
(RELATIVE) HYPERBOLICITY IN NON-METRIC CUBICAL SMALL

CANCELLATION

MACARENA ARENAS, KASIA JANKIEWICZ, AND DANIEL T. WISE

Abstract. We prove that the group defined by a cubical presentation 〈X | Y1, . . . , Ys〉
satisfying sufficient non-metric cubical small cancellation conditions is (relatively) hy-
perbolic if the complex X is (relatively) hyperbolic. This can be thought of as a
generalization of the fact that classical C(7)-small cancellation groups are hyperbolic.

1. Introduction

A cubical presentation, introduced in [Wis21], is a higher dimensional generalization
of a standard group presentation in terms of generators and relators. A nonpositively
curved cube complex X plays the role of the generator, and the “relators” are local
isometries of nonpositively curved cube complexes Yi ↪→ X. The associated group is
defined as the quotient of the fundamental group π1X by the images of the π1Yi. Just
as in the classical setting, this group is the fundamental group of X with the Yi’s coned
off. Likewise, cubical small cancellation theory is a generalization of classical small
cancellation theory (for classical small cancellation see e.g. [LS77]), also introduced in
[Wis21]. In both the classical and cubical cases, the small cancellation conditions are
expressed in terms of pieces, and we consider a metric small-cancellation condition C ′(α)
where α ∈ (0, 1) and non-metric small cancellation condition C(p) where p > 1. It is
a fundamental result of classical small cancellation theory that a group presentation
satisfying the classical C ′(16) of C(7) condition is Gromov-hyperbolic.

Cubical small cancellation has proven to be a fruitful tool in the study of groups acting
on CAT(0) cube complexes. It was used by Wise as a step in the proof of the Malnormal
Special Quotient Theorem [Wis21]. Cubical presentations and cubical small cancellation
theory were also studied in [Jan17, AH22, JW22, Are22].

In this note we prove that under suitable assumptions a cubical presentation satisfying
the cubical non-metric small cancellation condition C(p) for sufficiently large p defines
a hyperbolic or relative-hyperbolic group.

Theorem 4.3. Let X∗ = 〈X | Y1, . . . , Ys〉 be a cubical presentation satisfying the C(p)

cubical small cancellation condition for p ≥ 9, where X,Y1, . . . , Ys are compact, and X̃ is
δ-hyperbolic. Additionally, assume that there is a uniform bound on the length of pieces.
Then π1X

∗ is hyperbolic.

The relatively hyperbolic version is as follows.
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Theorem 4.5. Let X be a compact nonpositively curved cube complex and {Xj # X}ri=1
a collection of of local isometries of compact nonpositively curved cube complexes such
that π1X is hyperbolic relative to the collection {π1Xj}ni=1. Let X∗ = 〈X | Y1, . . . , Ys〉
be a cubical presentation satisfying the cubical small cancellation condition C(p) for
p ≥ 9, where Yi’s are compact. Moreover, assume pieces have uniformly bounded length.
Let p : π1X → π1X

∗ be the natural quotient. Then π1X
∗ is hyperbolic relative to

{p(π1Xj)}ri=1.

We remark that a bound on the size of pieces is a naturally occurring hypothesis. If
X∗ = 〈X | Y1, . . . , Ys〉 is a cubical presentation where π1X is (relatively) hyperbolic,
X is compact (sparse) and each Yi is compact, then a bound on the size of cone-pieces
exists when the collection {π1Y1, . . . , π1Yr} is malnormal, and a bound on the size of
wall-pieces exists when each π1Yi is a (relatively) quasiconvex (full) subgroup of π1X.
See for instance [Wis21, 2.40, 3.52, and 5.49] or [Wis12, 3.28 and 3.29].

The note is organized as follows. In Section 2, we give background on cube complexes,
cubical group presentations, and cubical small cancellation. In Section 3, we recall
criteria for hyperbolicity and relative hyperbolicity for groups acting on graphs. In
Section 4, we prove the main results.

Acknowledgement. The first author was supported by a Cambridge Trust & Newnham
College Scholarship, and by the Denman Baynes Senior Research Studentship. The
second author was supported by the NSF grant DMS-2203307.

2. Cubical background

2.1. Nonpositively curved cube complexes. We assume that the reader is familiar
with CAT(0) cube complexes which are CAT(0) spaces having cell structures, where
each cell is isometric to a cube. We refer the reader to [BH99, Sag95, Lea13, Wis21].

