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We consider inference for possibly misspecified GMM models based on possibly nons-
mooth moment conditions. While it is well known that misspecified GMM estimators
with smooth moments remain /n consistent and asymptotically normal, globally mis-
specified nonsmooth GMM estimators are n'/3 consistent when either the weighting
matrix is fixed or when the weighting matrix is estimated at the n'/3 rate or faster. Be-
cause the estimator’s nonstandard asymptotic distribution cannot be consistently esti-
mated using the standard bootstrap, we propose an alternative rate-adaptive bootstrap
procedure that consistently estimates the asymptotic distribution regardless of whether
the GMM estimator is smooth or nonsmooth, correctly or incorrectly specified. Monte
Carlo simulations for the smooth and nonsmooth cases confirm that our rate-adaptive
bootstrap confidence intervals exhibit empirical coverage close to the nominal level.
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1 Introduction

Many GMM models are based on nonsmooth moment conditions that involve indicator func-
tions. Examples include quantile instrumental variables (e.g. Chernozhukov and Hansen
(2005) and Honoré and Hu (2004b)) and simulated method of moments that are based on
frequency simulators (McFadden (1989) and Pakes and Pollard (1989)). While the asymp-
totic behavior of nonsmooth GMM estimators has been well established when the model is
assumed to be correctly specified, in practice it can happen that the model is misspecified
in the sense that the population moment conditions evaluated at the parameter value which
minimizes the population GMM objective do not equal zero. For example, Phillips (2015)
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points out that quantile regression is always misspecified for a model with unit root nonsta-
tionary regressors. In this paper, we derive the rate of convergence and the limit distribution
for the GMM estimator based on nonsmooth moment functions in the misspecified case. The
study of misspecification is not only important for estimation and inference of model param-
eters and for model testing and selection, but also important for studying the properties of
computational methods (Creel et al. (2015)).

Misspecified GMM models are studied in, for example, Hall and Inoue (2003), Berkowitz
et al. (2012), Guggenberger (2012), Lee (2014), Hansen and Lee (2021),Bonhomme and Wei-
dner (2022), Giurcanu and Presnell (2018), Armstrong and Kolesar (2021), and Cheng et al.
(2019). All assume that the sample moment conditions are smooth (in the sense of twice
continuously differentiable) or directionally differentiable (in the sense of Gateaux) in the
parameters, which allows the GMM estimator to remain /n consistent and asymptotically
normal. In the case of smooth moments, Hall and Inoue (2003) derived the asymptotic
distribution of globally misspecified GMM estimators in the sense that the population mo-
ments are equal to a vector of fixed nonzero constants that do not approach zero as n — oo.
They show that the globally misspecified smooth GMM estimator is still y/n-consistent and
asymptotically normal, except with a different variance-covariance matrix than the correctly
specified case. In contrast, we show that globally misspecified GMM estimators with nons-
mooth, specifically non-directionally differentiable moments, converge at the cubic-root rate
to a nonstandard asymptotic distribution, similar to ones in Kim and Pollard (1990) and Jun
et al. (2015). This nonstandard distribution cannot be estimated consistently by any of the
current methods for bootstrapping GMM estimators (for example the standard (nonpara-
metric) bootstrap, centered bootstrap of Hall and Horowitz (1996), or empirical likelihood
bootstrap of Brown and Newey (2002)) because convergence to this limiting distribution is
not locally uniform in the underlying DGP (Lehmann and Romano (2006)). However, other
resampling methods such as subsampling (Politis et al. (1999)) or the numerical bootstrap
(Hong and Li (2020)) will work, assuming that we know the rate of convergence. In other
words, we need to know whether the model is correctly or incorrectly specified because if the
nonsmooth GMM estimator is correctly specified, then the asymptotic distribution remains
V/n-consistent and asymptotically normal.

An insightful paper by Cattaneo et al. (2020) proposes a rate-adaptive bootstrap for
M-estimators which does not require knowing the estimator’s rate of convergence to consis-
tently estimate the estimator’s limiting distribution and to construct asymptotically valid
confidence intervals. They can overcome the inconsistency of the standard bootstrap because
they are bootstrapping consistent estimates of the components of the non-standard limiting
distribution rather than applying the bootstrap to the objective function of the M-estimator.
Taking inspiration from their paper, we propose a rate-adaptive bootstrap that consistently
estimates the limiting distribution of the GMM estimator regardless of whether the model
is correctly or globally incorrectly specified, smooth or nonsmooth. Our rate-adaptive boot-
strap procedure differs from the one in Cattaneo et al. (2020) because our focus is on GMM,
which is not handled by their procedure for M-estimators. In the case where the model is
correctly specified, our rate-adaptive bootstrap confidence intervals cover the true parameter
with the specified nominal coverage probability asymptotically. In the case where the model
is globally incorrectly specified, the rate-adaptive bootstrap confidence intervals achieve the
nominal coverage asymptotically for the pseudo-true parameter, which is defined as the pa-



rameter which minimizes the population GMM objective function. We acknowledge that
our rate adaptive bootstrap is not uniformly valid because it cannot consistently estimate
the asymptotic distribution for locally misspecified models where the population moments
are drifting towards zero at the y/n rate. The difficulty lies in not being able to consistently
estimate the drift constant which appears in the asymptotic distribution. For procedures
that handle local misspecification for smooth GMM models, we refer readers to the impor-
tant work by Bonhomme and Weidner (2022), Armstrong and Kolesar (2021), and references
therein.

Both Lee (2014) and Giurcanu and Presnell (2018) have proposed bootstrap procedures
that are robust to misspecification, but neither allows for the moment conditions to be non-
smooth. Lee (2014) used Hall and Inoue (2003)’s misspecification-robust estimator of the
asymptotic variance of GMM to develop a misspecification-robust (MR) bootstrap proce-
dure. We investigate their procedure in Section 7.4’s Monte Carlo study and find that our
procedure has similar performance to theirs when the moments are smooth. Giurcanu and
Presnell (2018) recommend first testing for misspecification using a J-test and then applying
either the standard bootstrap, centered bootstrap of Hall and Horowitz (1996), or empirical
likelihood bootstrap of Brown and Newey (2002) depending on the outcome of the test. In
contrast to Giurcanu and Presnell (2018), our procedure does not test for misspecification
but instead adaptively performs inference for the pseudo-true parameter under misspecifica-
tion. However, we are similar to Giurcanu and Presnell (2018) in that we also find that the
choice of the weighting matrix impacts the GMM estimator’s asymptotic distribution.

Several important papers have considered another form of misspecification which arises
in the context of two-step semiparametric GMM estimators, where the lack of precision in
the first stage nonparametric estimator can make traditional normal confidence intervals
suffer from extreme undercoverage. Cattaneo and Jansson (2018) propose novel bootstrap
percentile confidence intervals which provide an automatic method of bias correction and
are therefore "robust" to first stage misspecification. Their intervals are derived from a new
bootstrap distributional approximation based on small bandwidth asymptotics. In a recent
paper, Cattaneo and Jansson (2022) consider the problem of estimating the average density
of a continuously distributed random vector and show that the nonparametric bootstrap
can consistently estimate the distribution of the simple plug-in estimator even though the
estimator is known to be biased. This automatic bias correction property is qualitatively
related to the ability of the rate-adaptive bootstrap to automatically select in or select out
certain components of the asymptotic distribution depending on the level of smoothness and
specification of the moments.

Section 2 explains in greater detail the different impacts that global misspecification
has on the asymptotic distribution of GMM when the moments are smooth versus nons-
mooth. We show that misspecification under the nonsmooth case is of more concern because
the rate of convergence becomes cubic-root and the asymptotic distribution becomes non-
standard, thus invalidating the standard bootstrap or inference using asymptotic critical
values. We explain how our rate-adaptive bootstrap can still provide consistent inference
for this nonsmooth case as well as for the smooth case under either correct specification
or global misspecification. We also provide three examples illustrating the applicability of
our method: GMM formulation of instrumental variables quantile regression (Chernozhukov
and Hansen (2005)), simulated method of moments (McFadden (1989) and Pakes and Pol-

3



lard (1989)), and dynamic censored regression (Honore and Hu (2004a)). While Section 2
studies the 1-step GMM estimator under a fixed weighting matrix W, Section 4 studies the
2-step GMM estimator computed using an estimated weighting matrix W,, and proposes a
rate-adaptive bootstrap for consistent inference. Section 5 contains Monte Carlo simulation
results demonstrating that the empirical coverage frequencies of the rate-adaptive bootstrap
confidence intervals are close to the nominal level, while the empirical coverage frequencies
of the standard bootstrap confidence intervals are far from the nominal level for a simple
location model and a quantile regression model with misspecified nonsmooth moments. Sec-
tion 6 concludes. The Appendix contains additional theoretical results and proofs of the
theorems, in addition to another Monte Carlo example with misspecified smooth moments,
where the rate-adaptive bootstrap performs just as well as the standard bootstrap in terms
of empirical coverage and average interval width.

2 GMM Model with Fixed Weighting Matrix

Consider a random sample X, = (X1, X5, ..., X,,) of independent draws from a probability
measure P on a sample space X'. Define the empirical measure P, = %22;1 dx,, where ¢,
is the measure that assigns mass 1 at x and zero everywhere else. Denote the bootstrap
empirical measure by P?, which can refer to the multinomial, wild, or other exchangeable
bootstraps. Weak convergence is defined in the sense of Kosorok (2007): X, ~» X in
the metric space (D,d) if and only if sup;cpy, |E*f(X,) — Ef(X)| — 0 where BL; is

the space of functions f : D — R with Lipschitz norm bounded by 1. Conditional weak
convergence in probability is also defined in the sense of Kosorok (2007): X, % X in the

metric space (D, d) if and only if sup,cpr, [Bwf(X,) — Ef(X)] 25 0 and Ewf(X,)* —
Ewf(X,)« 250 for all f € BL,. Ew denotes expectation with respect to the bootstrap
weights W conditional on the data, and f(X,)* and f(X,). denote measurable majorants
and minorants with respect to the joint data (including the weights W). Let X} = o} (1)
if P(|X}|>e€|lX,) =op(1) for all € > 0. Also define M = O3 (1) (hence also Op (1)) if
lim,, o0 limsup,,_,o P (P (M} > m|X,) > ¢€) — 0 Ve > 0.

Define the moment function 7 : X x © — R™. To simplify exposition we first consider a
fixed weighting matrix WW. Later in Section 4, we will consider estimated weighting matrices.

The GMM estimator using a fixed positive definite weighting matrix W and sample moments
7 (0) = P, (+,0) is given by

0, = argmin Q, (¢), Qn (0) = lﬁn (0) W, (0).
HcOCR? 2

We assume the population GMM objective has a unique minimizer % = arg min Q () where
0cO

Q(0) = im (0) Wr (0) and 7 () = P (-,6). It is well known from standard results in Newey
and McFadden (1994) that for correctly specified models where 7 (9#) =0,v/n (én — 9#> ~
(GWE) " GWN (0, Pr (-, 0%) 7 (-,0%)'), where G = & (6%).

Under model misspecification, the asymptotic distribution differs depending on whether
the model is smooth or nonsmooth. For smooth models that are globally misspecified in
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the sense that 7 (-, 6) is twice continuously differentiable with respect to # and 7 (8#) =c
for a vector of fixed constants ¢ # 0, Hall and Inoue (2003) showed that \/n (én - 9#> ~
N (O,H”QH*V) where

Su =P (r (,07) =7 (6%)) (7 (-,0%) — = (6F))

= P (09) ~ 7 (0%)) () (22 (.0%) )
Yo1 = Xy
Yo =P (%’ﬂ' (., 6#) — G)l W (9#) T (Q#>’ 1074 (%ﬂ_ (.’ 0#) - G) (2.1)

Q=GWIE WG+ X9 + GWE1s + Xy WG

H = G,WG + iiwj’kﬂ'k (9#) Hj

j=1 k=1

where for each j =1,...,m, define H; = aeae,ﬂj (9#)

Although misspeciﬁcamon changes the asymptotic distribution of smooth estimators, the
estimator remains /n-consistent, and the nonparametric bootstrap can be used for inference.
However, misspecification is a much more serious issue in the nonsmooth case because the rate
of convergence becomes cubic-root and the asymptotic distribution becomes non-standard,
which invalidates the standard bootstrap. For GMM estimators that are globally misspecified
and nonsmooth, specifically non-directionally differentiable (in the sense of Gateaux), we will
show that

nt/? (én - 0#> ~ arg min {7‘(‘ (9#)/ W2Zy(h) + lh'Hh} :
heR? 2
Zy (h) is a mean zero Gaussian process in the space of locally bounded functions B, (R )
0) —

equipped with the topology of uniform convergence on compacta. For g(-,0) = 7 (-,
7 (+,6%), the covariance kernel of Z, (h) is

/
¥1/2(s,t) = lim aPyg (-,9# + i) g <~,9# + i) :
a—00 (0] 0%
We next develop a rate-adaptive bootstrap procedure to consistently estimate the limiting
distribution of the GMM estimator regardless of whether the model is correctly or incor-
rectly specified, smooth or nonsmooth. In other words, we do not need to know the rate
of convergence of the GMM estimator when using the rate-adaptive bootstrap to construct
asymptotically valid confidence intervals for §#. The rate-adaptive bootstrap estimate in
the case of a fixed weighting matrix W is

0% = arg min {frn <én)/W (Pr—P,) <7T (,0)—7 (-, én>) (2.2)

0cO



+(0- én)'é'w (P = P (-6,) } .

