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Abstract. Given a graph Γ and a number n, the associated nth graph braid
group Bn(Γ) is the fundamental group of the unordered configuration space of n
points on Γ. Świątkowski showed that for a given Γ and n large enough, there is
a free abelian subgroup of Bn(Γ) of rank equal to the cohomological dimension
of Bn(Γ). In this note, we observe that at the cost of possibly adding additional
points, we can find a subgroup of the same cohomological dimension which is a
direct product of non-abelian free groups, and give some applications.

1. Introduction

Given a topological space X, the unordered configuration space Confn(X) is the
space of all n-element subsets of X. Formally

Confn(X) = (Xn − {x ∈ Xn : xi = xj for some i 6= j})/Sn
where Sn is the symmetric group on n elements, and its action on Xn is by permuting
the coordinates. Without taking the quotient by the action of Sn, we obtain the
ordered configuration space C̃onfn(X), i.e. the space of ordered n-tuples of disjoint
points in X. Artin braid groups arise as the fundamental groups of the configuration
space Confn(R2) on the plane.

When X = Γ is a finite simplicial graph, the fundamental group of Confn(Γ) is
the graph braid group Bn(Γ). The pure graph braid group PBn(Γ) is the fundamental
group of C̃onfn(Γ), and it has index n! in Bn(Γ). Graph braid groups were first
systematically studied in [Abr00,AG02,Ghr01,Świ01].

The cellular structure of Γ induces a natural structure of a cube complex on Γn.
The unordered combinatorial n-point configuration space Cn(Γ) is defined as

Cn(Γ) = (Γn −∆)/Sn

where here ∆ denotes the thick diagonal, i.e. the subcomplex of Γn consisting
of products of edges where at least two edges intersect, and the Sn-action freely
permutes the coordinates, as before.

It is known that after sufficiently fine subdivision of Γ, Cn(Γ) is a deformation
retract of Confn(Γ). We will always assume this has occurred. To be precise, if
Γ has at least n vertices, Prue and Scrimshaw, verifying a conjecture of Abrams,
showed that it suffices to have all distinct vertices of valency 6= 2 separated by at
least (n− 1)-edges and each homotopically non-trivial cycle at a vertex of degree
> 2 contain at least (n+ 1)-edges [PS14].
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Note that the dimension of Cn(Γ) depends on the number of disjoint edges in Γ;
in particular sufficiently subdividing edges of Γ increases the dimension of Cn(Γ) up
to n. On the other hand, Świątkowski showed that up to homotopy one can often
consider a smaller cube complex. Let m(Γ) denote the number of essential vertices
of Γ, where a vertex is essential if it has degree > 2.

Theorem 1. [Świ01, Theorem 0.1] Confn(Γ) is homotopy equivalent to a cube
complex of dimension min{m(Γ), n}. Furthermore, Bn(Γ) contains a subgroup
which is free abelian of rank min(m(Γ), bn/2c).

In particular, given any fixed graph Γ, the cohomological dimension of Bn(Γ)
stabilizes at m(Γ) for n ≥ 2m(Γ). In this note, we observe that at the cost of adding
some points on Γ, Bn(Γ) contains a m(Γ)-fold direct product of nonabelian free
groups.

Theorem 2. Let Γ be a graph with m(Γ) vertices of degree ≥ 3, and let m3(Γ) be
the number of degree 3 vertices. Then for n ≥ 2m(Γ) + m3(Γ), the group Bn(Γ)

contains an m(Γ)-fold direct product of free groups Fm(Γ)
2 .

We think of this as a graph braid version of the resolution of the Tits conjecture
in [CP01], and its proposed generalization in [JS22]. Though we did not find this
explicit statement in the literature, it follows immediately from known results. We
give a proof using a construction of Crisp-Wiest which provides a right-angled Artin
group A and a local isometry from Cn(Γ) to the corresponding Salvetti complex
[CW04], as the fact that this subgroup sits nicely inside an ambient right-angled
Artin group is crucial for our applications. In particular, in Section 3, we improve a
recent theorem of Knudsen calculating the topological complexity of graph braid
groups [Knu23, Theorem 1.1].

