
CSE 107 

Homework Assignment 3 

Solutions  

 

Section 2.4: Expectation, Mean and Variance 

 

1. A class with 300 students consists of 250 undergraduate students and 50 graduate students. The 

probability that an undergraduate student gets an A is 1/3, and the probability that a graduate student 

gets an A is 1/2.  Let 𝑋 be the number of students who get an A.  Determine the expectation 𝐸[𝑋].  
 

Hint: define random variables 

 

𝑈𝑖 = { 
1     if undergraduate student 𝑖 gets an A
0     otherwise

  for 1 ≤ 𝑖 ≤ 250 

and 

𝐺𝑗 = { 
1     if graduate student 𝑗 gets an A
0     otherwise

   for 1 ≤ 𝑗 ≤ 50 

 

Write 𝑋 in terms of the 𝑈𝑖 and 𝐺𝑗, then use linearity of expectation. 

 

Solution: 

Note that 𝑈𝑖 and 𝐺𝑗 from the hint are binomial with parameters 1/3 and 1/2, respectively.  Therefore 

𝐸[𝑈𝑖] = 1/3 and 𝐸[𝐺𝑗] = 1/2.  Since 

 

𝑋 =∑𝑈𝑖

250

𝑖=1

 +   ∑𝐺𝑗

50

𝑗=1

 

 

we have that 

 

𝐸[𝑋] = 250 ⋅
1

3
+ 50 ⋅

1

2
=
𝟑𝟐𝟓

𝟑
= 𝟏𝟎𝟖. 𝟑𝟑𝟒 

                                                                                                                                                           ■ 

 

Section 2.5: Joint PMFs of multiple random variables 

 

2. The UCSC football team wins any one game with probability 𝑝, and loses it with probability 1 − 𝑝. 

Its performance in each game is independent of its performance in other games.  Let 𝐿1 be the number 

of losses before its first win, and let 𝐿2 be the number of losses after its first win and before its second 

win.  Find the joint PMF of 𝐿1 and 𝐿2. 

 

Solution:  

Observe that 𝑝𝐿1,𝐿2(𝑖, 𝑗) =  𝑃(𝐿1 = 𝑖, 𝐿2 = 𝑗) is the probability a sequence of 𝑖 losses, followed by 

1 win, followed by 𝑗 losses, followed by 1 win.  Therefore 

 

𝒑𝑳𝟏,𝑳𝟐(𝒊, 𝒋) = (𝟏 − 𝒑)𝒊 ⋅ 𝒑 ⋅ (𝟏 − 𝒑)𝒋 ⋅ 𝒑 = (𝟏 − 𝒑)𝒊+𝒋 ⋅ 𝒑𝟐  

                                                                                                                                                            ■ 

 

 



3. A class of 𝑛 students takes a test in which each student gets an A with probability 𝑝, a B with 

probability 𝑞, and a grade below B with probability 1 − 𝑝 − 𝑞, independently of any other student. 

Let 𝑋 and 𝑌 be the numbers of students that getting A’s and a B’s, respectively.  Determine the joint 

PMF 𝑝𝑋,𝑌(𝑥, 𝑦). 
 

Solution: 

Let 𝑥 and 𝑦 be integers satisfying 𝑥 ≥ 0, 𝑦 ≥ 0 and 𝑥 + 𝑦 ≤ 𝑛.  For simplicity, assume that any 

student who does not get an A or B gets a C.  Then an assignment of grades in which the number of 

A’s is 𝑥, and the number of B’s is 𝑦, can be represented as a string over the alphabet {𝐴, 𝐵, 𝐶} of 

length 𝑛 containing exactly 𝑥 A’s, exactly 𝑦 B’s, and hence (𝑛 − 𝑥 − 𝑦) Cs.  The probability of one 

such string (i.e. grade assignment) is  

 

𝑝𝑥 ⋅ 𝑞𝑦 ⋅ (1 − 𝑝 − 𝑞)𝑛−𝑥−𝑦. 
 

The number of such strings is the multinomial coefficient 

 

(
𝑛

𝑥, 𝑦, (𝑛 − 𝑥 − 𝑦)) =
𝑛!

𝑥! 𝑦! (𝑛 − 𝑥 − 𝑦)!
. 