Here 7, <9n> = P, (-, én), G is a consistent estimate of G , and H ;j 1s a consistent estimate

of Hjforj=1...m.
For v € {1/3,1/2}, we will show that the limiting distribution of n” (é;; - én> coincides

with the limiting distribution of n? (én — 9#>. We do not need to know the value of ~ in

order to form asymptotically valid confidence intervals for % using the empirical distribution
of é; — én The intuition for why our rate-adaptive bootstrap procedure is consistent is
similar to the arguments given in Cattaneo et al. (2020). Instead of bootstrapping the GMM
objective function, we are bootstrapping consistent estimates of the different components
that can appear in the asymptotic distribution, depending on whether the model is correctly
or incorrectly specified, smooth or nonsmooth. For the case of nonsmooth moments, the
first term in (2.2) is used to approximate the Gaussian process m (9#),WZO (h), while the
second term is used to approximate the quadratic mean %h’ Hh. The third term will disappear
asymptotically for nonsmooth models but remain for sufficiently smooth models. We can use
the same estimator for both smooth and nonsmooth models because their different rates of
convergence will automatically cause the appropriate terms to disappear from the asymptotic
distribution.

The following steps illustrate how to use the rate-adaptive bootstrap to form asymp-
totically valid intervals for 0% if we use the multinomial bootstrap empirical measure P* =
% o W, for the multinomial vector W,, = (W1, ..., W,,,) with probabilities (1/n,...,1/n)
and number of trials n.

1. Compute 0, 7, (én> =iy (Xi,én>, G, I:Ij forj=1...m.

2. Repeat for B bootstrap iterations: draw a bootstrap sample X7, ..., X" and compute
. N/ 1 <& R 1 <& R
6% = argmin { 7, (en) W= (w X7, 0 —w(Xf,Gn» _- (w X;,0 —W<Xi,en)>

+L(o-a) (GWG £ Wi (9) H) (0-0.)

3. For k =1,...,d, compute the 1 —«a/2 and «/2 percentiles of the empirical distribution

~

of é;;k — Ong. Call them ci1_q/2 and ¢ q /2.

A 1 — a two-sided equal-tailed confidence interval for H,fé can be formed by

~ ~

Oni — Ckil-a/2, Oni — Cka/2| -



We will use the following notation to denote the stacked confidence intervals for the vector
of parameters:

[én — Cl—a/2, én - ca/Z] .
We can also compute a confidence interval for p (6’#), where p : © — R, by using the
percentiles of the empirical distribution of p <9;§) —p <én)

() ~cor-on (5 =]

2.1 Asymptotic Distribution for Nonsmooth Misspecified GMM us-
ing a Fixed Weighting Matrix

Throughout the paper, we will impose the following assumptions. The different values of v
and p depend on the rate of convergence of 6,,.

Assumption 1. For Q, (0) = 1P,7(-,0) WP, (-,0) and Q(0) = tPr (-,0) WPr (-,0),
where W is positive definite, suppose the following conditions are satisfied for some p € {%, 1}

1.
and v = 530

(i) Qu (fa) < InfQu (6) +0p (n~2).
(i1) 06@:\\19%%#\\>6Q (0) > Q (6%) for all € > 0.

(i) supl| P (-.6) = Pr(-.0)] = op(1).

(iv) supP |m(-,0)| < oo.
60

Assumption 2. Let g(-,0) =7 (-,0) — =« (-,9#) satisfy the following conditions for some
pE {%, 1} and v = 2(21_p) :

(i) 0% is an interior point of ©.

(ii) The classes of functions Gr = {g;(+,0) : ||0 — 67| < R,j =1,...,m} for R near zero

are uniformly manageable for the envelope functions Gg (-) = sup |g;(-,8)].
9;€EGR

(iii) Pg(-,0) is twice differentiable at 0% with full rank Jacobian matriz G = %W (9#) and
positive definite Hessian matrices H; = %;6,79 (0#) forjg=1...m.

(iv) $,(s,t) = lim o Pg (-, 0% + 2) g (-,0% + é)/ exists for each s,t in RY.
a—0o0

(v) lim o* Pllg (-,6% + L) [|21{||g(-, 0% + L)|| > ea® =P} =0 for each € > 0 and t € R%.
a—r 00



(vi) PG% = O(R*) for R — 0.

(vii) For each n > 0, there exists a K such that PG%1{Gr > K} < nR* for R near 0.
(viii) Pllg(-,61) = g(-,02) | = O ([[61 — 02[|*") for |61 — b2]| = 0.

(iz) H=GWG + >y D hey Wikmk (6#) H; is positive definite.

Assumption 1 is needed to show consistency of 6,, for 6% while Assumption 2 is needed to
derive its asymptotic distribution. Manageable classes are defined in Definition 4.1 of Pollard
(1989), and an example is all Euclidean classes. A manageable class for a constant envelope
is a universal Donsker class in the sense of Dudley (1987). Uniform manageable classes are
manageable classes for which a uniform upper bound exists in the maximal inequalities for
the corresponding empirical processes. As discussed after Corollary 3.2 of Kim and Pollard
(1990), we need to assume Gg are uniformly manageable in order to demonstrate stochastic
equicontinuity of certain processes that appear in the expansion of the objective function.
We demonstrate stochastic equicontinuity by applying the maximal inequalities in Lemma
3.1 of Kim and Pollard (1990) over the classes G for all values of R near zero, rather than
a particular value of R.

Similar to Kim and Pollard (1990), the cubic-root rate of convergence is obtained when
Assumptions 1 and 2 are satisfied for v = 1/3 and p = 1/2. In particular, this amounts to a
linear rate of decay of PG%. Usually the linear rate of decay arises when 7 (-, ) is not direc-
tionally differentiable, such as the ones that appear in the GMM formulation of IV quantile
regression or simulated method of moments. Other types of nonsmooth moments that are
directionally differentiable do not have this linear rate of decay and therefore retain the \/n
rate of convergence. We now provide some examples that distinguish between different types
of nonsmooth moments.

Example 1. GMM Formulation of Instrumental Variable Quantile Regression (IVQR): This
example studies how to do inference in the case of possible misspecification of moments in
Chernozhukov and Hansen (2005))’s IVQR GMM estimator. The IVQR estimator can be
used to estimate quantile treatment effects under non-compliance, and under correct speci-
fication, the estimator is known to be y/n-consistent and asymptotically normal. However,
if the moments are (globally) misspecified, which can happen for example if the instruments
are invalid, then the estimator is cubic-root consistent and has a non-standard asymptotic
distribution.

The moment conditions for IVQR are nonsmooth, in particular non-directionally dif-
ferentiable, because 7 (+,0) = (7 — 1 (y; < q(d;,w;,0))) z;, where y; is the dependent vari-
able, d; is a vector of endogenous regressors, w; is a vector of exogenous regressors, z; is
a vector of instruments, and ¢ (-) is the quantile response function, which has a single in-
dex structure q (d;, w;,0) = q (zi0) for x, = [d;,w;]. Additionally, ¢ (-) is assumed to be a
monotonic, twice differentiable function, and F, ‘m is absolutely continuous. For 7 (0) =
E (T = Fyu,» (q (2/6%))) 2, the Jacobian is G 27 (0%) = —Efye. (¢ (/6%)) 2¢ (z ’8#) !
and the jth element of the Hessian is H; = 6060, (9 )=—-Ef vl (g (z'6%)) z; (¢ (:E'Q#)) xx'+



Efye, (q (x’ 0#)) 2;q" (x’ 9#) xx’. We will assume that the assumptions in Chernozhukov and
Hansen (2005) needed to ensure that G and H; are well defined are satisfied.

A crucial condition that generates cubic-root convergence in globally misspecified models
with non-directionally differentiable moments is when the value of p that satisfies Assumption
2 is p = 1/2. In the Appendix, we show this is true for this example.

Example 2. Simulated Method of Moments: Simulated method of moments has a wide range
of applications especially in discrete choice models where an agent’s choice probabilities are
too complicated to calculate analytically (McFadden (1989) and Pakes and Pollard (1989)).
Instead, we take simulation draws from some assumed distribution for the errors and using
the empirical frequency simulator to estimate the choice probabilities. In this example, we
consider a binary discrete choice model but the results are easily generalizable to multivariate
discrete choice models.

The moment conditions are 7 (-,0) = (yZ — %211 1(h(2i0) + nis > O)) z;, where y; €
{0,1} is the choice of individual 7, z; is a vector of instruments, x; is a vector of co-
variates, h(-) is a monotonic, twice differentiable function, and {n;}>_, are individual
’s simulation draws from an absolutely continuous distribution Fj, . with density func-
tion f,,. symmetric around zero. For 7 (#) = E (y — Fyj. (h(20))) 2, the Jacobian is
G = 527 (0%) = —Efy.. (h (2/6%)) 21’ (#'6#) 2’ and the jth element of the Hessian is H; =
%;6,79 (0%) = —Ef).. (h (2'6%)) z; (W (:L”G#))2 28+ B fya. (h (2/0%)) z;h" (2'6%) x2’. We
will assume the assumptions in McFadden (1989) needed to ensure that G and H; are well
defined are satisfied.

We verify in the Appendix that the value of p that satisfies Assumption 2 is p = 1/2.

Example 3. Dynamic Censored Regression: Honore and Hu (2004a) consider estimation of a

panel data censored regression model with lagged dependent variables: y;; = max {0, y;; 160 + ; + €5 }

where {eit}thl is a sequence of i.i.d. random variables conditional on (9, ;). They show that

the GMM estimator of 6 using 7 (-, ) = max {0, ;s — yir—10}—vi—1 as the moment conditions

will be \/n consistent and asymptotically normal and that the true parameter uniquely sat-

isfies the population moments under correct specification. The stacked moments are 7 () =

(12 (0), ..., (0)], where for each t = 2,...,T, m () = E [max {0, yit — Yit—10} — yir—1] =

E 1 (yit > yit—10) (Yit — Yit—10) — yir—1]. The Jacobian is G = [Ga, ..., Gyl for

Gy =—-F [yitfll (yit > yit,19#)}, and the Hessians fort =2,... , Tare H, = F [yl-t,lf?mym1 (yit,19#)}.
Even though 7 (-,0) is nonsmooth, the y/n rate of convergence arises because 7 (-, 6)

remains directionally differentiable. We check in the Appendix that the value of p that

satisfies Assumption 2 is p = 1 instead of p = 1/2 as in the previous two examples.

Theorem 1. Suppose w (9#) = ¢ for a vector of fized constants ¢ # 0 and that Assumptions
1- 2 are satisfied for v =1/3 and p = 1/2. Then, 6, — 6% = op(1) and

heRd

n'/3 <én — 9#> ~> arg min {71' (9#)/ WZy1/2 (R) + %h'ﬁh}

H=G'WG + f: i": Wi (6%) Hy,

j=1 k=1
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where Zg1/2 (h) is a mean zero Gaussian process with covariance kernel

t /
¥1/2 (s, t) = lim aPyg (-,0# + 2) g <~,9# + —) .

a—0o0 (6%

In the Appendix, we show that the globally misspecified GMM estimator is y/n-consistent
when the moments are nonsmooth but remain directionally differentiable. In the correctly
specified case, a reduction to the standard result of Newey and McFadden (1994) previously
mentioned is achieved.

3 Rate-Adaptive Bootstrap for Fixed Weighting Matrix

We impose the following envelope integrability assumptions in order to show that n” <«§n — 6’#>

and n” (éfl - én) have the same limiting distribution. The assumption is needed to show

bootstrap equicontinuity results so that both the localized empirical process and its bootstrap
analog converge weakly to the same limiting process. There are some differences between
our assumption and the ones in Cattaneo et al. (2020) because Cattaneo et al. (2020) show
bootstrap equicontinuity using the maximal inequalities in Pollard (1989) whereas we make
use of Lemma 4.2 in Wellner and Zhan (1996), which states that stochastic equicontinu-
ity implies bootstrap equicontinuity under a relatively mild envelope (square) integrability
assumption (their Assumption A.5).

Assumption 3. For some p € {5, 1} andy = @) define m,, (-,0,h) = n?”* (7r (-;0+ n%) — 7r(-;9)).
(i) For any €, — 0 and any compact set K C Rd
. t} “o

(ii) Furthermore, if Assumptions 1- 2 are satisfied for v = 1/2 and p = 1, then for any

€, — 0,
o

Using the notation of Assumption A.5 of Wellner and Zhan (1996), Assumption 3(i) is
using B (0) (h) = m, (+,0,h) and H = K. Assumption 3(ii) is using B (6) (h) = 7 (+,0) and
‘H is a finite set whose cardinality is the dimension of 6.

Strong sufficient conditions for Assumption 3 are that the envelopes are uniformly bounded.
For all sufficiently large n such that ¢, — 0 and any compact K C R? there exists

OB (- O
some constants C; > 0 and Cy > 0 such that sup Hm"(’e’h) m”(#’e ) H < (), and
heK,||0—0%||<en =67

mn('v 87 h’) - mn('7 9#7 h)
1+ n7||0 — 6#]]

lim lim supsupt® P sup
AD00 psoo >N heK,||0—0%#]||<en

7T('> 0) B 7T('> 9#)
T vallo — 07|

lim lim supsupt? P{ sup

AD00 oo > 16—6%#]|<en

w(-,0)—

Sup 1+ﬂe 0#\\

16—6%|<en

<
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The next theorem illustrates consistency of the rate-adaptive bootstrap for correctly
specified and globally misspecified models which can be either smooth or nonsmooth. Under
correct specification, the asymptotic distribution is normal for smooth and nonsmooth mo-
ments. Under global misspecification, the asymptotic distribution is normal in the smooth
case but in the nonsmooth case, it is nonstandard.

