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ABSTRACT. We investigate estimation and inference of the (local) average treatment effect
parameter when a binary instrumental variable is generated by a randomized or conditionally
randomized experiment. Under i.i.d. sampling, we show that adding covariates and their
interactions with the instrument will weakly improve estimation precision of the (local)
average treatment effect, but the robust OLS (2SLS) standard errors will no longer be valid.
We provide an analytic correction that is easy to implement and demonstrate through monte
carlo simulations and an empirical application the interacted estimator’s efficiency gains
over the unadjusted estimator and the uninteracted covariate adjusted estimator. We also
generalize our results to covariate adaptive randomization where the treatment assignment
is not i.i.d., thus extending the recent contributions of Bugni et al. (2017a) and Bugni et al.
(2017b) to allow for the case of non-compliance. !

1 Introduction

With the advent of the internet and large online datasets, randomized and conditio-
nally randomized experiments are becoming increasingly common. Despite the vast
literature on treatment effect analysis under conditional independence and monotoni-
city assumptions, the surge of recent interest in these experiments (for example, Lin
(2013); Freedman (2008);Bugni et al. (2017a);Bugni et al. (2017b)) suggests a need to
clarify the relationship to the previous literature and for understanding new results
that are relevant in these settings.

This paper contributes to the vast literature on treatment effect analysis (Rosenbaum
and Rubin (1983), Imbens and Angrist (1994), among others) by examining the role
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that covariates play in improving the efficiency of treatment effect estimates. Under
the conventional assumption of independent and identically-distributed (i.i.d.) samp-
ling from an infinite population, we provide an extensive analysis of the efficiency gains
from including covariates interacted with the binary instrument Z for the treatment.
The efficiency analysis applies under both full compliance and partial compliance.
The full compliance case, where the treatment indicator D coincides with the binary
instrument of treatment eligibility Z, is governed by a model of conditional indepen-
dence (unconfoundedness) in Rosenbaum and Rubin (1983). The partial compliance
case, where D may not be equal to Z, is governed by the local average treatment ef-
fect (LATE) model of Imbens and Angrist (1994). Because the LATE model is more
general, most of the results in this paper are presented under the partial complian-
ce LATE model. Results for the full compliance model under unconfoundedness are
special cases of the LATE model when D = Z.

Under the i.i.d. sampling framework, we find that including additional covariates X
and their interactions with Z in a 2SLS regression of the outcome Y on the treatment
indicator D will weakly improve efficiency of the estimator for the LATE parameter.
Including the covariates X only, without interacting with the instrument Z, might
improve or reduce efficiency. The intuition for the efficiency gains from including the
interaction term comes from examining its relationship with the sieve estimator for
ATE as discussed in Chen, Hong and Tarozzi (CHT 2008) and for LATE as discussed
in Frolich (2006). If X were replaced with a sieve expansion then the interacted
estimator coincides with the sieve estimator.

We also extend our efficiency comparisons to covariate adaptive randomization sche-
mes. Following Bugni et al. (2017a) (BCS 2017a) and Bugni et al. (2017b) (BCS
2017b), we admit strata-level differences in the randomization scheme, perform effi-
ciency comparisons, and extend their results to allow for noncompliance. In general,
the interacted estimator is more efficient than the unadjusted and uninteracted esti-
mators, except when the sampling scheme exhibits strong balance, such as in stratified
block randomization, in which case the interacted estimator is equally efficient as the
uninteracted covariate adjusted estimator.

In addition to providing monte carlo simulations comparing the standard errors of
the various estimators, we also include an empirical application. The data come from
GoDaddy, a domain name registrar responsible for managing sales of internet domain
names through a variety of formats such as auctions and direct negotiation between
buyers and sellers. We observe a sample of auctions which underwent a simple ran-
domized experiment in which some auctions were assigned a valuation determined by
a machine learning algorithm for the domain name that is being sold. The question
is whether the act of seeing the valuation for the domain name would induce bidders
to submit higher bids and thereby raise the sale price. We find that there is indeed a
positive effect of seeing the valuation on the sale price, and we show how the standard
error of the average treatment effect can decrease by including covariates interacted
with the treatment.

