
CSE 107 

Homework Assignment 7  

Solutions 

 

Section 3.5: Conditioning 

 

1. Let 𝑋 have a uniform distribution in the unit interval [0, 1], and let 𝑌 have an exponential distribution 

with parameter 𝜈 =  2.  Assume that 𝑋 and 𝑌 are independent, and let 𝑍 = 𝑋 + 𝑌. 

 

a. Find 𝑃(𝑌 ≥ 𝑋). 
Solution:  

We are given 

𝑓𝑋(𝑥) = { 
1       if 0 ≤ 𝑥 ≤ 1
0       otherwise

 

and 

𝑓𝑌(𝑦) = { 
2𝑒−2𝑦        if 𝑦 ≥ 0
0                otherwise

 

 

Since 𝑋 and 𝑌 are independent 

 

𝑓𝑋,𝑌(𝑥, 𝑦) = 𝑓𝑋(𝑥) ⋅ 𝑓𝑌(𝑦) = { 
2𝑒−2𝑦        if 0 ≤ 𝑥 ≤ 1 and 𝑦 ≥ 0
0                otherwise

 

 

Therefore 

𝑃(𝑌 ≥ 𝑋) = ∫ ∫ 2𝑒−2𝑦  𝑑𝑦 𝑑𝑥
∞

𝑥

1

0

 

 

                    =  ∫ −𝑒−2𝑦|𝑥
∞ 𝑑𝑥

1

0

 

 

                    = ∫ 𝑒−2𝑥  𝑑𝑥
1

0

 

 

                    =  −
1

2
𝑒−2𝑥|

0

1

 =  −
𝟏

𝟐
(𝒆−𝟐 − 𝟏) =

𝟏 − 𝒆−𝟐

𝟐
 

                                                                                                                                                    ■ 

 

b. Find the conditional PDF of 𝑍 given that 𝑌 = 𝑦. 

Solution:  

 

𝐹𝑍|𝑌(𝑧|𝑦) = 𝑃(𝑍 ≤ 𝑧|𝑌 = 𝑦) 

 

                   = 𝑃(𝑋 + 𝑌 ≤ 𝑧 | 𝑌 = 𝑦) 
 

                   = 𝑃(𝑋 + 𝑦 ≤ 𝑧 | 𝑌 = 𝑦) 
 

                   = 𝑃(𝑋 ≤ 𝑧 − 𝑦 | 𝑌 = 𝑦) 
 



                   = 𝑃(𝑋 ≤ 𝑧 − 𝑦) 
 

                   = 𝐹𝑋(𝑧 − 𝑦) 
 

Where the second to last step follows from the independence of 𝑋 and 𝑌.  Upon differentiating 

both sizes with respect to 𝑧, we obtain 

 

𝑓𝑍|𝑌(𝑧|𝑦) = 𝑓𝑋(𝑧 − 𝑦) 

 

                  = { 
𝟏       if 𝟎 ≤ 𝒛 − 𝒚 ≤ 𝟏

𝟎       otherwise
 

 

                  = { 
𝟏       if 𝒚 ≤ 𝒛 ≤ 𝒚 + 𝟏

𝟎       otherwise
 

                                                                                                                                                       ■ 

 

c. Find the conditional PDF of 𝑌 given that 𝑍 = 3. 

Solution:  

By the continuous Bayes’ rule 

 

𝑓𝑌|𝑍(𝑦|𝑧) =
𝑓𝑍|𝑌(𝑧|𝑦) ⋅ 𝑓𝑌(𝑦)

𝑓𝑍(𝑧)
 

so that 

𝑓𝑌|𝑍(𝑦|3) =
𝑓𝑍|𝑌(3|𝑦) ⋅ 𝑓𝑌(𝑦)

𝑓𝑍(3)
 

 

We have the numerator by part (b).  To compute the denominator, note that for 𝑧 = 3, the function 

𝑓𝑍|𝑌(𝑧|𝑦) is non-zero only if 0 ≤ 3 − 𝑦 ≤ 1, which implies 2 ≤ 𝑦 ≤ 3.  Therefore 

 