Theorem 2. Suppose Assumptions 1-3 are satisfied, G5 G, and flj LN H; forj=1...m.
For correctly specified models,

Vi (0= 6.) — (GWe) " GWN (0, Pr (- 0%) 7 (,6%)).

For globally misspecified models with twice continuously differentiable m (-, 0), if Assumptions
1- 2 are satisfied for v =1/2,p =1,

Jn (é;; . én) o N (o, H”QH*') .

where Q and H are defined in equation (2.1). If instead Assumptions 1- 2 are satisfied for
vy=1/3,p=1/2,

 aNE / (.
nl/3 <9n - 0n> s arg}fnm {77' (6%) WZo1/2 (h) + 5h’Hh} .

4 The Case of an Estimated Weighting Matrix

We now consider the case of an estimated weighting matrix. First we show that nonsmooth
misspecified GMM has a different asymptotic distribution depending on the rate at which
the estimated weighting matrix converges to its probability limit. Next we show that the
rate-adaptive bootstrap needs to be modified to include an additional term to capture the
variation between the estimated weighting matrix and its probability limit.

Note that we need to redefine the presumed to be unique pseudo-true parameter to be
0% = argminr (0) W (9#) 7 (6) where W (9#) depends on the presumed to be unique 1-

=C)

step GMM pseudo-true parameter using some fixed weighting matrix W;: 9# = argmin7 (0) Wi (0).
0cO

For example, we may choose W <9fﬁ > to be the inverse of the variance-covariance matrix of
/ AN
the population moments evaluated at 87 : W (9#) = (E {7? <~, 9#) T <‘, 6#) } -7 (9}#) 7T (0#) )

Different choices of W, and W (9#) typically lead to different values of 87, but we suppress

the dependence of 6% on the weighting matrices for notational simplicity.
The estimated weighting matrix W), <é1> will depend on the 1-step GMM estimator

0, = argmin# (/) Wy# (0). The next theorem demonstrates that the globally misspecified
90

2-step GMM estimator 6, = arg min# (0)' W, (él) 7 () with non-directionally differentiable
90

11



7 (+,0) will have a different asymptotic distribution depending on the rate at which W, <é1>
converges to W <9#> To simplify notation, we will use W,, to refer to W, <é1> and W to
refer to W (0#)

Theorem 3. Suppose m (9#) = ¢ for a vector of fixed constants ¢ # 0 and that Assumptions
1- 2 are satisfied for v =1/3 and p =1/2. B
IfW, —W = op (n=13), then 0, — 0% = op(1) and for Zy (h) = 7 (0%) W2y (h),

heR?

. _ 1
nt/3 (Qn — 9#) ~> arg min {Zo (h) + éh'Hh} :
! 2/3 _ . O# -1/3 Z (h
W 13 7r(0#) Wn?3 (P, P)g(,9 +n h) o (h)
IfW,—W = Op (n='3) and ( WG (W, — W)  (64) |\ wew,
in the product space of locally bounded functions {Bloc (]Rd) }2 for some tight random vector
W, then 0, — % = op(1) and

. _ 1
1/3 _ p# : Vel N
n <9n 9 ) ~ arg min {zo (h) + H'G'Wy + QhHh}.

When W,, converges to W at the cubic-root rate, we assume that n'/? (W, — W)« (9#)
converges in distribution to some tight random vector W,. W,,’s cubic-root rate of conver-
gence arises when the moments are nonsmooth (non directionally differentiable) and mis-
specified because then the 1-step GMM estimator 0, converges at the cubic-root rate and
determines the asymptotics of W,,. More details are in Section 7.3.

In the case where the moments are smooth, our estimated weighting matrix W,, typically
satisfies the following assumption which states that W, is y/n-consistent with an influence

function representation, and that the bootstrapped weighting matrix W shares the same
influence function representation.

Assumption 4. The weighting matriz W, satisfies /n (W,, — W) = /n (P, — P) ¢ <-, 9#)—1—
op(1) where Hfé 1s the probability limit of the 1-step GMDM estimate using a fixed weighting
matriz, P Hvech ((b <', 9#)) H2 < 00, and the bootstrapped weighting matriz W, has the same
representation /n (Wi —W,) =/n (P —P,) ¢ (-, 9#) +o%(1). Additionally, for each e > 0
and t € RY,

Vng ( ks + 7 9# + f>
lim P ( 9#) 9#) > eyv/n p = 0.
o vech (qb ( 0# vech 9?))

When we use an estimated weighting matrix, we have to modify the rate-adaptive boot-
strap estimate to include an additional term that accounts for the additional variation in-

12



duced by estimating the weighting matrix:
o = arg min {m (en) W, (P — P,) (n (-.0) — ( en)) (4.1)
o4, (é’WnG S W (6,) H) (6-4.)

j=1 k=1

+(9-é)G’ WPy = P (-6,)
w(o-0.) ¢ow; —w, m(é)}

where W) = W (éf) could potentially depend on the rate-adaptive bootstrap estimator HA}‘
using a fixed weighting matrix Wi:

b = arg min {wn (en) W, (PF — P,) (7r (.0) — ( én)) (4.2)
+l(o-a) <G 6+ 305 Wi () H> (0-0.)

7=1 k=1
+ (9 - én) G'Wi (P* — P ( 9n>} .

The following theorem shows that the rate-adaptive bootstrap is consistent for the lim-
iting distribution of the 2-step GMM estimator under correct specification and different
scenarios of global misspecification.

Theorem 4. Suppose Assumptions 1-3 are satisfied, G5 G, and f[j N Hjforj=1...m
(i) For correctly specified models, when W,, — W = op (1) and W} —W,, = 0h(1),

Jn (é;; _ én) S (GWE) GWN (o, Pr (- 0%) 7 (-, 9#)’) .

(ii) For globally misspecified models with twice continuously differentiable m (-,6) where
Assumptions 1 and 2 are satisfied for v = 1/2 and p = 1, and the weighting matriz
W, satisfies Assumption 4,

Qw = GWIELWGE + Y9 + GWEis + X0 WG
+ G'Y353G + GWE 3G+ G E(GWGE + X93G + G2

where H, Y11, Y12, Yo1, and Yoy are the same as in equation (2.1) and

Si3=P (7 (, 9#) -7 (9#)) @ (6#)/ <€Z§ (" 61&) —¢ <9#))/

13



Yg1 = X3
S, — P (%W (.6%) - G) Wr (6%) x (6#)' (cb (-,Gf) — ¢ (91‘*))
Ygy = iy

= o ) o (0)) 7)) (o () o))

(11i) For globally misspecified models where Assumptions 1 and 2 are satisfied for v = 1/3
and p=1/2, if W,, = W = op (n*1/3) and W) —W,, = o} (n*1/3), then

. _ 1
n'/3 <9; — 0n> % arg min {7r (9#)/ WZy12(h) + §h'Hh} .

T (0#) Wn? (P, = P) g (0% +n7Ph) \ __ (7 (6%) W22 (h) . NY
[f( h,G/n1/3 (Wn - W) T (9#) h/G/WO m {Bloc (R )}
for some tight random vector Wy, and

7 (0%) Wn2® (P; — P,y g (0% + n=3h) \ & (7 (6%) WZq12(h) \ | 2)1?
( h/G,n1/3 (W; ! Wn) - (6#) W h/G/WO m {Bloc (R )} ’
then

L 1
/3 (9;; - en) < arg min {7? (6%) W Z0.12 (B) + WG W + 5h’h{h} .
h

5 Monte Carlo

5.1 Nonsmooth Location Model
Consider a simple location model with i.i.d data,
yi:90+ei,i: 1,...,71

where €, ~ N(0,1) and 6y = 0.
For 7 (-,0) = [1 (y; < 0) — 7;5; — 0], let the population moments be

m(0) =[P (y: <0) —7; By — 0]
The model can not be correctly specified as long as 7 # 0.5. First consider using a fixed
weighting matrix W = I, and consider the following GMM criterion function and its proba-
bility limit:
1 < i 1 < i
i=1 i=1
Q) =m(0)m(6) = (P(yi <) —7)" + (Ey; — 0)".

The pseudo true value 6% = arg minQ () is given by the root of the following equation:
0€®

Jy (6%) (F, (67) =) + 67 = 0.

14



We examine the empirical coverage frequencies of nominal 95% equal-tailed rate-adaptive
bootstrap confidence intervals:

[9n — Co.975, 0, — 00.025] )

where cgg75 and c¢g go5 are the 97.5th and 2.5th percentiles of é;"l — én Recall that

i, = g {7 (3) W (5200 =52 (3)) = (710) -7 (3.)))

where 7 (0) = % Yo7 (y;,0) and 7} (0) = %Z?:l 7 (y:,0).

i iy Ko (y —én> ] i [ == > K, (yz- —9n> ]
1 0

N

G:

for K, () = K (z/h), K} (z) = K' (z/h), K () = (27)"? "2 and K’ (z) = — (27)"/* ze2"/2.
We use the Silverman’s Rule of Thumb bandwidth A = 1.06std(y)n"'/?, but the results are
robust to other choices of the bandwidth such as on the order of n=%3, n=14 n=1/6 or
n—1/10

The first 3 columns of Table 1 show the rate-adaptive bootstrap empirical coverage fre-
quencies for % (along with the average widths of the confidence intervals in parentheses)
for 7 € {0.1,0.3,0.5}, n € {200, 800, 1600, 3200,6400}, B = 1000 bootstrap iterations, and
R = 1000 Monte Carlo simulations. Due to the symmetry of the problem, similar results
will hold for 7 € {0.7,0.9} and are available upon request. The remaining columns show the
empirical coverage frequencies of nominal 95% equal-tailed standard bootstrap confidence

intervals én - d0‘9757 én — d0.025i| 3 where d0‘975 and d0.025 are the 97.5th and 2.5th percentiles

/
of 6, — 0, for 6, = arg mingee (fr;i 0) — 7y <én>> (fr;i (0) — 7 (én)> We can see that the
standard bootstrap performs well under correct specification (which corresponds to 7 = 0.5),
but the performance deteriorates as 7 moves away from 0.5, with more severe undercoverage
for the smaller values of 7. In contrast, the empirical coverage frequency of the rate-adaptive
bootstrap is quite close to the nominal level of 95% for all values of 7, even at the smaller
sample sizes.
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Table 1: Rate-adaptive vs Standard Bootstrap, fixed weighting matrix
Rate-adaptive Bootstrap Standard Bootstrap
T 0.1 0.3 0.5 0.1 0.3 0.5
n =200 0.949 0946 0.952 0.900 0.917 0.949
(0.330) (0.298) (0.279) (0.277) (0.277) (0.277)
n=3800 0.950 0.955 0949 0.864 0.920 0.947
(0.180) (0.156) (0.140) (0.139) (0.139) (0.139)
n =1600 0.959 0.950 0.948 0.845 0.909 0.954
(0.134) (0.113) (0.099) (0.098) (0.098) (0.098)
n =3200 0.957 0.960 0.955 0.828 0.889 0.936
(0.101) (0.083) (0.070) (0.070) (0.070) (0.070)
n =6400 0.952 0.946 0.947 0.797 0.894 0.951
(0.076) (0.061) (0.049) (0.049) (0.049) (0.049)

Now we consider the case of an estimated weighting matrix. The variance-covariance
matrix of the moments is

B(r(0) = @) (0 -m@)) = [ O - BO" —h O],

We consider using an estimate of the inverse of the variance-covariance matrix of the moments
as our weighting matrix:

~f, () 1 ’

where 0; = arg mingee 7, (0) 7, (9), fy (él) = % oo K (yi — él), Fy (él) = %Z?:l 1 (yz < é1>
For 0, = arg mingee 7, (0)' W, (é1> 7n (0), the rate-adaptive bootstrap estimate is

0 = arg min {wn (9n> W, (0}) <<7rn 9) — 7" (%)) - <7r 0) — 7 (en))>
+1(o-0) <GW (0) 6+ 303 W (3) o (52) H) (0-0.)
j=1 k=1
=) o (0) (5 ) -5 (1)
#(o=0) e (we (55) - wa (80)) 0 (3.)
The bootstrapped weighting matrix is

wi (i) | 5 ) A () -5 (@)

L (E) 1 |



where éf is the rate-adaptive bootstrap estimate using W = I, f;‘ (éi‘) = # S Ky <y;k — éf) ,
and ﬁy* (é{) =151 (yj < é{) We use the same Silverman’s Rule of Thumb bandwidth

T n

as before h = 1.06std(y)n~1/°.
We are interested in the rate-adaptive bootstrap empirical coverage frequencies for 6% =

2 —1
F,(07) - F, (67) —f,(6F
arg minm (6)' W (9?) 7 () where W (9#) = Y ( ! ) Y ( ' ) 4 ( ! > and
heo 1, (¢F) 1
0% = argminn ()’ 7 (). The first 3 columns of Table 2 show the empirical coverage fre-
C

quencies and average interval lengths of nominal 95% equal-tailed rate-adaptive bootstrap
confidence intervals:

[Qn — €0.975, 0, — 00.025] )

where ¢ 975 and cg o5 are the 97.5th and 2.5th percentiles of HA;; — én We used B = 1000
bootstrap iterations and R = 1000 Monte Carlo simulations. There is some slight under-
coverage for the case of 7 = 0.5 and over-coverage for the other values of 7, but the
performance is much better than the standard bootstrap intervals shown in the remain-

ing columns: [én — do.975, én — d0,025}, where dy 975 and dgg25 are the 97.5th and 2.5th per-
- - NN . .

centiles of 6y — 6,,, for 6, = arg minyce (ﬁ; (0) — 7, (0n>> W (01> (fr;; (0) — 7, (9n>> and

- NN .

