CSE 102
Homework Assignment 3
Solutions

1. Define T(n) by the recurrence

2 ifn=1
T(n) = { 3T(n/2]) +n? if n=>2

Use the substitution method to show that T(n) = 0(n?).

Proof:
We use induction to show that T(n) < 4n? for all n > 1, whence T(n) = 0(n?).

I. Ifn=1,thenT(1) =2 <4 =4-12 proving the base case.

Il. Letn > 1, and assume that T'(k) < 4k? for all k in the range 1 < k < n. We must show that
T(n) < 4n?.

T(n) = 3T(|n/2]) + n?

<3-4|n/2])* + n? by the induction hypothesis with k = |n/2]
<3-4(n/2)? + n? since [x] < xforall x € R

=3-4 n +n?

— . . Z n

= 3n? + n? = 4n?.

Therefore T(n) < 4n? for all n > 1 by the 2" PMI. n

2. Define T(n) by the recurrence

1 ifn=1
T(n)_{T(n—1)+n if n>2

Use the iteration method to find the exact solution to this recurrence, then determine an asymptotic
solution.

Solution:
Applying iteration to the above recurrence gives

Tm)=n+Tn-1)
=n+n-1)+Tn-2)
=n+nn-1D+n-2)+T(n-3)

= 2{-‘;01(71 —D+Tn—k)



The recurrence stops when the recursion depth k satisfiesn —k =1,s0k =n — 1. Thus

T(n) =Y fn—i)+1

= Xon- Ligi+1
=n(n-1)->(m-1Dn-2)+1
= 0(n?).

3. Define T(n) by the recurrence

9 if 1<n<15
T(n) = {T([n/ZJ) +6 ifn>15

Use the iteration method to find the exact solution to this recurrence, then determine an asymptotic
solution.

Solution:
Iteration yields

T(n) =6+T(n/2])
=6+6+T<[%>= 6-2+T(|n/22))

=6-3+T(n/2%))
— 6k + T(|n/2%)).

The process terminates when the recursion depth k first satisfies 1 < |n/2%| < 15, which is
equivalentto 1 < n/2k < 15. Thus we seek the smallest k satisfying 2¥ < n < 15 - 2%, Since k is
to be minimized, we ignore the left hand inequality and concentrate on the right: n < 15 - 2% =
n/15 < 2% = 1g(n/15) < k. The smallest such k must satisfy k — 1 < 1g(n/15) < k, whence
k —1=lg(n/15)], and k = |lg(n/15)| + 1. For this k we have T(|n/2%|) = 9, and therefore

T(n) = 6(llg(n/15)] +1) +9
= 6|lg(n/15)] + 15
= 6|lg(n) — 1g(15)] + 15.

Ignoring the constants, the floor function and the base of the log, we get T(n) = ©(log(n)). n

4. Define T(n) by the recurrence

4 if1<n<3
T(n) :{T([n/BJ)+n if n>3

Use iteration to find a tight asymptotic bound for T'(n).



Solution:
Recurring down to depth k gives T(n) = X¥-}|n/3!| + T(|n/3*]). The recursion stops when k =
|log;(n)], at which point T(|n/3%|) = 4. For this value of k then,

k—1
T(n) = Z[n/BiJ + 4

i=0
Estimating upward, we have
T(n) < Yk t(n/3Y) + 4

=n-YkH1/3)' +4
<n-Y2,(1/3) +4

1
- "(1 — (1/3)) 4
=(3/2)n+ 4
= 0(n).

To estimate downward, we refer to the recurrence itself.
T(n) =T(n/3)) +n=n=Q(n)

The two estimates together give T(n) = 0(n). n

Use the Master Theorem to find tight asymptotic bounds for the recurrences in problems 3 and 4
above.

Solution:
We first simplify each recurrence relation as appropriate to the Master method.

Problem 2: T(n) =T(n/2) + 6(1)
Compare 1 = n° to n'°82(1) = n%  Case (2) implies T(n) = 0(log(n)).

Problem 2: T(n) = T(n/3) + ©(n)

Compare n = n' to n'°83s(M =n% =1, Lete =1> 0, son = n®*€ = Q(n'°8:(D+€) Also select
any c in the range g <c<1. Then 1:-(n/3)=(1/3)n<cn, for any n > 1, establishing the
regularity condition. We obtain from case (3) that T(n) = @(n).



6. Use the Master Theorem to find tight asymptotic bounds on the following recurrences.

a.