A nonpositively curved cube complex is a cell-complex X whose universal cover X̃ is a

CAT(0) cube complex. A hyperplane Ũ in X̃ is a subspace whose intersection with each
n-cube [0, 1]n is either empty or consists of the subspace where exactly one coordinate

is restricted to 1
2 . For a hyperplane Ũ of X̃, we let N(Ũ) denote its carrier, which is the

union of all closed cubes intersecting Ũ . The combinatorial metric d on the 0-skeleton
of a nonpositively curved cube complex X is a length metric where the distance between
two points is the length of the shortest combinatorial path connecting them. A map
φ : Y → X between nonpositively curved cube complexes is a local isometry if φ is
locally injective, φ maps open cubes homeomorphically to open cubes, and whenever a, b
are concatenatable edges of Y , if φ(a)φ(b) is a subpath of the attaching map of a 2-cube
of X, then ab is a subpath of a 2-cube in Y .

2.2. Cubical presentations and disc diagrams in X∗. We recall the definition of
cubical presentation, and cubical small cancellation conditions from [Wis21].

Definition 2.1 (Cubical Presentations). A cubical presentation 〈X | Y1, . . . , Ym〉 con-
sists of a nonpositively curved cube complex X, and a set of local isometries Yi # X of
nonpositively curved cube complexes. We use the notation X∗ for the cubical presenta-
tion above. As a topological space, X∗ consists of X with a cone on Yi attached to X
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for each i. The vertices of the cones on Yi’s will be referred to as cone-vertices of X∗.
The cellular structure of X∗ consists of all the original cubes of X, and the “pyramids”
over cubes in Yi with a cone-vertex for the apex.

For example, a standard presentation complex associated with a group presentation
G = 〈S | R〉 can be viewed as a cubical presentation, where the nonpositively curved
cube complex X is just a wedge of circles, one corresponding to each generators in S.
The complexes Yi correspond to relators ri in R. Each cycle Yi has length |ri|, and the
local isometry Yi # X is defined by labelling the edges of Yi with the letters of ri.

A disc diagram is a compact, contractible 2-complex D with a fixed planar embedding
D ⊆ R2. A disc diagram in X∗ is a combinatorial map (D, ∂D) → (X∗, X(1)) of a disc
diagram. The 2-cells of a disc diagram D in X∗ are of two kinds: squares mapping onto
squares of X, and triangles mapping onto cones over edges contained in Yi. The vertices
in D which are mapped to the cone-vertices of X∗ are also called the cone-vertices.
Triangles in D are grouped into cyclic families meeting around a cone-vertex . We refer
to such families as cone-cells, and treat a whole such family as a single 2-cell.

A disc diagram D in X∗ is minimal if the complexity of D, defined as Comp(D) =
(#cone-cells,#squares) is minimal in the lexicographical order among disc diagrams with
the same boundary path asD. A disc diagramD inX∗ is degenerate if Comp(D) = (0, 0).
A disc diagram D, in X∗ is singular if D is not homeomorphic to a closed ball in R2.
This is equivalent to D either being a single vertex or an edge, or containing a cut vertex.
In particular, every degenerate disc diagram is singular.

A square disc diagram is a disc diagram with no cone-cells. A mid-interval in a square,
viewed as [0, 1]× [0, 1] is an interval {12}× [0, 1] or [0, 1]×{12}. A dual curve in a square
disc diagram D, is a curve which intersect each closed square either trivially, or along a
mid-interval, i.e. dual curve is a restriction of a hyperplane in X to D. We note that for
each 1-cube of D, there exists a unique dual curve crossing it [Wis21, 2e].

2.3. Cubical small cancellation and cubical Greendlinger’s Lemma.

Definition 2.2 (Pieces). An abstract contiguous cone-piece of X∗ in Yi is a component

of Ỹi ∩ Ỹj , where Ỹi is an elevation of Yi to the universal cover X̃∗, excluding the case

where i = j. An abstract contiguous wall-piece of X∗ in Yi is a component of Ỹi ∩N(Ũ),

where Ũ is a hyperplane that is disjoint from Ỹi. An abstract contiguous piece is either
an abstract contiguous cone-piece or an abstract contiguous wall-piece. A contiguous

piece is a path in an abstract contiguous piece. A path q in X̃∗ is a piece if there exists

a disc diagram D → X̃∗ and a contiguous piece p in D such that the edges of q are dual
to the same dual curves as the edges of p. Concretely, if p = e1 · · · ek and q = f1 · · · fk,
and di(ei) and di(fi) are the dual curves corresponding to ei and fi respectively, then q
is a piece if di(ei) = di(fi) for each i ∈ {1, . . . , k}.