01 = arg mingceo <7“r§§ (0) — 7p <9n>> (7?;; (0) — 7p (9n>) The standard bootstrap has under-

coverage across all values of 7, except for the correctly specified case of 7 = 0.5. This is

to be expected because the standard bootstrap is inconsistent under misspecification for
nonsmooth models. However, the rate-adaptive bootstrap will be consistent.

Table 2: Rate-adaptive vs Standard Bootstrap, estimated weighting matrix
Rate-adaptive Bootstrap Standard Bootstrap
T 0.1 0.3 0.5 0.1 0.3 0.5
n =200 0.967 0968 0.944 0.691 0.844 0.951
(1.211) (0.686) (0.285) (0.341) (0.329) (0.310)
n=3800 0.984 0979 0951 0.633 0.765 0.957
(0.702) (0.369) (0.143) (0.175) (0.172) (0.160)
n=1600 0.982 0.949 0.941 0.606 0.755 0.965
(0.521) (0.293) (0.101) (0.124) (0.122) (0.114)
n =3200 0.985 0.960 0.963 0.575 0.708 0.976
(0.398) (0.235) (0.071) (0.089) (0.088) (0.081)
n = 6400 0977 0.950 0.951 0.562 0.674 0.963
(0.314) (0.189) (0.050) (0.064) (0.063) (0.057)
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5.2 Quantile Regression

Motivated by Chernozhukov and Hong (2003) and Chernozhukov and Hansen (2005), we
consider the following data generating process for ag = 5y = 1:

U; 0 1 0 4
yi = ag + Bod; + uy, d; ~ N 01,10 1 05
w; 0 0 05 1

It follows then that

“”¢”W“JV(<O 5>(02 %5>_1<32)’1_(0 5)(02 %5>_1(g)>
(2 h) e b

2 4 4
yi| di,w; ~ N (040 + Bod; + <—§dz‘ + ng) 6,1 — 552) :

The population moments are for z; = ( 1 d; w; )/,

7mm=£ﬂ(%—uw§a+6%0%}

s[4 i)

1 a—ag+ (B —bo)di + (3d; — Jwi) 0

—E||z-0
2 vﬁf@ﬁ

At the true parameter values, the population moments are

Zi

1 2d; — 2w;) 0
m(0)) =E Z_d w 2
2 1 — 452

Note that if 6 = 0, then we have a correctly specified model for median regression. For values

of § # 0, the model is misspecified. Because the researcher is not able to observe ¢, it is

desirable to have a procedure that will perform valid inference for the true parameters 6y =

(v, B0)" when § = 0, and also will perform valid inference for the pseudo-true parameters

0% = (a*,3*) = argminn (0) Wr (6) when § # 0. We first consider the case of a fixed
0

weighting matrix W = I. The sample moments are

ﬁ“®:l§i<%—uméa+ﬁm0%.

=1

The bootstrapped sample moments using the multinomial bootstrap are
T (6) 1 En L Ly <a+p8d;) ) =
n 2 y’L — 7 (2
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The population Jacobian and Hessians are for d; = (1,d;),

G(0) = ~F | fyauw (0 + Bd) 2|, Hi(0) = —F | fy,, (a + 8di) did]
Hy(0) = —E [ F i (@ + Bd;) didid, } Hs(0) = —E [ g (@ + Bdy) wididg} .

Their estimates are
X 1 . -
ZKh (?/z — Bnd z) Hy = _WZK;l (yi—&n—ﬁndi> dd;

- Z Ky (= o= uds) didid, s = = S K (31— = ) widd,

where K, (z) = K (z/h), K}, (z) = K’ (z/h), K (z) = 2r) 2 e"/2 K/ (z) = — (27) ? ze™®

The rate-adaptive bootstrap estimator in the case of a fixed weighting matrix W is

~

é:; = argmin {frn (én>/W(P; —P,) <7r (,0)—m (-,9n>>

0cO

Table 3 compares the empirical coverage frequencies and average interval lengths of nomi-

A

nal 95% equal-tailed confidence intervals [én — Co.975, 0 — 00.025} constructed using the rate-

adaptive bootstrap estimator and the centered standard bootstrap estimator

- NN .

0, = arg min (fr;; @) — <9n>> (fr;; (@) — my, <9n)>. We use B = 2000 bootstrap iterations,
0

R = 5000 Monte Carlo simulations, and 6 = 0.1 and A = 0.3. The standard bootstrap pro-
duces shorter intervals and undercovers for all values of n while the rate-adaptive bootstrap
achieves coverage close to the nominal level for both parameters.

Table 3: Rate-Adaptive vs. Standard Bootstrap, fixed weighting matrix W = I

n 200 800 1600 3200 6400

ag 0967 0954 0957  0.957  0.957
Rate-adaptive (0.362) (0.188) (0.136) (0.099) (0.072)

Bo 0.969  0.951 0.950  0.954  0.955
(0.380) (0.195) (0.139) (0.100) (0.072)

apg  0.861 0915  0.919 0915 0.910
Standard (0.280) (0.177) (0.125) (0.088) (0.062)

Bo 0.852  0.909 0913 0912  0.921
(0.282) (0.184) (0.130) (0.092) (0.065)

Now consider the case of an estimated weighting matrix. Let W (9?) = plim W, <é1>
be the probability limit of an estimated weighting matrix computed using an initial GMM
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estimator #; = arg min, () #, () whose probability limit is 67 = argminz (6)' 7 (6). The
6 o

pseudo-true parameters are given by 6% = arg minm (6)' W (9#) w(0). W (9#) is the inverse
9

of the variance-covariance matrix of the population moments
w (o) = (o [x (o) (or) ] n (o) (o))
-(» o] e (o)< () )
= (EE [2i2]] — 7 (0?&) 7r ((9#)/)_1

The last line follows from the fact that conditional on z;, 5 1(y; < a* + *d;) is a Bernoulli

random variable that equals —= Wlth probability Fyq., (o* 4+ 8*d;) and equals % with prob-
ability 1 — Fyjq.w (o + 5*d;). Therefore E [(— —1(y; < a* + p*d; )) ] = i.
The estimated weighting matrix is

-1

W=, (0) = ( Z% ”@“(91))

The bootstrapped weighting matrix is computed using the multinomial bootstrap and an
initial rate-adaptive bootstrap estimator 67 computed using a fixed weighting matrix W = I.

—1
. 11 . N
W= W (9;) — (15 Nz -4 (9{) it (9{) ) .
=1

1=

1 2
E (5 —1(y; <a* + 5*di)>

The rate-adaptive bootstrap estimator in the case of an estimated weighting matrix is

0* = argmin {frn (én>/Wn (Pr—P,) <7r (,0)—m (,én>)

0cO

Table 4 compares the empirical coverage frequencies and average interval lengths of nomi-
nal 95% equal-tailed confidence intervals [én — C0.975, én — 00,025} constructed using the rate-

adaptive bootstrap estimator and the centered standard bootstrap estimator

- N/ - .

0y = arg mingeg (fr;; (0) — 7p (9n>> wx (61) <7%; (0) — 7p <9n>>, where the weighting ma-
. N/ .

trix depends on f; = arg mingeo (fr;; 9) — #, (en)) (fr;; 0) — #, (en)) We use B = 2000
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bootstrap iterations, R = 5000 Monte Carlo simulations, and § = 0.1 and A = 0.3. The
standard bootstrap produces shorter intervals and undercovers for all values of n while the
rate-adaptive bootstrap achieves coverage close to the nominal level.

Table 4: Rate-Adaptive vs. Standard Bootstrap, estimated weighting matrix

n 200 800 1600 3200 6400

ap  0.968 0.949 0.951 0.949 0.947
Rate-adaptive (0.369) (0.195) (0.143) (0.106) (0.079)

Bo  0.969 0.951 0.954  0.955 0.956
(0.371) (0.194) (0.142) (0.105) (0.078)

ap  0.889 0.916 0.913 0.886 0.878
Standard (0.278) (0.177) (0.126) (0.089) (0.063)

Bo 0.864  0.918 0.904  0.901 0.877
(0.262) (0.176) (0.126) (0.089) (0.063)

6 Conclusion

We have demonstrated that globally misspecified GMM estimators with nonsmooth (specif-
ically non-directionally differentiable) moments have a cubic-root rate of convergence to a
nonstandard asymptotic distribution, hence invalidating the standard bootstrap for infer-
ence. We have proposed an alternative inference procedure that does not require knowing
the rate of convergence to consistently estimate the limiting distribution and is thus robust
to global misspecification and nonsmoothness. Our rate-adaptive bootstrap provides asymp-
totically valid inference for the true parameter when the model is correctly specified and for
the pseudo-true parameter when the model is globally misspecified.

7 Appendix

7.1 Additional Results for Misspecified GMM with Directionally
Differentiable Moments

Asymptotic distribution under fixed weighting matrix

Theorem 5. Suppose 7 (6#) = ¢ for a vector of fixed constants ¢ # 0 and that Assumptions
1- 2 are satisfied for v = 1/2 and p = 1, and 7 (-,0) is Lipschitz continuous in 6 with a
stochastically bounded Lipschitz constant. Suppose that for each € > 0 and t € R,

(PG I ®)

Then, 0, — 0% = op(1) and

lim P

n—oo

>6\/ﬁ} =0.

vn (én — 9#> ~» arg min {7T (9#)/ WZy1 (h) +hGWU, + %h'f_]h} ,

heRd
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where Uy ~ N (O,P (7T (-,0#) - (9#)) (7r (-,6#) - (6#)),> and 2y (h) is a mean zero

Gaussian process with covariance kernel ¥y (s,t) = lim o®>Pg (-, 0% + i) g (~, 0% + é)/ The
a—r00

joint covariance kernel of 21 (h) and NWG'WUy is given by

5 (s,1) = lim P { S,G,Wozfr(('j’%i;_ii (%)) } [ag (6% + 1) (n(,0%) -7 (6%)) WGt ].

Note that in the case of smooth misspecified models, the asymptotic distribution in

Theorem 5 reduces down to the one in Theorem 1 of Hall and Inoue (2003) since then

T (9#)/ W Zy1 (h) can be replaced by W' Z{Wr (6#), where Z\Wr (6#) is a mean zero Gaus-

sian random variable with covariance matrix P (%7‘( (-, 9#) — G)/ Wr (9#) T (9#)I W (%7‘(‘ (-, 0#) — G).
The next theorem states that the rate adaptive bootstrap is consistent for globally mis-

specified GMM models with directionally differentiable moments.

Theorem 6. Suppose Assumption 3 is satisfied in addition to the assumptions in Theorem
5, G5 G, and H; ﬁ>H]~ forj=1...m. Then,

NG (é;; — én> % arg min {n (6%)' W 2,1 (B) + WG WU, + %h’Hh} .

heRd

Asymptotic distribution under estimated weighting matrix

Theorem 7. Suppose 7 (0#) = ¢ for a vector of fixed constants ¢ # 0 and that Assumptions
1- 2 are satisfied for v = 1/2 and p = 1, and 7 (-,0) is Lipschitz continuous in 6 with a
stochastically bounded Lipschitz constant.

If Assumption /J is satisfied, then 6, — 0% = op(1) and

heRd

vn (én — 9#> ~ arg min {7‘(‘ (9#)/ WZo1(h) +hWGWUy + NG Por (9#) + %h'f_[h} ,

ahere e (0#) ~ ¥ (0,2 (0 (-08) = 0 (68)) 7 (0#) 7 0 (0 (0) = (o)) ). e
joint covariance kernel of Zy1 (h), NG'WUy,, and h'G'®ym (9#) is given by
ag (-,9#+§) ag (-,(9#—1—&),
Q(s,t) = lim P | SGW (7 (-0%) =7 (6%)) (7 (. 0%) —m (0%)) WGt
G (¢ ( 9#) — ¢ (ﬁ)) w(0%) | | = (6% (¢ ( 9#) — 6 (9#)) Gt

If W, =W =o, (n7"/?), then 0, — 0% = op(1) and

vn <én — 9#> ~ arg min {7T (9#)/ WZo1 (h) + hGWU, + %h'f_]h} .

heRd

Note that in the case of smooth misspecified models, the asymptotic distribution in
Theorem 7 reduces down to the one in Theorem 2 of Hall and Inoue (2003) since then
T (9#)/ W Zy1 (h) can be replaced by W' Z{Wr (6#), where Z\Wn (6#) is a mean zero Gaus-
sian random variable with covariance matrix P (%7‘(‘ (-, 9#) — G)/ Wr (9#) T (9#)I w (%7‘[‘ (-, 9#) — G).
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Theorem 8. Suppose Assumptions 1-3 are satisfied, G4 G, and ]:Ij N H; forj=1...m
For globally misspecified models where Assumptions 1 and 2 are satisfied for v = 1/2 and
p=1,if W, =W =0, (n™"?) and W; — W, = o, (n"/?), then

heRd

1 -
Vvn (0* -0 ) ~ arg min {h’G WUy + m (6#) WZq1(h)+ §h’Hh} :
If instead Assumption 4 is satisfied,

A A 1., -

Vi (0; = 0,) % angmin {h’G’WUO + 7 (0%) W2y, (h) + WG (6%) + 5h’Hh} .
heR

7.2 Proofs for Theorems

Proof for Theorem 1

The consistency argument is a direct application of Theorem 5.7 in Van der Vaart (2000)
since the equation array in the proof of Theorem 2.6 in Newey and McFadden (1994) in

combination with Assumptions 1(iii) and (iv) imply sup ‘Qn(e) — Q(@)) = op(1). Next we
=)

show that n'/3 (én — 9#> = Op (1). Define G, (0) = /n (P, — P)g(-,0), §(8) = Pug(-,0),
and g () = Pg (-,0). Then 7, () = g () + 7, (6%) + 1, (0), where 7, () = Gn (0 ) Recall
that Q, (0) = 37, (0) W, (9). Write Q,, (0) — Qn (0%) = Q1 (0) + Q2 (0) + Q3 (0), where

Q1 (6) =50(6) Wy (6) + 9 (0) W (6%), Qs (6) = (6%) Wi, (9

Q2 (6) :%ﬁn (0) Wi, (0) + g (0) W (7, (6%) — 7 (67)) + g () Wiy, (0) + (7 (6%) — 7 (9#))’ Wi, (6).