In section 2, we present the model, the estimators, efficiency comparisons, and consi-
stent inference under the assumption of i.i.d. sampling. In section 3, we discuss semi-
parametric efficiency and semiparametric estimation methods. Section 4 generalizes
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our results to covariate adaptive randomization. We provide monte carlo simulations
in section 5 and the empirical application in section 6. Section 7 concludes.

2 Theoretical Model and Parametric Efficiency

Consider the causal LATE model of Imbens and Angrist (1994), and its special ca-
se the conditional independence (CI) model of Rosenbaum and Rubin (1983). The
counterfactual outcomes are denoted Y7, Yy, and let Z € {0,1} be the dummy instru-
mental variable indicating the eligibility for treatment. D1 and Dy are the counterfac-
tual treatment statuses corresponding to Z = 1 and Z = 0 respectively. The sample
contains Y, D, Z, and possibly additional covariates X, such that

D=DZ+Dy(1-2)
Y =YiD+Yy(1-D)=Y;Z+Y; (1-2)

where Y7* = Y1 D1 + Yy (1 — D;) and Y = Y1 Do + Yy (1 — Dg). We begin with the
usual i.i.d sampling with replacement framework:

Assumption 1 (i.i.d sampling) Yi;, Yy, D1i, Doi, X, Z; are drawn i.i.d from an
underlying population.

Both the CI and LATE models are assumed to satisfy two assumptions. First, the
instrumental variable is independent of the potential outcomes, counterfactual treat-
ment statuses, and covariates. Second, the counterfactual treatment status correspon-
ding to Z = 1 is weakly greater than the counterfactual treatment status correspon-
ding to Z = 0 with probability 1 and strictly greater with positive probability.

Assumption 2 (CIL.1, LATE.1, Independence) Y7,Yy, D1, Do, X L Z.

Assumption 3 (CI.2, LATE.2, Monotonicity) P (D; > Dy) =1, and P (Dy > Dy) >
0.

The CI model additionally satisfies

Assumption 4 (CI.3, Full compliance) D; =1 and Dy =0, or D = Z.
The CI Model often is stated without reference to Z since D = Z.
Assumption 5 (CL.1-3) Y;,Y,, X L D.

The population LATE parameter of interest is given by Imbens and Angrist (1994):

)
(E(Y|Z=1)—-E(Y|Z=0))
(BE(DIZ=1) - E(D|Z=0))

1)

ﬂo =F (}/1 — Y0|D1 > Do) = C’O’U(}/7 Z)/COU(D,Z) =

which becomes the average treatment effect (ATE) parameter under CI:

Po=E(Y1-Yo)=(E(Y|Z=1)-E(Y|Z=0)).
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Let 3, be the coefficient on D when running 2SLS of Y on D instrumented by Z:

br=3_Yi(Z~2)/> Di(Z~7)

This corresponds to the following Stata command:
ivreg Y (D=Z)

When Z = D, Bl becomes the coefficient on D in an OLS regression of Y on D:
reg YD

In both the CI and the LATE models, it is well known that Bl is consistent for
Bo and the nominal (robust) OLS and 2SLS standard errors consistently estimate

the asymptotic variance for \/n (31 — 60). Next, consider applying OLS or 2SLS to
regress Y; on D; and X;, where D is instrumented by Z. Let Bg be the coefficient on
D; in

ivreg Y (D=Z) X or reg YD X
It can be shown that Bg is consistent for Bp under both CI and LATE, but BQ can be

either more or less efficient than ;. The nominal (robust) OLS and 2SLS standard
errors remain valid for Ss.

Finally, consider using OLS or 25LS to regress Y; on D; and X;, and the interaction
between X; — X and Z;. Let 3 be the coefficient on D in

ivreg Y (D=Z) X Z*x(X-X) or reg Y D X Dx(X-X)

It can be shown that Bg is consistent for By under both CI and LATE, and 33 is
always no less efficient than §; and fs.

Under i.i.d. sampling, the efficiency comparison holds under both the correlation
model and the causal model.

Assumption 6 (correlation model) Y and X have finite 6 > 4 moments, and
X 17Z.