The difference between contiguous pieces and pieces is illustrated in Figure 1.

Definition 2.3 (Cubical small cancellation conditions). For an integer p > 0, we say X∗

satisfies the C(p) small-cancellation condition if no essential combinatorial closed path
in Yi can be expressed as a concatenation of less than p pieces. For a constant α > 0,
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Figure 1. Blue paths are contiguous pieces, red paths are pieces but not
contiguous pieces.

C0 C2 C4 C6 C8E1 E3 E5 E7

Figure 2. Example of a ladder.

we say X∗ satisfies the C ′(α) small-cancellation condition if diam(P ) < α‖Yi‖ for every
piece P involving Yi.

Note that the C ′(1p) condition implies the C(p+ 1) condition. When p ≥ 9 and X∗ is

C(p), then each immersion Yi # X lifts to an embedding Yi ↪→ X̃∗. This is proven in
[Wis21, Thm 4.1] for p ≥ 12, and in [Jan17] for p ≥ 9.

A cone-cell C in a disc diagram D is a boundary cone-cell if C intersect the boundary
∂D along at least one edge. A non-disconnecting boundary cone-cell C is a shell of degree
k if k is the minimal number such that the inner path P of C can be expressed as a
concatenation of k pieces. A corner in a disc diagram D is a vertex v in ∂D of valence
2 in D that is contained in some square of D. A spur is a vertex in partial D of valence
1 in D. If D contains a spur, then D is singular.

Definition 2.4 (Ladder). A pseudo-grid between paths µ and ν is a square disc diagram
E where the boundary path ∂E is a concatenation µρν−1η−1 such that

(1) each dual curve starting on µ ends on ν, and vice versa,
(2) no pair of dual curves starting on µ cross each other,
(3) no pair of dual curves cross each other twice.

A grid is a pseudo-grid isometric to a rectangle with the obvious square disc diagram
structure. If a pseudo-grid E is degenerate then either µ = ν or ρ = η.

A ladder is a minimal disc diagram (D, ∂D) → (X∗, X(0)) which is an alternating
union of cone-cells and/or vertices C0, C2 . . . , C2n and (possibly degenerate) pseudo-grids
E1, E3 . . . , E2n−1, with n ≥ 0, in the following sense:

(1) the boundary path ∂D is a concatenation P1P
−1
2 where the initial points of P1, P2

lie in C0, and the terminal points of P1, P2 lie in C2n,
(2) P1 = α0ρ1α2 · · ·α2n−2ρ2n−1α2n and P2 = β0η1β2 · · ·β2n−2η2n−1β2n,
(3) the boundary path ∂Ci = νi−1αiµ

−1
i+1β

−1
i (where ν−1 and µ2n+1 are trivial), and

(4) the boundary path ∂Ei = µiρiν
−1
i η−1i .

See Figure 2.
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Lemma 2.5 (Cubical Greendlinger’s Lemma [Wis21, Jan17]). Let X∗ = 〈X | Y1, . . . , Ys〉
be a cubical presentation satisfying the C(9) condition, and let D → X∗ be a disc diagram.
Then one of the following holds:

• D is a ladder, or
• D has at least three shells of degree ≤ 4 and/or corners and/or spurs.

We note that our definition of ladder differs slightly from the definitions in [Wis21,
Jan17], so that a single cone-cell and a single vertex are ladders.

3. (Relatively) hyperbolic background

We explain the convention we will follow. A pair (Y, d) is a metric graph, if there
exists a graph Γ such Y is the vertex set of Γ, and d is defined as follows. For each edge
of Γ, we assign a positive number which is the length of that edge. The length of a simple
path in Γ is the sum of the lengths of the edges in the path. A metric d on a set Y is a
graph metric, if (Y, d) is a metric graph.

In this paper, all edges of metric graphs have one of two lengths: 1 or 1
2 .