Theorem 3. Let Γ be a graph with m(Γ) > 0 vertices of degree ≥ 3, and let m3(Γ)
be the number of degree 3 vertices. Then for all n ≥ 2m(Γ) +m3(Γ) the topological
complexity of Bn(Γ) is 2m(Γ).

In Section 4, we use Theorem 2 to compute the action dimension of Bn(Γ) for
n ≥ 2m(Γ) +m3(Γ), and partially compute its L2-cohomology.

Acknowledgement. The first author was supported by the NSF grant DMS-
2203307 and DMS-2238198. The second author was supported by the NSF grant
DMS-2203325. We thank Ben Knudsen and Dan Cohen for reading an earlier draft
and providing useful comments.

2. The Crisp-Wiest procedure

Recall that given a flag simplicial complex L, there is an associated right-angled
Artin group (RAAG) AL, which has generators corresponding to the vertices of L,
and where two generators commute if and only if the two corresponding vertices
are connected by an edge. Of course, we only need the 1-skeleton of L to define
AL, but it will be convenient to have both descriptions. There is a locally CAT(0)
cube complex with π1 = AL called the Salvetti complex S(AL), which is a cubical
subcomplex of the torus

∏
v∈L(0)(S1)v. Here, S1 is cellulated with one vertex e0, and
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Figure 1. The star T4 on 4 vertices. The corresponding Crisp-Wiest
RAAG for C2(T4) is a free group of rank 4 freely generated by
a1, a2, a3, a4.

for each simplex σ ∈ L, (S1)σ is the subtorus consisting of points (xv)v∈V so that
xv = e0 for v /∈ σ. The Salvetti complex is the union of these standard subtori:

S(AL) =
⋃
σ∈L

(S1)σ.

Crisp and Wiest show that for any graph Γ, Cn(Γ) admits a local isometry to
the Salvetti complex of some RAAG [CW04]. We now explain this construction.
Define a graph ∆ whose vertices correspond to edges of Γ, and two vertices of ∆
are connected by an edge if and only if the edges are disjoint in Γ. Let A∆ be the
associated RAAG, and S(A∆) the associated Salvetti complex. We note that if Γ
is disconnected, then ∆ is a join, hence A∆ splits in the obvious way as a direct
product.

There is a natural map Cn(Γ) → S(A∆) defined as follows. First choose an
orientation for each edge of Γ and S(A∆). Now, send all vertices of Cn(Γ) to the
unique vertex in S(A∆). Each edge e of Cn(Γ) corresponds to a choice of edge
in Γ and (n − 1) disjoint vertices, send this oriented edge to the corresponding
oriented edge in S(A∆). It is easy to see that this extends to a combinatorial map
ψ : Cn(Γ)→ S(A∆), as k-cubes in Cn(Γ) correspond to a choice of k disjoint edges
in Γ and n−k disjoint vertices, and hence there is a corresponding k-torus in S(A∆).
Crisp and Wiest show in [CW04, Theorem 2] that φ is a local isometry. Therefore,
the induced map on π1 induces an injection Bn(Γ)→ A∆.

We now review two easy examples that are important to our argument.

Example 4 (Star graphs). Let Tk be the cone on k ≥ 4 points, and label the
edges a1, a2 . . . ak. See Figure 1. In this case, the 2-point configuration space C2(Tk)
is a graph with non-abelian free fundamental group, and is already sufficiently
subdivided. The corresponding Crisp-Wiest RAAG, denoted by A(Tk), is then just
a free group with generators a1 . . . ak. We can choose any two leaves of Tk for a
basepoint, say a1, a2. Then for each i 6= 1, 2, then we can identify B2(Tk) using the
Crisp-Wiest map with the following rank k − 2 subgroup of Fk

〈a−1
1 aia

−1
2 a1a

−1
i a2 : i = 3, . . . , k〉.