 

(See section 1.6 of the text, pp. 49-51 and related examples.)  Therefore  

 

𝒑𝑿,𝒀(𝒙, 𝒚) = { 
(

𝒏
𝒙, 𝒚, (𝒏 − 𝒙 − 𝒚)) ⋅ 𝒑

𝒙 ⋅ 𝒒𝒚 ⋅ (𝟏 − 𝒑 − 𝒒)𝒏−𝒙−𝒚     for 𝒙 ≥ 𝟎, 𝒚 ≥ 𝟎, 𝒙 + 𝒚 ≤ 𝒏

𝟎                                                                                           otherwise
 

                                                                                                                                                           ■ 

 

 

 

Section 2.6: Conditioning 

 

4. Alvin shops for probability books for 𝐾 hours, where 𝐾 is a random variable that is equally likely to 

be 1, 2, 3, or 4.  The number of books 𝑁 that he buys is random and depends on how long he shops 

according to the conditional PMF 

 

𝑝𝑁|𝐾(𝑛|𝑘) = { 
1

𝑘
         if 𝑛 = 1, … , 𝑘

0         otherwise
  

 

(a) Find the joint PMF of 𝐾 and 𝑁. 

 

Solution:  

We are given that 

 

𝑝𝐾(𝑘) = { 
1

4
     if 𝑘 = 1, 2, 3, 4

0      otherwise

 

 

and 

 



𝑝𝑁|𝐾(𝑛|𝑘) =

{
 
 
 

 
 
 

 

1             if  𝑛 = 1              and  𝑘 = 1             
1

2
                 𝑛 = 1, 2                   𝑘 = 2      

1

3
                 𝑛 = 1, 2, 3               𝑘 = 3      

1

4
                 𝑛 = 1, 2, 3, 4           𝑘 = 4

0             otherwise

 

 

Therefore 

 

𝑝𝑁,𝐾(𝑛, 𝑘) = 𝑝𝐾(𝑘) ⋅ 𝑝𝑁|𝐾(𝑛|𝑘) 

 

                    =

{
 
 
 
 

 
 
 
 

 

𝟏

𝟒
             if  𝒏 = 𝟏                and  𝒌 = 𝟏             

𝟏

𝟖
                  𝒏 = 𝟏, 𝟐                     𝒌 = 𝟐      

𝟏

𝟏𝟐
               𝒏 = 𝟏, 𝟐, 𝟑                 𝒌 = 𝟑      

𝟏

𝟏𝟔
               𝒏 = 𝟏, 𝟐, 𝟑, 𝟒             𝒌 = 𝟒

𝟎             otherwise

 

 

 

(b) Find the marginal PMF of 𝑁. 

 

Solution:  

𝑝𝑁(𝑛) = ∑𝑃𝑁,𝐾(𝑛, 𝑘) =

{
 
 
 
 

 
 
 
 

 

1

4
+
1

8
+
1

12
+
1

16
     if  𝑛 = 1             

1

8
+
1

12
+
1

16
                  𝑛 = 2     

1

12
+
1

16
                          𝑛 = 3      

1

16
                                    𝑛 = 4

0                                  otherwise

4

𝑘=1

 

 

                                            =

{
 
 
 
 

 
 
 
 

 

𝟐𝟓

𝟒𝟖
       if  𝒏 = 𝟏             

𝟏𝟑

𝟒𝟖
            𝒏 = 𝟐     

𝟕

𝟒𝟖
            𝒏 = 𝟑      

𝟏

𝟏𝟔
            𝒏 = 𝟒

𝟎          otherwise

 

 

 

 



(c) Find the conditional PMF of 𝐾 given that 𝑁 = 2. 

 

Solution:  

𝑝𝐾|𝑁(𝑘|2) =
𝑝𝑁,𝐾(2, 𝑘)

𝑝𝑁(2)
=
𝑝𝑁,𝐾(2, 𝑘)

13/48
 

 

                    =

{
 
 
 

 
 
 

 

1/8

13/48
         if 𝑘 = 2

1/12

13/48
             𝑘 = 3

1/16

13/48
             𝑘 = 4

0                    otherwise

 

 

                    =

{
  
 

  
 

 

𝟔

𝟏𝟑
         if 𝒌 = 𝟐

𝟒

𝟏𝟑
             𝒌 = 𝟑

𝟑

𝟏𝟑
             𝒌 = 𝟒

𝟎            otherwise

 

                                                                                                                                                      ■ 

 

 

 

 

 

 

 

 

 

 

 