𝑓𝑍(3) = ∫ 𝑓𝑍|𝑌(3|𝑦) ⋅ 𝑓𝑌(𝑦) 𝑑𝑦
3

2

 

 

           = ∫ 1 ⋅ 2𝑒−2𝑦  𝑑𝑦
3

2

 

 

           = −𝑒−2𝑦|2
3 

 

           = −(𝑒−6 − 𝑒−4) = 𝑒−4 − 𝑒−6 

and therefore 

 

𝑓𝑌|𝑍(𝑦|3) = { 
𝟐𝒆−𝟐𝒚

𝒆−𝟒 − 𝒆−𝟔
         if 𝟐 ≤ 𝒚 ≤ 𝟑

𝟎                          otherwise

 

                                                                                                                                                      ■ 

 

 

 

 



Section 4.1: Derived Distributions 

 

2. Let 𝑋 be a random variable with PDF 𝑓𝑋(𝑥).  Find the PDF of the random variable 𝑌 = |𝑋| in the 

following three cases. 

a. 𝑋 is exponentially distributed with parameter 𝜆. 

Solution:  

We are given 

  

𝑓𝑋(𝑥) = { 
𝜆𝑒−𝜆𝑥         if 𝑥 ≥ 0
0                 if 𝑥 < 0

 

 

Since 𝑃(𝑋 < 0) = 0, the random variable 𝑋 assumes only non-negative values, and hence the 

distribution of 𝑌 = |𝑋| is identical to that of 𝑋. 

 

𝑓𝑌(𝑦) = { 
𝝀𝒆−𝝀𝒚        if 𝒚 ≥ 𝟎
𝟎                 if 𝒚 < 𝟎

 

                                                                                                                                                       ■ 

 

b. 𝑋 is uniformly distributed in the interval [−1, 2]. 
Solution:  

We have 𝑃(−1 ≤ 𝑋 ≤ 1) = 2𝑃(1 ≤ 𝑋 ≤ 2), hence 𝑃(0 ≤ 𝑌 ≤ 1) = 2𝑃(1 ≤ 𝑌 ≤ 2). Also 

𝑃(0 ≤ 𝑌 ≤ 1) + 𝑃(1 ≤ 𝑌 ≤ 2) = 1, so that 𝑃(0 ≤ 𝑌 ≤ 1) = 2/3 and 𝑃(1 ≤ 𝑌 ≤ 2) = 1/3.  

Thus 

𝑓𝑌(𝑦) =

{
 
 

 
 

 

𝟐

𝟑
                if  𝟎 ≤ 𝒚 ≤ 𝟏

𝟏

𝟑
                if  𝟏 ≤ 𝒚 ≤ 𝟐

𝟎                 otherwise

 

                                                                                                                                                      ■ 

 

c. 𝑓𝑋(𝑥) is a general PDF. 

Solution:  

Using the 2-step process, we have 

 

𝐹𝑌(𝑦) = 𝑃(𝑌 ≤ 𝑦) = 𝑃(|𝑋| ≤ 𝑦) = 𝑃(−𝑦 ≤ 𝑋 < 𝑦) = 𝐹𝑋(𝑦) − 𝐹𝑋(−𝑦) 
 

Differentiating both sides with respect to 𝑦 gives 𝑓𝑌(𝑦) = 𝑓𝑋(𝑦) + 𝑓𝑋(−𝑦), and hence 

 

𝑓𝑌(𝑦) = { 
𝒇𝑿(𝒚) + 𝒇𝑿(−𝒚)       if 𝒚 ≥ 𝟎

𝟎                                  otherwise
  

                                                                                                                                                       ■ 

 

 

 

 

 

 

 

 



3. Let 𝑋 and 𝑌 be independent discrete random variables with the same PMF: 

 

𝑝𝑋(𝑥) = { 

1/4        if 𝑥 = 1
1/4        if 𝑥 = 2
1/2        if 𝑥 = 3
0             otherwise

 

 

and similarly for 𝑌.  Use the convolution product to find the PMF of 𝑍 = 𝑋 + 𝑌. 