3.1. Thin bigon criterion for hyperbolicity. A bigon in a geodesic metric space Y is
a pair of geodesic segments γ, γ′ in Y with the same endpoints, i.e. such that γ(0) = γ′(0)
and γ(`) = γ′(`) where ` is the length of γ. A bigon γ, γ′ is ε-thin if d(γ(t), γ′(t)) < ε
for all t ∈ (0, `). If we do not care about the specific value of ε, the above condition
is equivalent to the condition that im γ ⊆ Nε′(im γ′) and im γ′ ⊆ Nε′(im γ) for some
ε′ > 0. Indeed, suppose that for every t ∈ (0, `) there exists t′ ∈ (0, `) such that
d(γ(t), γ′(t′)) < ε′. Then |t − t′| < ε, as otherwise γ and γ′ are not geodesic segments.
That implies that d(γ(t), γ′(t)) ≤ d(γ(t), γ′(t′)) + d(γ′(t′), γ′(t)) < 2ε′.

The following is a hyperbolicity criterion for graphs, due to Papasoglu [Pap95, Thm
1.4] (see also [Wis21, Prop 4.6]).

Proposition 3.1 (Thin Bigon Criterion). Let Y be a graph where all bigons are ε-thin
for some ε > 0. Then there exists δ = δ(ε) such that Y is δ-hyperbolic.

Of course, there is also a converse.

Proposition 3.2. If a graph Y is δ-hyperbolic, then every bigon in Y is δ-thin.

3.2. Relative hyperbolicity. We recall the definition of a relatively hyperbolic group
from [Bow12]. A graph X is fine if for every integer `, each edge of X is contained in
finitely many simple cycles of length ` in X. A subset A ⊆ X is locally finite, if every
bounded subset of A is finite. By [Bow12, Prop 2.1], a graph X is fine if and only if for
each vertex x ∈ X, the set of vertices adjacent to x is locally finite in X \ {x}.

Definition 3.3. A group G is hyperbolic relative to a collection of subgroups {Hi}i if G
admits an action on a connected, δ-hyperbolic graph X where

(1) X is fine,
(2) there are finitely many G-orbits of edges, and each edge stabilizer is finite,
(3) the subgroups Hi are precisely the infinite vertex stabilizers of X,
(4) every Hi is finitely generated.
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An equivalent definition of a group G hyperbolic relative to {Hi}i is in terms of a

coned-off Cayley graph of G [Far98]. The coned-off Cayley graph Γ̂(G, {Hi}i) of G with
respect to {Hi}i is obtained from the Cayley graph Γ(G) (with respect to some/any
generating set of G) by adding extra vertex v(gHi) for each coset gHi and for each
element h of gHi adding an edge of length 1

2 between v(gHi) and h. The group G is

hyperbolic relative to {Hi}i if and only if Γ̂(G, {Hi}i) is δ-hyperbolic and fine.

4. Hyperbolicity of cubical small cancellation quotients

4.1. Small cancellation quotients over a hyperbolic cube complex. Let X∗ =
〈X | Y1, . . . , Ys〉 be a cubical presentation. Let us recall that we use the notation X∗ to
denote the complex X with cones over Yi’s attached. In particular X can be viewed as

a subspace of X∗. The preimage of X in the universal cover X̃∗ of X∗ is denoted by X̂.

Note that X̂ is a covering space of X. The preimage of the 0-skeleton of X in X̃∗ is also

the 0-skeleton of X̂, and so it is denoted by X̂(0).

The piece length of a combinatorial path γ in X̂(0) is the smallest n such that γ =

α1 · · ·αn where each αk is a 1-cube or a piece. The piece metric dp on X̂(0) is defined as
dp(a, b) = n where n is the smallest piece length of a path from a to b. We note that dp
is a graph metric, when X̂(0) is viewed as a graph with all edges of length 1, obtained

from the 1-skeleton X̂(1) of X̂ by adding extra edges between vertices at contained in a

single piece. We will denote this graph by (X̂(0), dp).

Remark 4.1. We point out the connection between the piece metric on X̂(0) introduced
here and the notion of m-proximity studied in [Wis21, 5.l]: A hyperplane U is m-
proximate to a 0-cube v if there is a path P = P1, . . . , Pm such that each Pi is either a
single edge or a piece, v is the initial vertex of P1 and U is dual to an edge in Pm. So in
the language of this note, a hyperplane U is m-proximate to a 0-cube v if there exists w
in the carrier of U having dp(v, w) = m− 1.

Proposition 4.2. If there is a uniform bound on the length of pieces in X∗, then

(X̂(0), dp) is quasi-isometric to (X̂(0), d) where d is the standard combinatorial metric.