Example 5 (Tripods). Let T3 be the cone on 3 points, and label the edges a, b, and c.
The 2-point configuration space C2(Γ) is a hexagon, and homotopy equivalent to the
usual configuration space. If we orient all edges towards the origin, the Crisp-Wiest
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Figure 2. The once-subdivided tripod T3 and the corresponding
defining flag complex for the Crisp-Wiest RAAG A(T3) for C3(T3).
The use of the colors will be relevant in Example 12.

map induces homomorphism on fundamental groups from Z to F3 = 〈a, b, c〉 which
sends the generator of Z to the word ac−1ba−1cb−1.

Now, suppose we have n = 3 points. We need to subdivide each edge into 2
intervals, see Figure 2. The Crisp-Wiest RAAG becomes more complicated, see
Figure 2 for its nerve ∆. We shall denote this RAAG by A(T3). A simple PL Morse
theory argument [Bes08] shows that C3(Γ) is homotopy equivalent to a wedge of 3
circles. By choosing the three leaves of T3 as the basepoint of Cn(Γ), we can identify
B3(T3) with the subgroup

〈a−1d−1fb−1e−1daf−1eb, b−1e−1dc−1f−1ebd−1fc, c−1f−1ea−1d−1fce−1da〉 ⊆ A∆.

In general, for n ≥ 3 the same Morse theoretic argument shows that Bn(T3) is a
non-abelian free group [Ghr01,CD14].

We now prove Theorem 2.

Theorem 2. Let Γ be a graph with m(Γ) vertices of degree ≥ 3, and let m3(Γ) be
the number of degree 3 vertices. Then for n ≥ 2m(Γ) + m3(Γ), the group Bn(Γ)

contains an m(Γ)-fold direct product of free groups Fm(Γ)
2 .

Proof of Theorem 2. Let n ≥ 2m(Γ) + m3(Γ), and take a sufficiently fine edge
subdivision of Γ so that Cn(Γ) is locally CAT(0) cubical with π1(Cn(Γ)) = Bn(Γ).
Let A∆ be the RAAG given to us by the Crisp-Wiest procedure, so we have an
injection Bn(Γ)→ A∆ induced by the local isometry Cn(Γ) 7→ S(A∆).

As a basepoint in Cn(Γ) place 2 points around each degree ≥ 4 vertex and place
3 points two steps away from each degree 3 vertex, and the rest of the (irrelevant)
points somewhere else. This is possible since n ≥ 2m(Γ) +m3(Γ).

For each essential vertex v of degree ≥ 4 let Ev be the subset of edges containing
it, and for each essential vertex v of degree 3, let Ev be the subset of edges contained
in the 2-neighborhood of v (i.e. Ev forms a once-subdivided tripod).

Let A(v) be the RAAG subgroup of A∆ generated by Ev, i.e. A(v) ' A(Tn) where
k is the degree of v, and where A(Tk) is the Crisp-Wiest RAAG, as in Example 5
and Example 4. Let A× denote the subgroup of A∆ generated by

⋃
Ev where the

union is taken over all essential vertices, i.e. A× =
∏
A(v).



PRODUCTS OF FREE GROUPS INSIDE GRAPH BRAID GROUPS 5

For each essential vertex v of degree 3, the graph braid group Bn(Γ) contains
a copy of rank 3 free group B3(T3), which is contained in A(v), as described in
Example 5. Similarly, for each essential vertex v of degree k ≥ 4, Bn(Γ) contains a
copy of a rank k−2 free group B2(Tk), contained in A(v), see Example 4. We denote
such free group by F (v). By passing to a rank 2 free group of F (v), we obtain m(Γ)
copies of rank 2 free groups in Bn(Γ). Since each such free group belongs to distinct
direct factor of A×, we deduce that there is m(Γ)-fold direct product of rank 2 free
groups. �

3. Topological complexity

Let P (X) be the path space of X, i.e. the space of all continuous functions
[0, 1] 7→ X, equipped with the compact-open topology. The path space fibration
P (X)→ X ×X maps each path γ : [0, 1] 7→ X to its endpoints (γ(0), γ(1)).