Apply Kim and Pollard (1990) Lemma 4.1 to 9, (6), and in turn Qs (8): Ve > 0, 3IM,, 5 =
Op (1) such that

Q3 (0) | < €llf — 6% |1° + =2 M .

The 1st, 3rd, and 4th terms in Q, (A) are all of the form op (1) 7, (9), hence are also bounded
by €[|6 — 6% |2 +n~23M?2 ,. For the 2nd term in Qs (6), for n large enough, Ve > 0, IM,, 32 =
Op (1) such that

) 0 — 0% _
9 OFW (0 (0%) = 0%)) 1 = 0 (1721 ) < oo,

Therefore, Ve > 0, IM,, = Op (1) such that |Q, (8) + Q3 (0) | < €| — 6#]|2 + n~2/3M2.
Because Q; (#) achieves the minimal value of 0 at 6%, the Taylor expansion of Q; ()

. ) o# 52 o#
around 6% is Q; (0) = Q1 (6%)+(0 — 9#)I % 1 (60— 9#)/ 2918(9, ) (6 — 6%)+o (2||9 —#0#||2) =
L(0—0%) (H +0(1)) (0 — 0%) since “2) — Gy (0#)+G'Wr (6#) = 0 and 280"
H Because H is positive definite, there exists C' > 0 and a small enough neighborhood of 67
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such that Q; () > C'||0 — Q#HQ. By consistency of 6, for 6%, with probability approaching
. . 2
1,0, (9n) > cla, —e#H . Then,

Q1 (0) 4@ (8) +0n (8.) = Qu () ~ 0 (6%) < Q. (8) ~ L @u(0) < o (4~7).

0O
Choose € so that C' — € > 0. Then,

op (n_2/3) > (én) — €

—

It follows that n'/3 <én — 0#> = Op (1).

Next, h = n'/3 (én — 9#> = arg min, n?3Q, (6% +n~1/3h). Note that 6% being in the
interior of © ensures that 0% +n~1/3h will belong in © for n large enough. It will follow from
the argmin continuous mapping theorem that h ~» argminy 7 (0#), W 24172 (h) + %h’Hh if
we can show that

n2/3 (Qn (0% +n130) — O, (e#)> o (0%) W Zou, () + %h’Hh

as a process indexed by h in the space of locally bounded functions By, (Rd) equipped with
the topology of uniform convergence on compacta. Since )q (@# +nV 3h) = Q1 (8#) +

# 2 # _
n_l/?’h’% + %71_2/?%’8 f;f;égg, I + 0 (n723), n?3Q (0% + n='/3n) = IWHRh +o(1).

It remains to show that n?/3 (Qg + Qg) (0% +n=V3h) ~ (9#)/ W Zy1/2 (h). First note
that Assumptions 2(iv) and (v) imply that the Lindeberg condition is satisfied. Then the
Lindeberg-Feller CLT implies that S, (h) = n*?*j, (6% + n='/3h) = n'/6G, (6% + n=/3h)
converges in finite dimensional distribution to a mean zero Gaussian process Zy /2 (h) with
covariance kernel ¥y 5 (s,t) = lim aPg(-, 0% + 2)g(-,0% + L)'

a—r00

To show that S,, (h) is stochastically equicontinuous, it suffices to show that for every

sequence of positive numbers {4, } converging to zero, and for every j =1,...,m,
n*3E sup |P,d; — Pd;| = o(1), (7.1)
dje.@(n)

where 2(n) = {d; (-,0%, hi, ha) = g; (0% + n=3hy) — g; (-;6% + n=/3hy) such that
max(||h1]|, ||h2]]) < M and ||h; — ha|| < 6,}. Note that Z(n) has envelope function D,, =
2G p(ny Where R(n) = Mn~*/3,

Using the Maximal Inequality in Lemma 3.1 of Kim and Pollard (1990), for sufficiently
large n, splitting up the expectation according to whether n'/3 P, D? < 1 for each > 0, and
applying the Cauchy-Schwarz inequality,

n'/3sup P, d?
23 Bsup |Pod; — Pdj| < ErJn3P,D2J | — 22
1B s = PGS BB DL g b
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1
<ynJ(1)+/En'/3P,D2, | EJ? (min (1, —n1/3suand§)>.
n 2(n)

To show that this is o(1) for each fixed n > 0, first, note that by Assumption 2(vi),
En'3p,D? = 4n1/3EGé( = O(n'?R(n)) = O(1) since R(n) = Mn~'/3. The proof

will then be complete if n'/3supP,d? = o, (1). Next, for cach K > 0 write EsupP,d? <
Z(n) 9(n)

EP supd21{D > K}+KEsupP,|d;| < EP,D21{D,, > K}+KsupP |d; |+KEsup | P, |d;| — P |d;]].
Z(n) Z(n) 2(n) Z(n)

By Assumption 2(vii), EP,D?>1{D, > K} < nn~'/? for large enough K. By Assump-
tion 2(viii) and the definition of 2(n), KsupP|d;| = O(n=135,) = o(n~Y/3). By As-
2(n)

sumption 2(vi) and the maximal inequality in Lemma 3.1 of Kim and Pollard (1990),
KEsup |P, |d;| — Pdy]| < Kn~2J(1)\/PDZ = O(n~%/) = o(n~"/%). Therefore, En'/*sup P, d? =
2(n) P2(n)

o(1). )
We have shown that S,(h) ~ Zo1/2 (h), which implies that n?3Q; (6% + n='/3h) ~
7 (0#)/ W Zy1/2 (h). Since the 1st, 3rd and 4th terms in n2/3Q, (0# + nfl/gh) are all of the

form op (1) n?3), (6% + n='/3h), they all converge in probability to 0. For the 2nd term
there,

In~*h|

vn

Therefore n?/30), (6% +n~3h) = op (1). By Slutsky’s Theorem,

n?3|g (0% + 0~ V2h) W (#, (6%) — 7 (6%)) | = n*°0p ( ) = Op (hn™%) = 0p (1).

A ~ 1., -
n? (Q1 + Q2+ Qs) (6% + 07 Y3h) ~o 7w (67) W Z01/0 (h) + 5h’Hh.
Lemma 2.6 in Kim and Pollard (1990) implies that the Gaussian process —Z;1/2 (h) has

a unique maximum, WhjCh implies that Z; 1,2 (h) has a unique minimum. In combination
with the fact that %h’ Hh is a convex function of h, there is a unique h that minimizes

T (9#)/ W Zy,1/2 (h) + 3h' Hh. The result follows from the argmin continuous mapping theo-
rem (Theorem 2.7 in Kim and Pollard (1990)). |

Proof for Theorems 2 and 6

Equation 4.2 implies that for h* =n? <é; — én),
N A\ h ~
* . ~ vp * .
h arhgefé(lim Tin (Gn) Wn'’\/n (P! — B,) ( ( 0, + n7> T ( ,Gn))
\/_nw
T | GWG S5 Wi (0n) 1 | 1
7j=1 k=1
T W (P — P 0
T w7 =P (0n)

\/



Assumptions 2(iv) and (v) imply the Lindeberg condition is satisfied, so by the Lindeberg-
Feller CLT, S,(h) = n*\/n (P, — P) (x (-,6% 4+ ) — 7 (-,60%)) converges in finite dimen-
sional distribution to a mean zero Gaussian process 2y , (h) with covariance kernel 3,(s,t) =
I P (0% 4 2) g (.08 + &)’

We already showed in Theorem 1 that S, (k) is stochastically equicontinuous in h for
p=1/2,~v=1/3, and we already showed in Theorem 5 that S,,(h) is stochastically equicon-
tinuous in A for p =1, v = 1/2.

Therefore, S, (k) ~» 2y, (h) as a process indexed by h in B, (Rd) equipped with the
topology of uniform convergence on compacta. Theorem 3.6.13 in van der Vaart and Well-
ner (1996) or Theorem 2.6 in Kosorok (2007) then implies that the bootstrapped process
n’\/n (P — P,) (7r (-,6# + T%) - (-,0#)) is consistent for the same limiting process as
S (h):

nP\/n (P — P,) (7r < o* + %) —7(, 9#)) % Zy,(h).
We already showed n?*\/n (P, — P) (7 (-,0 + ) — 7 (-,0)) is stochastically equicontinuous
in @, which implies that for any compact K C R¢,

nw\/ﬁ]sg; (P, — P) <7r (-,én + %) — 7 (-,én> — <7r (-,0# + %) — 7 (-,9#))) H
—op (177 |0, — 9#H> = op(1).

Under the envelope integrability Assumption 3, Lemma 4.2 in Wellner and Zhan (1996)
implies that for any compact K C RY,

~ h A h
* # #
nvp\/ﬁ}slgg (Pn - Pn) <7T (79n + H) - T <79n> - <7T (;9 + H) -7 (76 ))) H
= o, (1 +n |6, — 9#H> = 0’(1).

In combination with the fact that 7, (én) A (9#),

. (én)/wnw\/ﬁ(}?; —P) <7r ( 0, + %) . ( en)> % 7 (0%) W2y, (h),

as a process indexed by h in B, (Rd) equipped with the topology of uniform convergence on
compacta. For the second term, note that since ‘/gmp =1, G5 G, ﬁj LS Hjforj=1...m,

and 7, (én> N (0#), )

\/ﬁnw / U A ot A N ' 4 1 / l ot +# _ 1 ! 17
g |GG+ W (0) 15 | 0 2 Sh GWG+;;ij7rk (0) Hy | h = SH'Hh.
When v = 1/3 and p = 1/2, X = o(1), which implies that the third term is o} (1):

n’? 1A * N *
S GWNR (P = P (00) = op(1).
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It then follows from a bootstrapped version of the argmin continuous mapping theorem (see
Lemma 14.2 in Hong and Li (2020) for proof)

A , 1., -
h* '\I’[: arg min {ﬂ' (9#> WZOJ/Q (h) + §h,Hh} .

heRd

For misspecified nonsmooth models with v = 1/2 and p = 1, % = 1, so the third term also
contributes to the asymptotic distribution.

. 7t (0%) W /i (P, — P) (m (-, 6% + 1) — 7 (-, 6% P
We showed in Theorem 5 ( ( ) h’C”W\/ﬁ P <_ ]g) 7r (.’ 0;;)) ( )) -
7 (6%) W2y, (h . _ .
(" e ™). Under Assumption 2, Ga = {m; .6) = 7 (6%) £ 0 = 0#] < R.j = 1...m}
for R near zero are uniformly manageable classes (and therefore Donsker classes) that satisfy

forall j=1...m, P (7rj (,0) —m; (-,0#))2 — 0 for # — 6#%. By Lemma 3.3.5 of van der
Vaart and Wellner (1996),

e O R )| B R

Under the envelope integrability Assumption 3, Lemma 4.2 in Wellner and Zhan (1996)
implies that the process is bootstrap equicontinuous.

|V e =P (7 (0.) = 7 (6%))|| = 05 (1+ v

Therefore,

b, — e#H) — op(1).

én—e#H) — ou(1).

T (én>IWn7p\/ﬁ<Pf: - F,) <7r <,én + %) -7 (,én)> ® ( - (9#)’{/{/2071 (h) )
WG'W /i (Pr — P ( én) w WG WUy '

And it follows from a bootstrapped version of the argmin continuous mapping theorem (see
Lemma 14.2 in Hong and Li (2020) for proof)

N 1., -
B o arg min {7‘(‘ (9#)/ W21 (h) +KGWU, + —h'Hh} .

W herd ’ 2
Under correct model specification, 7 (9#) = 0, so the first term 7 (9#)/ W 2y, (h) disappears
and

. 1
h* > argmin {—h’G’WGh + h’G’WUO}
w heRd 2

= (WG GWN (0,Pr (,0%) 7 (-,0%)').

N/ . .
For smooth models that are misspecified, 7, (9n> Wn (P — P,) (7T (-, 0, + \%) - (-, 9n>) é%

WZ\Wr (6#), where Z)W (6%) is a mean zero Gaussian random variable with covariance

matrix P (%77 (-, 9#) — G),Wﬂ' (9#) s (9#)/W (%ﬂ' (-, 9#) — G).
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Furthermore, the joint distribution of ZgWr (9#) and U is given by

Uy Y X2
(areony ) ~ (0 (5052))

(
O (0% = G) Wr (0%) ( (-6%) — 7 (6%))’

S = P (%” (- 6%) - G>/W7r (6%) = (6%) W (%ﬁ (. 6%) - G) .

Therefore, the asymptotic distribution is given by

1., -
h* % argmin {h,Z(/)WTF (6%) + WGWU, + —h’Hh}
w heRd 2

= HI'NO,GWILWG + Soy + GWEp + Sy WEG).