Proof. Indeed dp(a, b) ≤ d(a, b) for all a, b ∈ X̂(0), and since there is an upper bound M
on the size of pieces, we also have that d(a, b) ≤Mdp(a, b). �

In the proof of the next theorem, we show that, under suitable assumptions, (X̂(0), dp)
is a δ-hyperbolic graph to deduce that π1X

∗ is hyperbolic. The proof is inspired by the
proof of [Wis21, Thm 4.7].

Theorem 4.3. Let X∗ = 〈X | Y1, . . . , Ys〉 be a cubical presentation satisfying the C(p)

cubical small cancellation condition for p ≥ 9, where X,Y1, . . . , Ys are compact, and X̃ is
δ-hyperbolic. Additionally, assume that there is a uniform bound on the length of pieces.
Then π1X

∗ is hyperbolic.

Proof. We will verify that (X̂(0), dp) satisfies the Thin Bigon Criterion (Proposition 3.1),

and therefore is a δ-hyperbolic graph. Since (X̂(0), dp) and (X̂(0), d) are quasi-isometric
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λ1

λ2

γ1

γ2

S1

S2

Figure 3. A decomposition of D into a union of S1, S2, D
′.

by Proposition 4.2, and the action of π1X
∗ on (X̂(0), d) is proper and cocompact, then

π1X
∗ is hyperbolic.

We can also prove directly that π1X
∗ acts properly and cocompactly on the graph

(X̂(0), dp). Indeed, the properness can be rephrased as finiteness of the vertex stabi-

lizers, and follows directly from properness of the action of π1X
∗ on X̂∗. To prove

cocompactness of the action, it suffices to prove that the graph (X̂(0), dp) has finitely
many π1X

∗-orbits of edges. The uniform bound on the size of pieces, and the compact-

ness of X∗ imply that the graph (X̂(0), dp) is locally finite. That, together with the fact

that there are only finitely many π1X
∗-orbits of vertices in X̂(0), proves the claim.

Let γ1, γ2 form a bigon in X̃(0), and let D → X∗ be a minimal complexity disc diagram
bounded by γ1 and γ2. Up to possibly replacing, γ1 and γ2 by their proper subpaths,
we can assume that γ1, γ2 do not overlap on any edges. In particular, the diagram D is
non-singular.

Amongst all possible choices of minimal complexity disc diagrams D → X∗ bounded
by γ1 and γ2, we moreover choose D so that the area of the square sub-diagrams bounded
by γiλ

−1
i is maximal amongst all possible choices of S1, S2, λ1, λ2, where the Si and λi

arise from a decomposition of D as a union of three subdiagrams D′ ∪S1 ∪S2 satisfying
that

• the interiors of D′, S1, S2 are disjoint,
• for i = 1, 2, the diagrams Si are the (possibly singular) square disk diagrams

bounded by a bigon one of whose components is γi and whose other component
we denote by λi, so the boundary path of Si is γiλ

−1
i .

See Figure 3 for an example. Note that λ1λ
−1
2 is the boundary path of D′. By the

maximality of S1, S2, and since λ1 and λ2 are geodesics in the piece metric, the diagram
D′ does not contain and corners and shells of degree ≤ 4, except possibly for the initial
and terminal points of λ1 and λ2. Therefore by Lemma 2.5, D′ is either a degenerate
disc diagram, or a ladder.

If D′ is degenerate, then D consists of squares only, and it can be viewed as a square

disc diagram in D → X̃. The bigon (γ, γ′) is δ-thin in the standard combinatorial metric

on X̃(0), where δ depends on the hyperbolicity constant of X̃. Since dp(a, b) is bounded
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above by the standard distance between a and b, we conclude that the bigon (γ, γ′) is
also δ-thin in the piece metric.

We note that, by compactness of Yi’s, there is a bound C on the diameter of each
cone-cell in the piece metric. We show that if D′ is a ladder, then for any t ∈ (0, |λ1|),
we have dp(λ1(t), imλ2) ≤ C. Indeed, if λ1(t) belongs to some cone-cell R, then by the
definition of the ladder imλ2 also intersects R, and the inequality holds. If λ1(t) lies in a
pseudo-grid, then we actually have dp(λ1(t), imλ2) ≤ 1. Note that each pseudo-grid Ej

in D′ is actually a grid, since otherwise one could push a square in Ej to S1 or S2, hence
increasing the area of S1 or S2 by 1, and contradicting the choices of D,S1, S2, λ1 and
λ2. Thus λ1(t) lies in a single piece with some vertex of imλ2. Now note that (γi, λi) is a
bigon in X, so we have already proven that it is δ-thin in the piece metric. We conclude
that (γ1, γ2) is (2δ + C)-thin.