T(n) = 3T(2n/3) + n®
Solution:

1 3 20 27 (3\3 ,
Compare n® to n'°83/23) | Observe 3 = S <= (5) = logs/,(3) < 3. Thusif wesete =
3 —logs/2(3), then € > 0 and n® = nl°82(*€ = (nlo82()+€)  Select any ¢ in the range
g < ¢ < 1, so that 3(2n/3)3 = (8/9)n3 < cn3, establishing the regularity condition. Case 3
now gives T(n) = O(n?). [

T(n) = 2T(n/3) +Vn

Solution:

We compare n'/2 to n'°83(2), Observe 3 <4 = 1 <log;(4) = log;(2?) = 2log3(2) =
1/2 < logs3(2). Thus setting € = log;(2) — (1/2), we have e > 0, and 1/2 = log;(2) — €.

Therefore vVn = n'/? = O(nl/z) = 0(n10g3(2)—6)_ By case (1): T(n) = @(n10g3(2))_ -
T(n) = 5T(n/4) +n'8Vs

Solution:

We compare n'°8zV5 to nlog«®  Observe 5= VB = v5°8® _ glog,(v5) o log,(5) =
log,(V5). Therefore n'og2V5 = nlogs(5) and by case (2): T(n) = 0(n'°%+> log(n)). -

T(n) = 3T(2n/5) + nlogn
Solution:

We compare nlog(n) to n'°8s2(). Observe that 3 > 5/2 = logs/,(3) > 1, S0 upon setting
€= %(log5/2(3) —1) we have €>0, and 2¢ = logs,(3)—1 = 1+¢€=1logs,(3)—e.
Thus
nlog(n) . nlog(n) . log(n)
= ———— = lim =0

n—-oo n10g5/2(3)_6 T nse nlte n-o Nt

and therefore nlog(n) = o(n!°8s2(3)=€) c 0(n!°8s2(3=€) 50 T(n) = O(n'°85/2) by case (1)
of the Master Theorem. [
S(n) = aS(n/4) + n? (your answer will depend on the parameter a.)

Solution:

We compare n? to n'°8+(®) The answer depends on whether log,(a) is greater than, equal to or
less than 2. This is equivalent to asking whether a is greater than, equal to or less than 16.

If a > 16 then log,(a) > 2. Inthiscase set e =log,(a) —2s0e > 0. Then2 =log,(a) — €
and n? = 0(n'°8+(@-€) By case (1) we have S(n) = 0(n'°8+®),

If a = 16 then log,(a) = 2, and n? = n'°8+(@)_ Case (2) gives S(n) = 0(n?log(n)).

If 1 <a<16,then 0 <log,(a) <2. Let e =2 —1log,(a), so e >0 and 2 =log,(a) + €.
Thenn? = Q(n?) = Q(nlos+(@+€), Since% < 1 we can pick c satisfying% < ¢ < 1,and hence
a(n/4)? = (a/16)n? < cn? forall n > 1, establishing the regularity condition. Case (3) of the
Master Theorem now yields S(n) = ©(n?). [



7. Assume the correctness of the algorithm Partition(4, p,r) on page 171 of the text. Use induction
to prove the correctness of Quicksort(4, p,r) on page 171.

Proof:
We reproduce QuickSort() here for reference.

QuickSort(4,p, 1)

1. ifp<r

2. q = Partition(4,p,r)
3. QuickSort(4,p,q — 1)
4. QuickSort(4,q + 1,71)

The call to Partition(4, p, ) is assumed to re-arrange A[p ---r] and return an index q in the range
p < q <r such that A[p---(q — 1)] < Alq] < A[(q + 1) ---r]. We proceed by induction on the
lengthm=r—-p+1o0of A[p---r].

If m = 1, then r = p and the test on line (1) is false, so QuickSort() returns with no change to A.
Indeed, an array of length 1 is already sorted, so no changes are needed.

Let m > 1 and assume that QuickSort() correctly sorts any subarray of length less than m. We
must show that QuickSort() correctly sorts any subarray of lengthm =r —p + 1. Nowm > 1
implies p < r, so the test on line (1) is true and lines (2) through (4) are executed. Our
assumption on Partition says that A[p --- (¢ — 1)] < A[q] < A[(g + 1) --- r] is true after line (2),
where p < g < r. Observe

length(Alp-(q—1DD=@-1)—-p+1<r—p+1=m
and
length(A[(q + 1) -~rD)=r—-(@+D+1<r—-p+1=m.

The induction hypothesis implies that lines (3) and (4) correctly sort A[p---(q —1)] and
A[(q + 1) ---r]. Theinequality A[p--- (¢ — 1)] < A[q] < A[(q + 1) ---r] now implies that the
subarray A[p ---r] is sorted, as required. [