Proof for Theorem 3

The consistency argument is a direct application of Theorem 5.7 in Van der Vaart (2000) since
the equation array in the proof of Theorem 2.6 in Newey and McFadden (1994) in combina-

tion with Assumptions 1(iii) and (iv) and W,,—W = 0,(1) imply sup ‘Qn(é’) — Q(Q)’ = op(1).
9e6
Next, write Qp () — Qn (6%) = Q1 (6) + Q2 (0) + Qs (0) + Q4 (0) + Qs (6) + Qs (9), where

Q1 (0)

N DN — DN —

g(0) Wg(0)+g(0) Wr (6%). Qs (6) =m (6%) Wi (6)

n (0) Wit (0) + g (0) W (7, (6%) — 7 (6%)) + g () Wi, (8) + (70, (6%) — 7 (6%)) Wi, (0)
g(0) (W, = W) g (0) +g(0) (W, — W) (6%)

g (O) (W = W) (7a (07) — 7 (67))

(0) (W, = W) i, (0) + (7n (07) — 7 (6%)) (W, — W) i), ()

. . 1. R
Q6 (9) =7 (9#) (Wn - W) Tin (9) + 57771 (9)/ (Wn - W) M (6) :
We already showed in Theorem 1 that Ve > 0, there exists M,, = Op(1) such that Q5 (0) +
Qs (O)| < €ll0 — 07> +n=2 M. .

Next recall that Kim and Pollard (1990) Lemma 4.1 applied to 7,, (6), and in turn Qg (6) =
op (1) 7, (8) implies that Ve > 0, IM,, s = Op (1) such that

&>
)
—
>
SN—
|
>

O
Ny
—
<
N~—
N—

O
(S48
—
)
N~—
I
—

/

+
<

Qs ()| < €ll6 — 6% |* + =2 M2 .
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The 2nd and 3rd terms in Q5 (6) are also of the form op (1) 7, (6), hence are also bounded
by €]|0 — 6#[]> +n=/3M2 ,, for some M, 51 = Op (1) and Ve > 0. The 1st term in Q5 (¢) can
also be bounded by, for some M, 50 = Op (1) and Ve > 0,

_ Q#
96) (7, = W) (5 (0%) =7 (6)) | =, (2 ) < el = 0% 02

W, — W = Op (n) for v > 1/3, 2295 _ qr(w, — W) g (6#) + G (W, — W) (6%) =
Op (n77). Taylor expanding Q4( ) around 0% gives for some M, 4 = Op (1) and Ve > 0,

. A # 1 ) 0 Q4( ) 2
Qu6) = Qu (%) + (0 = 0%) =5 =+ 5 (0= 0%)' om0 = 0%) + 0, (10— 0%|)
(0 —0%) (G’ (W = W) G+ (Waje — W) mi (6%) H + o, (1)) (0 — o)

0 — 67
*OPC’ )
ny

< |6 — 6% +n M2,

l\)l»—

IN

Then Ve > 0, there exists M, = Op(1) such that [Qs (8)+Qs (8)+Q4 (6)+Qs5 (6)+ Qs (0) |
€|l — 67> + n=2/3 M2,
We already showed that there exists some C' > 0 such that almost surely @), (én> >

N 2
6, — e#H . Then,

Qu (00)+@Q () +Qs (0) +Q (8.)+Q5 (0)+Qs () < @ (60) —inf Qu (9) < 0p (n2%).

Choose € so that C'— € > 0. Then,

op (n_2/3) > Q1 <én> —€

b= 0¥

> (C —¢)

? L —2/3 )2 —2/3\ _ —2/3
H <(C—-¢€¢""n Mn+0p(n )—Op(n )

—

It follows that n!/3 (én - 9#> — 0p (1).
We already showed in Theorem 1 that n?3Q, (6% +n~2h) = L' Hh+o(1), n?/3Qs (6% + n=1/3h) ~
i (6’#)/ W Zq (h), and n?/3Q, (6% +n='3h) = op (1). Furthermore, if W,,—W = Op (n~'/3),
A 1
Q6% + 07 Ph) = 5nPg (6% 0 Ph) (W, = W) g (6% + 0 Voh)

+n/g(9#+nl/3h (Wn W)m ( )

n=1/3p
ey (H al )



n <n1/3 {g (6%) + h’G’n*l/?’} + op (1)> 2 (W = W) (6%)
= WG (W, — W) (6%) + op (1) ~ H'G'Wy
n?3Qs (6% + n7V3h) = n23g (6% + 07V PR) (W, — W) (7, (6%) — 7 (67))
+9 (0% + 0 R) (W, = W) 0P, (0% + 0" oh)
+ (7o (0%) = 7 (6%)) (W, — W) 230, (6% + n=2/3h)

_1/3h —1/3h
= ’flz/gOp (%) + OP (Hrlnl—/H) OP( ) + OP (n_S/G) OP (1)

= op(1)
1Q (0% V) = (0% O, = W) (07 07
+ 57771 (9# + n—1/3h) (W, —W)n 2/35 (9# +n 1/3h)
=0Op ( 1/3) Op(1)+ Op (n72/3) Op (n*1/3) Op (1)
=op(1).

By assumption,

7 (0F) Wn2/3 (P, — P) g (6% +n 130) \ (7 (6%) W24, (h)
WG (W, —W)x (9#) WEWo |

Therefore, by Slutsky’s theorem and the argmin continuous mapping theorem,

R , 1
nl/3 <6n — 9#> ~ arg }I}éﬁ@ {7? (6#) WZ1/2 (k) + W GW, + §h’Hh} .

If W, =W = o, (n7'/3), n'/3 (én — 0#> ~ arg miny,cpd {7? (0#),WZO71/2 (h) + %h’Hh} be-

cause
A 71/3h 2 71/3h
n2/3Q4 (Q# + n—1/3h) _ n2/30P <HHHTH> + n2/30p <||nanH>

= op (n‘l/?’) + op(1) = op(1).

Proof for Theorems 4 and 8

Equation 4.1 implies that for h* =n? <é; — 9n),

h* = ar;:gegzin T (én>/ W,n/n (P — P,) (7? (-, 0, + %) -7 (-, én)>
+\/2§:Z’YP h (G’Wné + Zm: zm: W ]kﬁ—nk <9n> ]:]J> h
=1 k=1



+—h’G’W V(P — B ( é)
+Wh'c:’\/ﬁ (W — (é )

We already showed in Theorem 2 that

i (en) W,n"/n (PF — P,) (7r < b, + i) o ( en>) S (0%) WZ, ().

We also showed in Theorem 2 that

\/Q;ZW (G WG+ZZWJk7Tnk ( ) ) h 5 ;h' (G/WG+ZZWJk7Tk (6%) H ) h

7=1 k=1 7=1 k=1

For misspecified nonsmooth models with v = 1/3 and p = 1/2, the third term is o} (1):
02 G Wi/ (PF — Py« ( én) — 0% (1),
If W, =W = o, (n"/%) and W;; — W, = 0} (n'/?), the fourth term is also 0}(1):
WGP (WE — W) 7, (en) = o5 (1).
Therefore, only the first two terms contribute to the asymptotic distribution. It follows from

a bootstrapped version of the argmin continuous mapping theorem that

heRd

2% P . / 1 —
W argmln{ﬂ (0%) WZg1/2 (h) + 5h'Hh}.

When W,, — W = Op (n_l/3) and W* — W, = O% (n‘l/?’), we assumed

w (0%) Wn2/3 (Pr — P,) g (0% +n=2h) \ B [ 7 (6%) W21/ (h) :
( GV (W — W) 7 (6%) o WGW . Under the uni-
form manageability Assumption 2 and the envelope integrability Assumption 3, we can invoke
Lemma 4.2 in Wellner and Zhan (1996) to show bootstrap equicontinuity. Therefore,

T <én>/Wnn2/3 (Pr—P,) <7r (.7 ). 53) -7 <.,én)> ® ( p (9#),WZO,1/2 (h) )
h'G"W, '

A

WG\ (W — W) 7, (en) w
It follows from a bootstrapped version of the argmin continuous mapping theorem that

~ 1 -
h* % arg min {7T (9#)/ WZ1/2 (h) + W GWy + §h’Hh} .

heRd
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For misspecified nonsmooth models with p = 1, v = 1/2, we already showed in Theorem 7

7w (6%) Won (P, — P) g (-, 6% +n~'/2h) m (6%) W2y, (h)
WG'W,/n (P, — P) 7 (-,6%) s BG'WU,
WG\ (W, — W) (6%) WG ®or (0%)

Under Assumption 4, the bootstrapped weighting matrix can be written as v/n (W — W,,) =
Vn(Pf—P,)¢ (~, oF > + 0%(1). Under the uniform manageability Assumption 2 and the

envelope integrability Assumption 3, we can invoke Lemma 4.2 in Wellner and Zhan (1996)
to show bootstrap equicontinuity. Therefore,

0wz (s ) ()
. <9n) WnnEPn P) <7r ( Ot ) = (0 Y WEn )
WG Woa/n(Pr — P (-, en) - WGWU,
N N el #
W (W = W) 7 (6,) WG @or (67)
It follows from a bootstrapped version of the argmin continuous mapping theorem that
. 1
h* %:]—) arg min {h/G,WUo + (9#), WZOJ (h) + h/G/q)OTF (9#) + éh,Hh} .
heRd

For misspecified smooth models where p =1 and v =1/2, 7w (9#)/ W Zy4 (h) can be replaced
by b Z\Wm (9#), where the joint distribution of Uy, ZgWn (6#), and g7 (9#) is given by

Us 21 Y2 i3
Z\Wr (6%) ~ N0 | X g X3
o (Q#) Y31 Mzp M3

Then the asymptotic distribution is given by

A 1. - _ _
h* %} arg min {h’G’WUo + W Z\Wr (0%) + WG ®or (67) + ih’Hh} =N (0, H 'QwH™)
heRrd

QO = GWELWGE + X9 + GWE g + 2y WGE + G'E355G + GWE 153G + GEqWGE + 293G + G'Ea.

Under correct model specification, (0#) = 0, so the second and third terms disappear:

A 1
h* % argmin {—h’G’WGh - h’G'WUO}
W herd

= (@WG) T GWN (0,Pr (0%) 7 (-,0%)').

Proof for Theorem 5
The consistency argument is the same as in Theorem 1. Next we show that \/n (én — 0#> =
Op (1). Recall that @, (0) — Q. (6%) = Q1 (0) + Q2 () + Q3 (A), where

1

Q1(0) =59(0) Wy (0) +g(0) Wr (6%) . Qs(0) = (%) Wi, (0)
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Qs (6) =5 (6 Wik (6) + g () W (o (6%) — 7 (6%)) + 9 (6) Wit (6) + (7 (6%) — 7 (6%)) Wi (9),

and ﬁn (9) = (Pn - P)g(79)7 f](e) - ng( 9)7 and g(@) = Pg (79) Apply a modified
version of Kim and Pollard (1990) Lemma 4.1 with v = 1/2, p = 1, ! to 1, (f), and in turn
Q3 (0): Ve > 0, IM,, 53 = Op (1) such that

Q3 (6) | < €l — %) + n~" M.

The 1st, 3rd, and 4th terms in Q, (A) are all of the form op (1) 7, (6), hence are also bounded
by €l|6 — Q#H2 +n~'M?2,. For the 2nd term in Qs (0), for n large enough, Ve > 0, IM,, 5 =
Op (1) such that

— O#
96 W (5 (6%) = 7 (6%) | = Op (20 ) <l = 612 a2,

Therefore, Ve > 0, IM,, = Op (1) such that [Qs (6) + Q3 (0) | < ]| — 6% |2 +n~' M2
Because Q; (#) achieves the minimal value of 0 at %, the Taylor expansion of Q; ()

around 6% is Q1 (0) = Q1 (0%)+(6 — 9#)/ % s (60— 9#)/ d ?)2;559/ ) (0 — 0%)+o (|0 — 6%|?) =
L(0—0%) (H + 0 (1)) (0 — 0%) since “2) — Gy (6#)+G'Wr (6#) = 0 and 220"

H Because H is positive definite, there exists C' > 0 and a small enough neighborhood of 67
such that @, (0) > C HQ Q#H By consistency of Qn for §7, with probability approaching

L, Q1 ( n) = ” . Then,
O (én) + Q2 (én> + Qz <én> = Qn (én> - Qn (9#) < Q (é ) inf Qn (0) <op (n’l) )

Choose € so that C' — € > 0. Then,
op (n7') > <0n) —

> (C —¢)

2
H — n_lM,f

- H2 <(C—e) 'n M2+ op (n™') =0p(n7").

It follows that \/n (én - 0#) = 0p(1).
Next, h = vn (én — 9#> = argminy, n@n (9# + nil/zh). Note that ## being in the in-

terior of © ensures that 8% +n~2h will belong in O for n large enough. It will follow from the

argmin continuous mapping theorem that A ~ arg min {7r (9#)/ W2Zy1 (h)+hGWUy + %h’ﬁh}
heRd
if we can show that

n (Qn (6% +n"'2n) — Q, (9#)) w1 (0%) W 20,1 (R) + WG WU, + %h/}_]h,

!The main revisions to Lemma 4.1 of Kim and Pollard (1990) are redefining A(n,j) =
(j—1n™" < |0] < jn~ 7, bounding the jth summand in P (M, > m) by n47Psup|9‘<m v | Prg (-,0) —

2
Pg(-,0)1?/ [77 (G—1)>%+ m2} , where the numerator is further bounded by n*? (n=1C"jn=7(20)) = C’j.
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as a process indexed by h in the space of locally bounded functions By, (Rd) equipped with

the topology of uniform convergence on compacta. Since @y (0# +nY 2h) = 1 (9#) +
20, (6% _
‘I/Qh’ana(e ) %n_lh’agg—a(g,)h +o(nY), nQ, (0% + n='?h) = IWHh + 0(1).
It remains to show that n (Qg + Qg) (9# + n‘1/2h) ~ T (9#)/WZO71 (h) + WG'WU,.