�

4.2. Small cancellation quotients over a relatively hyperbolic cube complex.
Let X be a nonpositively curved cube complex and let {Xj # X}ri=1 be a collection of
local isometries of nonpositively curved cube complexes. Suppose that π1X is hyperbolic
relative to {π1Xj}ni=1.

Let X̃∧ denote the 0-skeleton of the coned-off universal cover X̃ of X, with a cone on

each elevation X̃j . In particular, X̃∧ has two types of vertices: the vertices of the cubical

part X̃, and the cone-vertices in cones over elevations of X̃j . The shortcut metric ds is

a graph metric on X̃∧, where the edges of X̃∧ are of two kinds:

• edges of length 1, corresponding to the 1-cubes of X̃, and

• edges of length 1
2 , joining a vertex of an elevation X̃j with the corresponding

cone-vertex.

In other words, the length of a combinatorial path γ with both endpoints in X̃ is the

smallest number n where γ = α1 · · ·αn and each αk is either a 1-cube in X̃ or a path

entirely contained in an elevation X̃j of Xj for some i ∈ {1, . . . , r}.

Proposition 4.4. The graph (X̃∧, ds) is hyperbolic.

Proof. Let x be a vertex in X̃∧. Then the union V of the orbit (π1X
∗)x and the set of

all cone-vertices in X̃∧ is a π1X
∗-set, which is cofinite. But V can also be viewed as the

vertex set of a coned-off Cayley graph of Γ, so in particular it is a hyperbolic π1X
∗-set

(in the sense of [Bow12, p. 26]). By [Bow12, Lem 4.12] X̃∧ is also a hyperbolic π1X
∗-set,

and so the graph (X̃∧, ds) is hyperbolic (in the “standard” sense of Gromov). �

Let X∗ = 〈X | Y1, . . . , Ys〉 be a cubical presentation, where X is as above. Consider

the cubical part X̂ of the universal cover X̃∗, which is invariant under π1X
∗. Note that

X̂ → X is a a covering spaces. For every elevation X̂j of Xj to X̂, add a cone over X̂j .

Denote the 0-skeleton of the resulting space by X̂∧. It consists of two types of vertices:

those that belong to the cubical part X̂ and the cone-vertices of cones over Xj ’s. We

emphasize that the cone-vertices of cones over lifts of Yi’s are not included in X̂.

The piece-shortcut metric dps is a graph metric on X̂∧ where X̂∧ is viewed as a graph
with
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• edges of length 1 corresponding to the 1-cubes of X̂, and

• edges of length 1
2 joining a vertex of an elevation X̃j with the appropriate cone-

vertex.
• edges of length 1 joining pairs of vertices belonging to a piece in X̃∗.

Again, the length of a combinatorial path γ with both endpoints in X̂ is the smallest n
such that γ = α1 · · ·αn where each αk is a 1-cube, a piece, or a path factoring through

some X̃j for some i ∈ {1, . . . , r}.
In fact, dps is a graph metric, and (X̂∧, dps) can be simultaneously thought of as:

• (X̂∧, ds) with added extra edges, where (abusing the notation) ds denotes the

natural metric on X̂∧ induced by the shortcut metric ds on X̃∧, and

• (X̂(0), dp) with added cone-vertices and adjacent edges, where dp is the piece
metric as defined in Section 4.1.

We now prove the relatively hyperbolic version of Theorem 4.3. The proof strategy is
similar.

Theorem 4.5. Let X be a compact nonpositively curved cube complex and {Xj # X}ri=1
a collection of of local isometries of compact nonpositively curved cube complexes such
that π1X is hyperbolic relative to the collection {π1Xj}ni=1. Let X∗ = 〈X | Y1, . . . , Ys〉
be a cubical presentation satisfying the cubical small cancellation condition C(p) for
p ≥ 9, where Yi’s are compact. Moreover, assume pieces have uniformly bounded length.
Let p : π1X → π1X

∗ be the natural quotient. Then π1X
∗ is hyperbolic relative to

{p(π1Xj)}ri=1.

Proof. We will verify Definition 3.3 to prove that π1X
∗ is hyperbolic relative to {p(π1Xj)}.