The topological complexity TC(X) of a space X is the smallest integer n so that
we can cover X ×X by (n+ 1) open subsets U0, U1 . . . Un such that the path space
fibration P (X)→ X ×X admits a section over each Ui. The topological complexity
TC(G) of a group G is defined to be the topological complexity of its classifying
space BG, which is well-defined as Farber showed TC(X) is homotopy invariant.

Note that TC(X) = 0 if and only if X is contractible. It is known that TC(G)
is bounded between cd(G) and 2 cd(G); in general TC(X) is bounded above by
2 dimX [Far03]. It is typically very difficult to calculate this invariant, even for
groups, see however [CV17,Dra20,Li22] and the references within for some recent
results.

Knudsen recently computed the topological complexity of PBk for k ≥ 2m(Γ) and
Bk for k ≥ 2m(Γ) +m3(Γ). The computation for PBk(Γ) verified an old conjecture
of Farber.

Theorem 6 ([Knu22], [Knu23]). Let Γ be a connected graph with m(Γ) ≥ 2.
(1) For n ≥ 2m(Γ), we have the equality

TC(PBn(Γ)) = 2m(Γ).

(2) For n ≥ 2m(Γ) +m3(Γ), we have the equality

TC(Bn(Γ)) = 2m(Γ)

provided that Γ has no non-separating trivalent vertices.

We shall improve the second part of this theorem by removing the hypothesis
of non-separating trivalent vertices, see [Knu24, Problem 1]. Our proof strategy is
based off of Knudsen’s argument in [Knu23], but we make use of the Crisp-Wiest
procedure to simplify and generalize the argument. The following notion is key to
our argument (and also to the argument in [Knu23]).

Definition 7. Let H0 and H1 be subgroups of a group G. We say that H0 and H1

have disjoint conjugates if gH0g
−1 ∩H1 = 1 for all g ∈ G.

Lemma 8. We record some easy properties.
(1) If H0, H1 < G < G′ and H0 and H1 have disjoint conjugates in G′, then they

have disjoint conjugates in G.
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(2) If H0 and H1 have disjoint conjugates in G, and r : G′ → G is a retraction,
then H0 and H1 have disjoint conjugates in G′.

(3) If H0, H1 have disjoint conjugates in G and H ′0, H ′1 have disjoint conjugates
in G′, then H0 ×H ′0, H1 ×H ′1 have disjoint conjugates in G×G′.

(4) If f : G → K is a homomorphism with H0 ⊂ ker f and f |H1 is injective,
then H0 and H1 have disjoint conjugates.

Proof. Part (1) is obvious from the definition. For (2), suppose we have 1 6= h0 ∈ H0

and g ∈ G′ with gh0g
−1 ∈ H1. Then

gh0g
−1 = r(gh0g

−1) = r(g)h0r(g)−1.

Since r(g)H0r(g)−1 ∩H1 = 1, we have gh0g
−1 = 1, which is a contradiction.

Part (3) follows from g(H0 × H ′0)g−1 = gH0g
−1 × gH ′0g−1. Finally, if 1 6= h ∈

gH0g
−1 then h ∈ ker f , so h cannot be in H1 as f |H1 is injective, hence (4). �

Our main tool for computing topological complexity is the following theorem of
Grant-Lupton-Oprea, which was also one of the main tools of [Knu22] and [Knu23].

Theorem 9. [GLO15, Theorem 1.1] If H0, H1 < G have disjoint conjugates, then

TC(G) ≥ cd(H0 ×H1)

Note that this gives nontrivial information when H0 ×H1 is not a subgroup of G.
We now state some easy facts about RAAGs that we will use the proof of

Theorem 3.