Theorem 1 Under Assumptions 1 and 6, for j =1,2,3,

vn (Bj - ﬂo) N (0,0]2) ) where o3 < oy, for k=1,2.

Assumption 7 (causal model) Yi;, Yo; and X; have finite 4 + 6 moments.
Corollary 1 Theorem 1 holds under Assumptions 1, 2, 8, and 7.

These results include the model in Lin (2013) as a special case when Z; = D;, but
differ in that we are concerned about superpopulation asymptotics while Lin (2013) is
not concerned about the variation in X;. Adding covariates or functions of covariates
into the interaction estimator 53 will also further improve efficiency. Let 54 be defined
as Bg except that we replace X with a subset of it denoted Xj:
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ivreg Y (D=Z) X, Zx(X,-X,) or reg Y D X, Dx(X,-X,)

Corollary 2 Under the conditions of either Theorem 1 or Corollary 1,

vn (34 - ﬁo) 4N (0,0%) . where o4 > 0.

For Bl and Bg, nominal robust 2SLS standard errors (when D # Z, and robust
OLS standard errors when Z = D) reported by Stata are asymptotically valid. In
contrast, robust 2SLS standard errors for Bg underestimate its asymptotic variance.
In particular, nominal robust standard errors for B;ﬁ k=1,2,3, denoted 6,%, are given
by the (2,2) element of A~'BA~!, where

Z Wi Vi B= l Z gikWikWiIk' (2)
i=1

i=1

A:

3=
S

IEI the above7 Wil = (]. _Zi)l, _‘71'1 = (]. DZ), WiQ = (]; Z@ Xz); ‘71'2 = (1 Dl Xl),

Wiz = (1 Z; X; Z; (Xi — X))7 Vis = (1 D; X; Z; (Xl- — X)), and é;, is the regression

residual corresponding to Bk Furthermore, define

€is = (Zi = P2) &z + = (1 - p2) & (X — X). (3)

where g% are the coefficients on Z; (Xz- - X) and p, = Z. For @Zp = % Z?:l Z;D;—

ZD,

o a2 I~

UgZCOUZ)DﬁZEB (4)
i=1

Corollary 3 Under the conditions of either Theorem 1 or Corollary 1, &,% NN 0,3

for k=1,2, and plim 63 < 02. But 53 - o2.

It is possible to give a GMM interpretation to the interactive estimator Bg. By in-
dependence between Z and X, the moment conditions E¢; (ag, Bo, o) = 0 hold,
where

sitap) =y By Yo (V50000

Let Var (¢ ()) = Var (; (a0, fo, o)) +op (1) and & (a, 8, ) = £ 30, 64 (@, B, ).
It can then be shown that the GMM estimator, defined through

(d7BGMM7/:Lx) = arg min ¢ (o, B, 1) Var (¢ (o, B, 1)) " & (a, B, pi) (5)

0

coincides asymptotically with the interactive IV estimator Bg.

Proposition 1 BGMM = Bg + op (ﬁ)
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3 Semiparametric Estimation and Efficiency

The asymptotic variance of the interactive estimator ,5’3 decreases when more regres-
sors are added. If we replace X; by its sieve expansion, denoted V; = V (X;), where
dim (V;) — oo as n — oo at a suitable rate, then our interactive estimator is exactly
the sieve ATE estimate in Chen, Hong and Tarozzi (CHT 2008) when D = Z, and
is a sieve version of the average LATE estimator of Frolich (2006) when D # Z. We

denote by Boo our interactive estimator using V; = V (X;) in place of X;.