The graph (X̂∧, dps) will play the role of the graph X in the definition. It is clearly a
connected graph.

To verify that X̂∧ is fine, we check the condition that for each vertex x ∈ X, the set

of vertices adjacent to x is locally finite in X̂∧ \ {x}. If x ∈ X̂, then the set of vertices

of adjacent to x is finite, since X̂ is locally finite, and x is adjacent to finitely many of
cone-vertices. Now suppose that x is a cone-vertex. Then, by construction, the set of

the vertices adjacent to x is contained in X̂, and so, is locally finite.

The group π1X
∗ acts freely on the cubical part X̂, so the stabilizers of the vertices

of X̂ are trivial. By construction the stabilizers of the cone-vertices of X̂∧ are exactly
p(π1Xj). Since Xj ’s are compact, so p(π1Xj) are finitely generated.

Next, we explain why X̂∧ has finitely many π1X
∗-orbits of edges. It has finitely

many π1X
∗-orbits of 1-cubes of X̂, since the action of π1X

∗ on the cubical part X̂
is cocompact. All edges adjacent to a single cone-vertex are in the same π1X

∗-orbit,

and there are finitely many orbits of cone-vertices in X̂∧, which proves that X̂∧ has
finitely many π1X

∗-orbits of edges adjacent to some cone-vertex. By compactness of
X,Y1, . . . , Ys and the uniform bound on the size of pieces in X∗, there are finitely many

π1X
∗-orbits of edges of X̂∧ corresponding to pieces.
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It remains to prove that (X̂∧, dps) is a δ-hyperbolic graph. The inclusion (X̂, dps|X̂)→
(X̂∧, dps) is a quasi-isometry, so it suffices to prove that (X̂, dps|X̂) is δ-hyperbolic. We

will abuse the notation and write dps for dps|X̂ .

Similarly as in the proof of Theorem 4.3 we will show that (X̂, dps) satisfies the Thin

Bigon Criterion (Propostion 3.1). Let γ1, γ2 form a bigon in X̂. We consider a minimal

disc diagram (D, ∂D) → (X∗, X(0)) bounded by γ1 and γ2. As before, without loss of
generality, by possibly passing to proper subpaths and a subdiagram, we assume that D
is non-singular.

A priori, the diagram D has two types of cone-cells: those mapping into cones over

X̃j ’s, which we will refer to as X̃j-type, and those mapping into cones over Yi’s, which

we will refer to as Yi-type. However, minimality of D implies that D has no X̃j-type

cone-cells. Indeed, since X̃j ’s are simply connected, any X̃j-type cone-cell in D could be
replaced by squares, reducing the complexity of D.

We additionally make a similar assumption on D as in the proof of Theorem 4.3, and
the remaining part of this proof is similar to the proof of Theorem 4.3. Amongst all
possible choices of minimal complexity disc diagrams D → X∗ bounded by γ1 and γ2,
we choose D so that the area of the square subdiagrams bounded by γiλ

−1
i is maximal

amongst all possible choices of S1, S2, λ1, λ2, where the Si and λi arise from a decompo-
sition of D as a union of three subdiagrams D′ ∪ S1 ∪ S2 satisfying:

• the interiors of D′, S1, S2 are disjoint,
• for i = 1, 2, the diagrams Si are the (possibly singular) square disk diagrams

bounded by a bigon one of whose components is γi and whose other component
we denote by λi, so the boundary path of Si is γiλ

−1
i .

By the maximality of S1, S2, and since λ1 and λ2 are geodesics in the piece metric, the
diagram D′ does not contain any corners and shells of degree ≤ 4, except possibly for
the initial and terminal points of λ1 and λ2. Therefore by Lemma 2.5, D′ is a degenerate
disc diagram, or a ladder.

If D′ is degenerate, then D can be viewed as a disc diagram in X̃, and the bigon (γ1, γ2)
is δ-thin in the shortcut metric ds. Since the piece-shortcut metric dps is bounded above
by ds, the bigon (γ1, γ2) is also δ-thin in dps.

Now suppose that D′ is a ladder. As in the proof of Theorem 4.3, for any t ∈ (0, |λ1|),
we have dp(λ1(t), imλ2) ≤ C, where C is the uniform bound on the diameter of Yj-type
cone-cells in the piece metric. Each bigon (γi, λi) is δ-thin in the shortcut metric, so we
conclude that the bigon (γ1, γ2) is (2δ + C)-thin.

�
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