Solution:  

The convolution product gives  

 

𝑝𝑍(𝑧) = ∑𝑝𝑋(𝑥)𝑝𝑌(𝑧 − 𝑥)

𝑥

 

 

            = 𝑝𝑋(1)𝑝𝑌(𝑧 − 1) + 𝑝𝑋(2)𝑝𝑌(𝑧 − 2) + 𝑝𝑋(3)𝑝𝑌(𝑧 − 3) 
 

            =
1

4
⋅ 𝑝𝑌(𝑧 − 1) +

1

4
⋅ 𝑝𝑌(𝑧 − 2) +

1

2
⋅ 𝑝𝑌(𝑧 − 3) 

 

The function 𝑝𝑍(𝑧) will be non-zero only for 𝑧 in {1, 2, 3} + {1, 2, 3} = {2, 3, 4, 5, 6}.  We compute 

 

𝑝𝑍(2) =
1

4
⋅
1

4
+
1

4
⋅ 0 +

1

2
⋅ 0 =

1

16
 

 

𝑝𝑍(3) =
1

4
⋅
1

4
+
1

4
⋅
1

4
+
1

2
⋅ 0 =

1

8
 

 

𝑝𝑍(4) =
1

4
⋅
1

2
+
1

4
⋅
1

4
+
1

2
⋅
1

4
=
5

16
 

 

𝑝𝑍(5) =
1

4
⋅ 0 +

1

4
⋅
1

2
+
1

2
⋅
1

4
=
1

4
 

 

𝑝𝑍(6) =
1

4
⋅ 0 +

1

4
⋅ 0 +

1

2
⋅
1

2
=
1

4
 

 

Therefore 

 

𝑝𝑍(𝑧) =

{
 
 
 
 

 
 
 
 

 

𝟏

𝟏𝟔
         if  𝒛 = 𝟐

𝟏

𝟖
            if  𝒛 = 𝟑

𝟓

𝟏𝟔
          if  𝒛 = 𝟒

𝟏

𝟒
             if  𝒛 = 𝟓, 𝟔 

𝟎              otherwise

 

                                                                                                                                                             ■ 

 



4. Let 𝑋 be continuous uniform on the interval [0, 2], and 𝑌 continuous uniform on [3, 4].  Assume that 

𝑋 and 𝑌 are independent.  Use the convolution product to find the PDF of 𝑍 = 𝑋 + 𝑌. 

Solution:  

We have 

 

𝑓𝑋(𝑥) = { 
1

2
      if 0 ≤ 𝑥 ≤ 2

0       otherwise

 

and 

𝑓𝑌(𝑦) = { 
1      if 3 ≤ 𝑦 ≤ 4
0       otherwise

 

 

The convolution product gives 

 

𝑓𝑍(𝑧) = ∫ 𝑓𝑋(𝑥) ⋅
∞

−∞

𝑓𝑌(𝑧 − 𝑥) 𝑑𝑥 

 

which has a non-zero integrand if and only if both 0 ≤ 𝑥 ≤ 2 and 3 ≤ 𝑧 − 𝑥 ≤ 4.  This is equivalent 

to both 0 ≤ 𝑥 ≤ 2 and 𝑧 − 4 ≤ 𝑥 ≤ 𝑧 − 3, which implies 

 

max(0, 𝑧 − 4) ≤ 𝑥 ≤ min(2, 𝑧 − 3). 
 

Therefore 

 

𝑓𝑍(𝑧) = ∫
1

2
⋅

min(2,𝑧−3)

max(0,𝑧−4)

1 𝑑𝑥 

 

           = { 
min(𝟐, 𝒛 − 𝟑) − max(𝟎, 𝒛 − 𝟒)

𝟐
           if 𝟑 ≤ 𝒛 ≤ 𝟔

𝟎                                                                   otherwise

 

 

           =

{
  
 

  
 

 

𝒛 − 𝟑

𝟐
           if 𝟑 ≤ 𝒛 ≤ 𝟒

𝟏

𝟐
                   if 𝟒 ≤ 𝒛 ≤ 𝟓

𝟔 − 𝒛

𝟐
           if 𝟓 ≤ 𝒛 ≤ 𝟔

𝟎                   otherwise

 

                                                                                                                                                            ■ 

 

 