Since the 1st, 3rd and 4th terms in nQ, (9# + n*1/2h) are all of the form op (1) n7, (9# + n*1/2h),
they all converge in probability to 0. For the 2nd term, we can Taylor expand g (9# +nY 2h)
around 67:

Vg (0% + 07 V20) W/n (&, (6%) — 7 (6%)) = W' (G + o(1)) W/n (#, (6%) — 7 (6%)).
Since we assumed the joint Lindeberg condition: for each € > 0 and t € R?,
2
Vg (-70#+¢%> 1 Vg (-,9#+¢%>
7T(.)@#) 7r(~,0#)
#)' A # -1/
the Lindeberg-Feller CLT implies that S, (h) = ( h7,T (g’el/l/)\/‘%/?;: ((g#)tnw z ;{L))) ) con-

# /
™ (0%) W 2o, (h) ), where Zg; (h) is a mean

lim P

n—oo

>e\/ﬁ}:

verges in finite dimensional distribution to (

h'G'W U,
zero Gaussian process with covariance kernel ¥y (s,¢) = lim o®Pg(-, 0% + 2)g(-,0% + LY,
a—0o0

and Uy ~ N (O,P (7 (- 0%) — 7 (6%)) (7 (-,0%) — 7 (9#))/)
Since h'G'W/n (#, (6%) — m (6#)) is a linear (and therefore convex) function of h, point-

wise convergence implies uniform convergence over compact sets K C R? (Pollard (1991)).
Therefore, to show that S, (h) is stochastically equicontinuous, it suffices to show that for

every sequence of positive numbers {4, } converging to zero, and for every j = 1,...,m,
nEsup |P,d; — Pd;| = o(1), (7.2)
2(n)

where Z(n) = {d, ( 0% hy, hg) =gj (-,9# + nil/th) — g, (-,9# + nil/th) such that
max(||h1]|, ||h2]]) < M and ||h; — ha|| < 6,}. Note that Z(n) has envelope function D,, =
2G p(ny Where R(n) = Mn~%/2,

Usmg the Maximal Inequality in Lemma 3.1 of Kim and Pollard (1990), for sufficiently
large n, splitting up the expectation according to whether nP,D? < n for each n > 0, and
applying the Cauchy-Schwarz inequality,

nsup P, d2
nEsup |Pud; — Pd;| < Ex/nB,D2.J L2
2(n) TLP D

1
<nJ(1) ++/EnP,D2,| EJ? | min (1 —nsuphP, d2>>
A
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To show that this is o(1) for each fixed n > 0, first, note that by Assumption 2(vi),
EnP,D? = 4nEG%<n) = O (nR(n)?) = O(1) since R(n) = Mn~2. The proof will then
be complete if nsup P,d7 = o, (1).
Z(n)
For each K > 0 write Esup P,d} < EPnsudeI{D > K}+KEsupP |d;| < EP,D?1{D,, >
7(n) Z(n) Z(n)
K} + KsupP|d;| + KEsup |P,|d;] — Pld;||. By Assumption 2(vii), EP,D?1{D,, > K} <
P(n) P(n)

~! for large enough K. By Assumption 2(viii) and the definition of Z2(n), KsupP|d;| =
Z(n)

O(nflén) = o(n™'). Under the assumption that g(-,6) is Lipschitz in 6, so that D, =
Op (n='/%5,), use the maximal inequality in Lemma 3 1 of Kim and Pollard (1990) to show

KEsup |P,|d;| — Pld;|| < Kn~ 2J(1)y/PDZ = = o(n~"). Therefore, Ensup P, d; =
Z(n) Z(n)
o(1). It follows that

T (0#)/ Wni, (6% 4+ n=Y/2h) o (0#), WZy1(h)
WGW i (e (0F) — 7 (64)) HGWU,

as a process indexed by h in the product space of locally bounded functions {B10C (Rd)}2
equipped with the topology of uniform convergence on compacta. By Slutsky’s Theorem,

1 (Qut Qot Qs) (6% + 07 20) o w (9%) W20 (h) + HG'WUy + %h’}_]h.

Lemma 2.6 in Kim and Pollard (1990) implies that the Gaussian process 7 (9#)/ WZy1(h)
has a unique minimum. In combination with the fact that h’'G'WU, + %h’ Hh is a convex
function of h, there is a unique h that minimizes 7 (0#)/WZO,1 (h) + WG'WU, + W Hh.
The result follows from the argmin continuous mapping theorem (Theorem 2.7 in Kim and
Pollard (1990)). |

Proof for Theorem 7

The consistency argument is the same as in Theorem 3. Next, write Qn 0) — Qn (9#) =

Q1(0) + Q2 (0) + Qs (0) + Qa (8) + Qs (0) + Qs (0), where

Q1 (0) =59 (0) W (0) +9 () Wr (6%), Qs (0) = 7 (0%) Wi, 0)
Q2 (0) :%ﬁn (0) Wi, (0) + g (0) W (7, (6%) — 7 (6%)) + g (0) Wi, (0) + (7 (6%) — 7 (6%)) Wi, (0)
04 (6) :%g (8) (W — W) g (6) + g (6) (W, — W) (6%)

g

Qs (0) =g (0) (W, = W) (7, (6%) — 7 (6%))
+g(0) (W — W), (8) + (7 (6%) — 7 (6%)) (Wy, — W), (6)

Qo (0) = (6% (W= W) (6) + 5 (6) (W = W) (0).

We already showed in Theorem 5 that Ve > 0, there exists M,, = Op(1) such that Q2 (0) +
Q3 (0)| < €l|0 — 0% + n~' M.
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A modified version of Kim and Pollard (1990) Lemma 4.1 applied to 7, (#), and in turn
Qs () = op (1) 0y, (#) implies that Ve > 0, 3M,, ¢ = Op (1) such that

Q6 (6)| < €ll6 — 6%° + n ™' My .
The 2nd and 3rd terms in Q5 (6) are also of the form op (1) 7, (#), hence are also bounded by

€l|0—0%||>+n~'M? ;. The Ist term in Qs (0) can also be bounded by, for some M,, 5, = Op (1)
and Ve > 0,

19(0) (Wy = W) (70 (6%) 7 (6%)) | = o, (

8Q4( )

10 — 67|
NG

If W, =W =Op(n™) for vy > 1/2, =G (W, =W)g (0%)+G (W, —W)m (6%) =
Op (n™). Taylor expanding Q (6) around 0% gives for some M, 4 = Op (1) and Ve > 0,

)sdw—eﬂﬁ+nlM&T

~

Qu(0) = Qs (%) + (9 -0y 22170 L
(9 — 0% (G, (W, — W) G + fﬁ ij (Wi = Wi) mi (6%) H; + 0, <1>) (6 6%)

0 — 0%
*OPC| )
ny

< e]|0— 0#|2 + n M2,

0-00y 22 gy 1o, (o - 07)

l\:)lr—t

Then Ve > 0, there exists M, = Op(1) such that |Qs (0)+Qs3 (0)+Q4 (0)+Qs5 (0)+ Qs (0) ] <
€l|0 — 67 + n~1M2. We already showed that there exists some C' > 0 such that almost

surely Q¢ (én> >C 2. Then,

Q1 (én> +Q» (én) +Qs (én) +Qu (én> +Qs (én) +Qs (én> < Q. (én) —inf Q, (8) < op (n7Y).
Choose € so that C'— € > 0. Then,

op (n_l) > 1 (én) —€

It follows that /n (én — 6#> =0Op(1).
We already showed in Theorem 5 that nQ; (6% + n~1/2h) = LW Hh+0o(1), and nQs (0% +n=12n)+
nQs (0% +n=V2h) ~ (9#)/ W Zy1 (h)+hG'W'Uy. Furthermore, if W, =W = Op (n='/?),

nQ4 (9# + n_l/Qh) _ éng (Q# + n—1/2h)/ (Wn _ W) g (8# + n_l/2h)
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+ng (6% + n_1/2h)/ (W, — W) (6%)
= nOp (W) + (Vado (6%) + G2} 4 op (1) Vi (W = W) 7 (07)
=HWG'Vn (W, — W) 7 (6%) + op (1)
~ WG ' ®gr (9#)
nQs (6% +n~V2h) = ng (6% + n=V20) (W, — W) (7, (6%) — = (6%))
+ g (0% +n7Y20) (W, — W) ni, (6% +n~Y/2h)
+ (7 (0%) — 7 (6%)) (W, — W) ni, (6% +n"/2)

=nOp (_Hn;/zh”) +Op (_Hn\i%%“) Op (1) +Op (n™") Op (1)

= Op (17%) + Op (n™) + Op (n™")

= op(1)

00 (9% 1 VR) = (6% (9, W) (0% =)
b L0 (0% o) (9~ W) i (0% 4 =)
=0p (n_l/Q) Op (1) + Op (n_l) Op (n—1/2) Op (1)
= Op(l).

The joint Lindeberg condition is satisfied by Assumption 4: for each € > 0 and t € R,

Vg ( 0% + = 0# + f>
lim P 77(',9 > eyv/n p = 0.
B vech (qb ( Vech 9#>>

Therefore, by the Lindeberg-Feller CLT and stochastic equicontinuity arguments similar to
those in Theorem 5,

P (09) W (= P (0% +0P0) ) W 200 1)
Ty A I o e
WG (P, — P)o (67 ) = (6%) WGt (6%)

as a process indexed by A in the product space of locally bounded functions {Bloc (]Rd)}3
equipped with the topology of uniform convergence on compacta. By Assumption 4, v/n (W,, — W) =

Vn(P,—P)¢ <~, 9#) + op(1); therefore,

( T (9#)/ Wyn(P,—P)g (-, 0% 4 n*1/2h) ) ( T (0#)/ WZy1(h) )
WGWo /i (P, — P (-, 0%) - WGW Uy .
WG\ (W, — W) (6%) WG ®or (0%)
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By Slutsky’s theorem and the argmin continuous mapping theorem,

N (én — 9#> ~~ arg min {71' (9#)/ WZ1 (h) + MG'W'Uy + WG ®yrr (0#) + %h/Hh}

heRd

Ifw, —-WwW=o, (n_l/Q),

A —1/27 |2 —-1/2
nQ4 (0# + n—l/Qh) = nop (W) + nop (W)

1
= Op (%) + OP(l) = 0p(1),
which implies y/n <én - 0#> ~ arg miny, cpd {7r (9#)/ W2Zy1 (h)+hWGW'Uy + %h’ﬁh}. [

7.3 More Details for Examples

7.3.1 IV Quantile Regression

We show that the classes G = {7rj (-,0) —m, (~,9#) : ||0 — G#H <R, j=1,... ,m} have
envelope functions which decay at the linear rate:

Gr()=sup |m;(-0) —m; (-.0%)]
Jo-o%]| <n

Jo-o] <

Using monotonicity of ¢ (-), we can bound the second moment of the envelope function by
considering all possible ways of adding or subtracting R from each coordinate of 67.

PG%L < E |zl-j\2E sup |1 (yi <q (xiH#)) —1(y; <g¢q (3329))’ Ti, %
Jo-ov]<r

< Bzl Yo (P a (@ (0% —wh)) <ui < q(ai67)] 2, 2))

wef{-1,1}¢

+ B ||z Z P (q(2;0%) <y < q(z; (07 + wR)) |z, )

wE{—l,l}d

<FE |Zz'j‘2 sup Z 2fyjaz (q(230)) ¢ (730) miwR | = O(R).
0 we{-1,1}¢
For the third inequality, we applied mean-value expansions to the probabilities since we
assumed that Fy, . is absolutely continuous and ¢ (-) is twice differentiable.

In the case of a fixed weighting matrix, the asymptotic distribution of the IV quan-
tile regression estimator is given in Theorem 1. We now consider the case of an estimated
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weighting matrix. The 2-step GMM estimator 0, = arg mint,, (0)' W, (él) 7n (0) depends
0

on the 1-step GMM estimator §; = arg min, (0)' Wi, (0) whose probability limit is 0F =
0

arg minm (6)' Wy (). The pseudo-true parameters are given by % = arg minn ()" W («9#) 7 (),
0 0

where W <9#> is the inverse of the variance-covariance matrix of the population moments

o (0) = (e s o) )] = ()= )
= (B[ (o () 5] - (08) = (o))
(e[ (1 (= (r02))) ] ] - (o) (o))
- (51020 o)) ] <)< (o))

The last line follows from the fact that conditional on x;,2z;, 7 — 1 (y; <g¢q (x’@#)) is a

Bernoulli random variable that equals 7 — 1 with probability F, . (q (xi@fé ) and equals 7
with probability 1 — F}, . (q (:z;i@fé )) Therefore,

E [(T 1 (s <a () } = (7= 1" Pz (a («0F) ) + 7 (1= Fyez (a (2107)) )

=724+ (1—27) Eyla, (q (xigiﬂ) '

Note that in the case of correct specification, W (9#) reduces down to (7 (1 —7) E [22]]) "

since Fy|, . (q (a:i@fft)) =T.
The estimated weighting matrix is

w, (5,) = (% S (7 (=20 B (0 (260))) il = 7 (1) 24 (él>,) i

1=1
-1
1 n 1 n n ) ) N
(a2 B3 (< (40)) - 2 () 2) )
n n
i=1 i=1 j=1

(0 <31 (= (o))

1=

Suppose there exists D,, such that the following mean value expansion around Qfﬁ holds:
(Wn (él) W (9#)) x (6%) = (Wn (9#) W (9#)) 7 (0%) + D), («9} - 9#) +op(1).
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D,, can be interpreted as a subgradient (with respect to 1) of W, (6;) w (§%) evaluated at

oW (61)7(0%)

Qfﬁ that is consistent for the population derivative matrix: D,, = Dy = 30

0,=67
If the 1-step GMM estimator 6, has an influence function representation, then there is aI;O
an influence function representation for W, (91) However, él has an influence function
representation only in the case of correct specification in which case we can use the simpler
estimated weighting matrix W,, = (7 (1—7)2 >, zizg)fl as in Chernozhukov and Hansen
(2005). In the case of misspecification so that n'/? (él — 9#) ~ J, the estimated weighting

matrix is cubic-root consistent because of the dominant effect of 0;.