Lemma 10. Let AL be a RAAG, and x, y ∈ AL which generate a rank 2 free
subgroup. Then there is an element w ∈ 〈x, y〉 so that the cyclic subgroups 〈x〉 and
〈w〉 have disjoint conjugates in AL.

Proof. Since RAAG’s are residually torsion-free nilpotent, there is a torsion-free
nilpotent N and a map f : AL → N so that f(x) 6= 1. Since N is torsion-free, f
is injective on 〈x〉. Since 〈x, y〉 ∼= F2, the restriction f|〈x,y〉 is not injective, so there
is an element w ∈ ker f . Hence, 〈x〉 and 〈w〉 have disjoint conjugates by Lemma
8(4). �

By applying the above lemma to the Crisp-Wiest RAAG A(Tk) of the star graph
Tk, with the free groups Bn(Tk) where n = 2 if k ≥ 4, and n = 3 if k = 3, we deduce
that we can find a pair of elements in Bn(Tk) whose cyclic subgroups have disjoint
conjugates in A(Tk). In the following two examples we provide explicit examples of
such pairs. We will not use the specific elements constructed in those examples, so
we do not provide all the details, but we outline how the statements can be verified.

Example 11. Let k ≥ 4, and n = 2. By Example 4, the Crisp-Wiest RAAG
A(Tk) ' F (a1, . . . , ak), and B2(Tk) ' 〈a−1

1 aia
−1
2 a1a

−1
i a2 : i = 3, . . . , k〉. Two

elements in a free group are conjugate if they have equal cyclic permutations. We
note that any two generators of B2(Tk) are not conjugate in A(Tk), since they do
not have equal cyclic permutation. Thus any two of the above generators of B2(Tk)
have disjoint permutations.
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Figure 3. The Stallings-folded graph with the fundamental group
B3(T3) (obtained by folding the rose on three circles labelled by
g1, g2, g3) can be completed to a cube complex X with the same funda-
mental group B3(T3) that locally isometrically embeds in the Salvetti
complex for A(T3). On the right, the subcomplexes Xg1 , Xg2g3 locally
isometrically embed in X, and have π1(Xg1) = 〈g1〉 and π(Xg2g3 ) =
〈g2g3〉.

Example 12. Let now k = n = 3. By Example 5, the Crisp-Wiest RAAG A(T3)
has the defining graph as illustrated in Figure 2, and the subgroup B3(T3) is a rank
3 free groups freely generated by

g1 := a−1d−1fb−1e−1daf−1eb

g2 := b−1e−1dc−1f−1ebd−1fc

g3 := c−1f−1ea−1d−1fce−1da

Each of g1, g2, g3 is conjugate to e−1fd−1ef−1d in A(T3). See Figure 3 for a geometric
explanation. We now sketch an argument why g1 and g2g3 have disjoint conjugates.
Let Xg1 and Xg2g3 be the corresponding cube complexes that locally isometrically
embed in the Salvetti complex of A(T3), illustrated in Figure 3. The reader can
verify that the universal cover of Xg1 is superconvex in the universal cover of the
Salvetti complex, in the sense of [Wis21, Defn 2.35]. Then the reader can check
directly that the fiber product Xg1 ⊗X Xg2g3 (see [Wis21, Defn 8.8]) does not have
any non-contractible components. By [Wis21, Lem 8.9] this implies that 〈g1〉 and
〈g2g3〉 have disjoint conjugates.

Lemma 13. Let L be a simplicial graph, and let L′ be a full subgraph of L, i.e. if
two vertices of L are in L′, then the edge between them is in L′. Then AL retracts
onto AL′ .

Proof. The map r : AL 7→ AL′ given by r(s) = s if s is a vertex of L′ and r(s) = 1
if s is a vertex of L− L′ is a retraction. �
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We are now ready to prove Theorem 3. It will follow from Theorem 9 where
H0, H1 are appropriately chosen free abelian subgroups of the m(Γ)-fold product of
free groups obtained in Theorem 2.

