
and

_(2e™? ify>0
fr) { 0 otherwise

Since X and Y are independent

-2y ifo<x< >
fX,Y(x,y)=fX(x)-fy(y)={29 lfo_x__landy_()
0 otherwise

Therefore

1 0
PY=X)= f f 2e7% dy dx
0 Yx

1
= f —e™|® dx
0

1
=f e %X dx
0

1 -2
1 1-—e¢
= —— -2 _ =
A 2

b. Find the conditional PDF of Z giventhatY = y.
Solution:

Fpy(zly) = P(Z < z|Y = y)
=PX+Y<z|Y=y)
=PX+y<z|YVY=y)

=PX<z-yl|lY=y)



C.

=P(X<z-y)

=Fx(z—-y)

Where the second to last step follows from the independence of X and Y. Upon differentiating
both sizes with respect to z, we obtain

fZ|Y(Z|y) = fx(z—y)

{1 if0<z—-y<1
0 otherwise

={1 ify<z<y+1
0 otherwise

Find the conditional PDF of Y given that Z = 3.
Solution:
By the continuous Bayes’ rule

far@lY) - fr (¥)

fY|Z(y|Z) = £,
so that
_ far Bly) - fr ()
leZ(y|3) = 73

We have the numerator by part (b). To compute the denominator, note that for z = 3, the function
fz1v(zly) is non-zero only if 0 < 3 — y < 1, which implies 2 < y < 3. Therefore

3
£(3) = f oG - fr () dy

3
=f 1-2e72Y dy
2

=—e |3

=—(ef—eH=e*t—e"
and therefore

2e % _
fY|Z(y|3):{e—4—e—6 leSySS
0 otherwise



Section 4.1: Derived Distributions

2. Let X be a random variable with PDF fy(x). Find the PDF of the random variable Y = |X]| in the
following three cases.

a.

C.

X is exponentially distributed with parameter A.
Solution:
We are given

(Ae™™  ifx>0
fx () _{o ifx <0

Since P(X < 0) = 0, the random variable X assumes only non-negative values, and hence the
distribution of Y = | X] is identical to that of X.

{Ae-ly ify>0
0

) = ify <0

X is uniformly distributed in the interval [—1, 2].

Solution:

We have P(—-1<X<1)=2P(1<X<2), hence P(0OS<Y<1)=2P(1 <Y <2). Also
PO<Y<1)+PA<Y<2)=1,s0that P(0O<Y<1)=2/3and P(1<Y <2)=1/3.
Thus

2
3 ifo<y<i1
=<1
fr ) 3 if1<y<2
0 otherwise

fx(x) is a general PDF.
Solution:
Using the 2-step process, we have

Fr(y) =PY <y)=P(X|<y) =P(-y <X <y) = Fx(y) — Fx(-y)

Differentiating both sides with respect to y gives fy (v) = fx(y) + fx(—y), and hence

_(fx)+fx(-y) ify=0
K& = {OX i otherwise



3. Let X and Y be independent discrete random variables with the same PMF:

1/4 ifx=1

_)1/4  ifx=2

Px()=3 12 ifx=3
0 otherwise

and similarly for Y. Use the convolution product to find the PMFof Z = X + Y.
Solution:
The convolution product gives

P22 = ) px(py(z =)

=px(Dpy(z—1) + px()py(z — 2) + px(3)py(z — 3)

1 1 1
ZZ'pY(Z_1)+Z'pY(Z_2)+§'pY(Z_3)

The function p;(z) will be non-zero only for z in {1,2,3} + {1, 2,3} = {2, 3,4, 5,6}. We compute

(2)_1 11,11
Pz o) =4 4T, 2 " " 16
(3)_1 1,111 1
Pz3) =447 44727 "8
(4)_1 111,11 5
Pz = 27447227 16
(5)_1 o 11,111
Pz>) =7 4272214
(6)=2-042-045 2=
Pzi0) =7 4 2271
Therefore
(1 I
16 ifz=2
1 if z=3
8 1II Z =
pz(Z):< 5 )
16 ifz=4
1 if z=5,6
2 if z=25,
\ 0 otherwise



4. Let X be continuous uniform on the interval [0, 2], and Y continuous uniform on [3,4]. Assume that
X and Y are independent. Use the convolution product to find the PDF of Z = X + Y.
Solution:

We have
L if0<x<2
fx(x)={§ 0= x<
0 otherwise
and
(1 if3<y<4
KO = {0 otherwise

The convolution product gives

f(2) = f GO - filz — x) dx

which has a non-zero integrand if and only if both 0 < x < 2and 3 < z — x < 4. Thisis equivalent
toboth0 < x < 2andz—4 < x < z— 3, which implies

max(0,z —4) < x < min(2,z — 3).

Therefore
min(2,z-3) 1
f2(2) = f 5-1ldx
max(0,z—4) 2
min(2,z — 3) — max(0,z — 4
— { ( ) > ( ) if3<z<e
0 otherwise
(z—3
if3<z<4
2
1 .
6—z ]
2 if5<z<e6
\ 0 otherwise