2 (w, (6)  w (98)) 7 (%)

nl/3

I (w (0F) —  (08)) 0%) Do (5, ) + i)
on ’

= D/ n'/3 (91 — fot) + op(1)

~ DT = Wh.

7.3.2 Simulated Method of Moments

The classes Gr = {7rj (,0) —m; (-79#) : HH — Q#H <R j=1,... ,m} have envelope func-
tions

Gr()= sup |m;(-0)—m (0%
lo—o% | <r

S
= sup |z Z :1: 9# + Nis > O) — 1 (h(2.0) + n;s > O)) )
lo-o¥|l<r| "5 5

Using similar arguments as in the previous example,

s
PG% < FE ||z)°E sup 1 Z ‘1 (h (xgﬁ#) + 1is > 0) — 1 (h(2/0) + nis > 0)| Ty, 2
Jo-0% <

<FE |ZZ]| 5 Z Z P (h (x; (9# — wSR)) < —nis <h (xiﬁ#)‘xz,zz)

s=1 yoe{-1,1}¢

s
+F ]zw Z Z P (h (:ciﬁ#) < -—ns<h (a:; (9# +wsR)) ‘ xi,zi)

s=1 . e{-1,1}¢

1
<E |Zij|2§Z§up > 2y (h(2]0) B (2}0) 2w, R | = O(R).
s=1

wse{-1,1}¢
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Just as in the previous example, the pseudo-true parameters are given by 6% = arg minm (6) W <0fé> 7 (6),
0

where W (9#) is the inverse of the variance-covariance matrix of the population moments:

- (] 1)
- |E (yl - %gl (h <x§9f&> + 1is > 0)) | = <9#) _ (0#>/

The estimated weighting matrix is

n 2
»w@g:;Q;@_gsl@@@ymmw»z%_m@g@@y
] s=1

-1

-1

Suppose there exists D,, such that the following mean value expansion around 9# holds:
(wa (00) = w (7)) = (6%) = (W (6F) = w (6F) ) = (6%) + D, (8 — 6F ) + 0p(1).

D,, can be interpreted as a subgradient (with respect to 6;) of W, (6;)  (6#) evaluated at

oW (01)7(0%)

Gf that is consistent for the population derivative matrix: D,, - Dy = o,

01=07
If the 1-step GMM estimator 6; has an influence function representation, then there is also

an influence function representation for W, (01>. However, #; has an influence function

representation only in the case of correct specification in which case we can use W, (01> =

. 2 -t
(% S ( — 1 Ly ( (:L';Hl) + s > 0)) Z@-ZZ’-) . In the case of misspecification so
that n'/? (él — 0#) ~ J, the estimated weighting matrix is cubic-root consistent because

of the dominant effect of él

(0 (0) =W (0F) ) (07

() (o >> 0%) 2 (5 48) 0r)

= D;nl/?’ (01 — 0#) + OP(]_)
~ D(l)j = Wo.

7.3.3 Dynamic Censored Regression

The classes Gr = {7rj (-,0) —m; (~,9#) : H@ — G#H <R, j=1,... ,m} have envelope func-
tions

Gr() = sup |m;(-0) =7 (- 6%)]
Jo-o]|<r
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= Sup }max {0, it — Yi—10} — max {07 Yit — yit—le#}l .
Jo-o# |<r

Because each moment condition 7; (-, #) is Lipschitz in §, PG% will be O (R?) if E sup |yu|* <
1<t<T

0o 2 Fory = [ vz -y Yir }/ and i = [y .., Yir— ]/, W (9#) is the inverse of

the variance-covariance matrix of the population moments
w (o) = (B [r (o) (ot) | -x (08) = () )
= <E {(max {0, Yi. — yi._Hfﬁ} — yi._) (max {O,yZ: — yi._G#} — yi._)l} -7 (9#) T (9#>l>
The estimated weighting matrix is

W (61) = (i Zn: (max {0, 4 —vib1 )~y ) (max {0, i1} —gi) 70 (1) 7 ((%)’) -1

i=1

T (él) = %z": (max{O,yi. — yi.,él} — yi.,.)

i=1

-1

If the 1-step GMM estimator 0; has an influence function representation \/n (él — 9?) =

Vn(P,—P)k <~, 07 ) +o0p(1), then there is also an influence function representation for the

estimated weighting matrix, which we now derive. Suppose there exists A, such that the
following mean value expansion around 9# holds:

V7 vech (Wn (él) W (9?))

— \/n vech <Wn (ef) W (9#)) + AL Vn (él - 9#) +op(1)

= —vech (W (67 ) vau(P, = Pyw (- 0F ) W (6F)) + 25v/n (P = P)s (-, 6F ) + op(1)
— vech <\/E(Pn —P)é ( 9#)) +op(1).

A, can be interpreted as a subgradient of vech (W, (61)) evaluated at 0¥ that is consistent

for the population derivative matrix: A, 2 Ay = %XY(GI))

0,=0%
We can obtain the expression for \/n (P, — P) <-, 0F ) using U-statistic projection ar-

guments:

% ; (ﬂ (n0F) w (o) — [w (-6F)m (ef)D -V (W (0F) 7 (0) = (61) = @#))

= % ZX:: (max {0, Yir — yi.,ﬁf} - yi.,> (max {0, Yi — yi.,efﬁ} - yi_,)/ — E[6 (yi., y:.)]

[ J/
-~

O(yi-»ys-)

2We thank an anonymous referee for pointing this out.
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— \T/L—? z": i \(max {O, Yi. — yi._é’f} — yi._> (max {O, Yj. — yj._é’f} — yj._>/ — E[6 (i, y;.)]

i=1 j=1 .
8(yi-y5-)

N J/
-~

\ 9(i-,y;.) J

1 n
2%2(5(%.,%.)—E[5(yﬂyz ZE 9 Wi i) yi] — Z 9 (i, i)l yi] + op(1)
=1

— VR (P, — Py (9#) +op(1),

where the second to last equality follows from the fact that # S, Z;”Zl g (Yi.,y;.) is a non-
degenerate V-statistic which has the same asymptotic distribution as the non-degenerate U-

statistic oy D01 cicjen 9 (Wi y3) i B [[Jvech (g (yi., i) (I < oo and E [[|vech (g (yi-, y;.)) %] <
oco. A dlscussmn of this asymptotic equivalence result can be found in Section 8.2 of Newey

and McFadden (1994), Section 6.4 of Serfling (1980), and Appendix A of Zhou et al. (2021).
The bootstrapped weighting matrix is computed using the multinomial bootstrap and an

initial rate-adaptive bootstrap estimator é{ computed using a fixed weighting matrix.
" -1
AGIE (i S (mave {0,z — it} — i) (ma {0, bt} — i) = 7 (07) (@‘)’)
i=1
(masx {0.7 — v 67} - v ).

We can show that when the bootstrapped 1-step GMM estimator é{ has the same in-
fluence function representation as 61, \/n <éf — él) =n(P*— P,k <~, 9#) + 0p(1), the

3
3
—~
>
—%
—
I
S|
[

i=1

bootstrapped weighting matrix W <9A’{> has the same influence function representation as

W, <91> Suppose there exists AY such that W} (éf) has a mean value expansion around
0. A* can be interpreted as a subgradient of vech (W?* (6;)) evaluated at A7 that is consis-

Ovech(W (01))

tent for the population derivative matrix: A BNy = 55,

. Then since An isa
_p#*
01=07

subgradient of vech (W, (1)) evaluated at 67, and it is also consistent for Ag, we can write
V7 vech (W* (9) —w, 9}))

(o) () - e (2 () - . o)

nveeh (W (0F) = Wi (0F) ) + (axvn (07 = 0F) = AL/ (8 = 6F ) ) + 0p(1)

7 vech ( (9#) W, (9 )) + AR (9 - 91) +oh(1)

- —vech( ( ? ) i (P — P4 ( ,9?) W (9#)) F AR (P~ Pk (0#) +op(1)
= vech (Vi (P = B 6 (07 ) + op(1),

n vech (

1

VS
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where /i (W;; (e?) —w, (eff)) — W (9?) Vi (P2 — P ( eff) W (9#) +op(1) fol-
lows from the consistency of the multinomial bootstrap for V-statistics of order 2 (see The-
orem 3.1 in Bickel and Freedman (1981)).

7.4 Monte Carlo Simulation for Smooth Misspecified GMM

Now suppose we consider the data combination example in Section 7.1 of Lee (2014). Suppose
we observe (y;,2;) € R% and our goal is to estimate § = Ez;. Suppose we think that the
mean of y; is 0, and we would like to exploit this information to get more accurate estimates
of 6. Our moments are

1 (79) =Y, T2 (,0) =z — 0.

However, suppose the actual mean of y; is 0 # 0, so the model is misspecified. We generate

data as 5
Yi \ iid 1 0.5
()= () (o5 V7))

As shown in the supplemental appendix of Lee (2014), the 1-step GMM estimator (using
the identity weighting matrix) is 6; = z and the 2-step GMM estimator using the optimal

L . sz 5.\ . S-S\ . . e
weighting matrix W, = (sz 5{’3) = moos _S,. SZy is 0y = 2z — 257

We would like to compare the performance of our rate-adaptive bootstrap to the standard

. ~ _ . — S, * _
bootstrap estimators 67 = z* and 05 = 2" — <5y~

*

2
Y

Yy
It turns out that the rate-adaptive bootstrap 1-step GMM estimator is numerically iden-
tical to the standard bootstrap 1-step GMM estimator. We can see this by noting that

(P — P,) <7r (0) — ((an)) —0,H=0,G=[0;—1], G =1, and therefore

0; = argmin{% (9—é1>2 + <0—91> G'(PF— P« (ﬁl)}

0cO

_ argergin {% 0—27—(0-2)(z - z)}

__ =k

The rate-adaptive 2-step GMM estimator differs from the standard bootstrap 2-step GMM
estimator:

by = angmin { 5 (0 02) GGt (6 82) W, (P = R (60)

0cOe

_ )1 \2 5] -\ (Sy: (7" —7) — Sk (7" — 2))
S {5 (0-0) gt + (0-%) s252 - 52,

+(6-6) ( S2.52. . ;g
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We examine the empirical coverage frequencies of nominal 95% equal-tailed rate-adaptive

bootstrap confidence intervals 0y — C0.975, Oy — 00,025], where ¢y 975 and ¢y o5 are the 97.5th

and 2.5th percentiles of é’; — f,. We also examine the empirical coverage frequencies of

nominal 95% equal-tailed standard bootstrap confidence intervals: ég — do.975, ég — do.o2s |,

where dy 975 and dg 95 are the 97.5th and 2.5th percentiles of é; — 0. We also examine the
empirical coverage frequencies of Lee (2014)’s nominal 95% Misspecification-Robust (MR)
bootstrap confidence intervals. We use B = 5000 bootstrap iterations and R = 5000 Monte
Carlo simulations.

From Tables 5 and 6 which correspond to 6 = 1 and § = 0.1 respectively, we can see that
the rate-adaptive bootstrap performs similarly to the standard and MR bootstraps in terms of
both coverage and confidence interval width. The coverage frequencies of the three methods
are very similar because in the smooth case, the asymptotic distribution remains normal so
the standard bootstrap will be consistent. Results for symmetric confidence intervals are
very similar and available upon request.

Table 5: Empirical Coverage Frequencies for 6 = 1
n 200 800 1600 3200 6400 9600
Rate-adaptive  0.948  0.953  0.948  0.952  0.953  0.953
(0.343) (0.170) (0.120) (0.085) (0.060) (0.049)
Standard 0944 0952  0.948 0953  0.952  0.953
(0.339) (0.170) (0.120) (0.085) (0.060) (0.049)
MR 0944 0951  0.949 0952 0952  0.953
(0.339) (0.170) (0.120) (0.085) (0.060) (0.049)

Table 6: Empirical Coverage Frequencies for § = 0.1
n 200 800 1600 3200 6400 9600

Rate-adaptive  0.950 0.947  0.953 0.950 0.951 0.952
(0.240) (0.121) (0.085) (0.060) (0.043) (0.035)

Standard 0.950  0.947 0952  0.950  0.951 0.952
(0.241) (0.121) (0.085) (0.060) (0.043) (0.035)

MR 0.951 0.947 0952 0950  0.950  0.952
(0.241) (0.121) (0.085) (0.060) (0.043) (0.035)
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