Theorem 3. Let Γ be a graph with m(Γ) > 0 vertices of degree ≥ 3, and let m3(Γ)
be the number of degree 3 vertices. Then for all n ≥ 2m(Γ) +m3(Γ) the topological
complexity of Bn(Γ) is 2m(Γ).

Proof. Let n ≥ 2m(Γ) +m3(Γ), and take a sufficiently fine subdivision of Γ so that
Cn(Γ) is locally CAT(0) cubical with π1(Cn(Γ)) = Bn(Γ).

As in the proof of Theorem 2, we pick the basepoint in Cn(Γ) is two points around
every essential vertex of degree ≥ 4, three points around every vertex of degree
3, and the rest of the (irrelevant) points somewhere else. Also, as in the proof of
Theorem 2, let A∆ be the Crisp-Wiest RAAG with Bn(Γ)→ A∆, and A× =

∏
A(v)

be a special subgroup, where each A(v) is generated by the the edges Ev. Again, as
in the proof of Theorem 2, let F (v) be the free group of Bn(Γ) contained in A(v)
and can be naturally identified with B2(T4) or B3(Tn), depending on the degree of
the vertex.

By Lemma 10 there exist a choice of two cyclic subgroups C0(v), C1(v) of F (v)
that are not conjugate in A(v). Let Hi = 〈Ci(v) : v is essential〉 for i = 0, 1. Note
that each Hi is a free abelian subgroup of Bn(Γ) of rank m(Γ). We claim that H0

and H1 have disjoint conjugates in A∆. By Lemma 13 A∆ retracts onto A×. By
Lemma 8 (2) it suffices to show that H0, H1 have disjoint conjugates in A×. By
assumption, H0, H1 are generated by cyclic subgroups with disjoint conjugates in
each A(v). Since A× is a product of A(v) for each essential vertex v, H0 and H1

have disjoint conjugates in A× by Lemma 8(3). By Lemma 8 (1), this implies that
H0, H1 have disjoint conjugates in Bn(Γ).

By Theorem 9, we conclude that TC(Bn(Γ)) ≥ cd(H0 ×H1) = 2m(Γ). �

4. Action dimension and `2-homology

The action dimension of a torsion-free group G is the minimal dimension of a
manifold model for BG, see [BKK02] for a more general definition which works for
all finitely generated groups. In a similar vein as topological complexity, the action
dimension of G is bounded above by twice the geometric dimension of G.

The first nontrivial computation of action dimension was done by Bestvina,
Kapovich, and Kleiner; they showed that the action dimension of an m-fold product
of free groups was as large as possible.

Theorem 14 (Bestvina-Kapovich-Kleiner [BKK02]). The action dimension of Fm
2

is 2m.

They also showed that the action dimension of the n-strand (usual) braid group
is 2n+ 1, which motivates the following question.

Question 15. Given a graph Γ, what is the action dimension of Bn(Γ)?

Since action dimension is monotonic with respect to subgroups, we obtain the
following corollary of Theorem 2 and Theorem 14.

Corollary 16. The action dimension of Bn(Γ) is equal to 2m(Γ) when n ≥ 2m(Γ) +
m3(Γ).
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We still think that computing the action dimension for lower n is an interesting
problem; in particular it would be nice to know how this relates to the planarity of
the graph.

Action dimension is conjecturally related to the L2-homology groups of G.

Action Dimension Conjecture. Suppose that G is a group with L2Hi(G) 6= 0.
Then the action dimension of G is ≥ 2i.

It follows from Corollary 16 that L2Hm(Γ)(Bn(Γ)) 6= 0 as long as n ≥ 2m(Γ) +
m3(Γ). Indeed, it is known that L2Hm(Fm

2 ) 6= 0; and if H < G, then L2Hcd(G)(H) 6=
0 implies that L2Hcd(G)(G) 6= 0.
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