We show this equivalence first for D = Z. The CHT 2008 ATE estimator uses two
linear regressions:

(1-D;)Y;=(1-Dy) {’3’0 + Vi + 601}
D;Y; =D; [’71 + 91V + 611}
and is based on the following relations:

E(YolX =) =%+ 9oV () EWM|X =x)=4 +0,V (z)
ATE :%Z (Bilx = X))~ B(vlX = X))

i=1
1</, - . P
== > (71 +hVi—%0 — 190Vi) =N +0V =% —1dV.
i=1

Our interactive regression can be rewritten as
Yi = &+ fuoDi + (Vi + 6D (Vi = V) =+ Vi + Di (Boc — OV + V7).
The following equalities hold between the two different parameterizations:
Jo=a do=7, N=a+he—9V, D=+
Therefore the following equivalence relation holds:
ATE =3 + 91V =50 = oV =+ B =0V + (14 ) V==V =B (6)

In the special case when V; are cluster dummy variables, equation (6) is identical to
a fully saturated regression of the outcome on the treatment and cluster dummies
with full interactions and computes the cluster-weighted average of the cluster-level
estimates. More precisely, let V; (s) = 1 (X; € s) for all clusters s = 1,...,.5 and let
V(s)=L3" 1(X; € s). Then equation (6) becomes

s s
A1+ Z i (5) = (’3’0 + 27903‘7 (8)) (7)

Let &1 =41, o1 = Y0, 15 = A1 + V15, and o = Ao + Do, for s = 2,...,S. Then
S n

~ ~ E C 1 XiES
(1) = E (§1s — fos> M (8)

n
s=1
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But éls — éOs is exactly the difference in the cluster s levels in Y; for D; = 1 and D; =
0. This estimator achieves the semiparametric efficiency bound when only cluster
indicators are observable, but is not fully efficient when the covariates X; are also
observable.

We now consider the LATE model when D # Z, and show that the interactive IV
estimator ., is a sieve implementation of the semiparametrically efficient average
LATE estimator in Frolich (2006), which takes the form of

Ly (E Y|Z=1,X=X,) - E(Y|Z=0,X = Xi))

AvgLATE = ; A .
L5, (B(DIZ=1,X = X))~ B(D|Z = 0,X = X))

A sieve implementation of this estimator is based on the following relations:

EY|Z=0,X=2)=3%+0V(z), EY|Z=1,X=2)=%+0V (z)
E(D|Z=0,X =z) =g+ (V (z), E(D|Z=1X=1)=#+V (2),

and uses the following four linear regressions:
1-2Z)Yi=(1-2) [’?0 +90V; + 601} s ZiYi=1Z; [@1 +91V; + 611}
(1-2Z)D; =(1—Z;) [f'o +GV; + 604 , ZiDi=2Z; {?1 +4Vi+ 611} -

We can then write

AvgLATE =

=% + (191 - 190)/‘7 (10)
.

~ N !/

71— 70+ (C1 - Co)

Proposition 2 Avg/LETE = Bm for the interactive instrumental variable estimator
Boo-

When V; are cluster indicators, the LATE analog of (8) becomes

D S (TR A Py = e.0)
e Ec c% ST )

where 515 - 505 is exactly the difference in the cluster s levels in Y; between Z; = 1
and Z; = 0, and CAls — éOs is the difference in the cluster s levels in D; between Z; = 1
and Z; = 0. This estimator achieves the semiparametric efficiency bound when only
cluster indicators are observable, but is not fully efficient when the covariates X;
are also observable. Under CI where D = Z, semiparametric efficiency bounds are
calculated in, among others, Hahn (1998) and Chen et al. (2008). In the more general
LATE case when D # Z, the LATE efficiency bound is calculated in Frolich (2006)
as well as Hong and Nekipelov (2010) (Lemma 1 and Theorem 4). These results from
the previous literature confirm the following efficiency comparison:
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Proposition 3 /n (800 - 50) AN (0, ago), where 0%, < 03.

Under suitable regularity conditions, a consistent estimate of o2 can be obtained by
an analog of (3) and (4) when X; and X are replaced by sieve expansions V; and V:

€ioo = (Zi = P2) ioo + = (1= 2) &' (Vi = V).

where ngb are the coefficients on Z; (V; - V) and p, = Z. For 60\1)2,13 = %E Z;D; —
Z D, a consistent estimate of 02, is given by

2 1 <&
~2 AT —2
o —COUZ)DE g €ino

i=1

4 Covariate Adaptive Randomization

We now move beyond the i.i.d. sampling framework and consider the covariate adap-
tive randomization scheme discussed in Bugni et al. (2017a) and Bugni et al. (2017a)
(BCS 2017a, BCS 2017b) where units are first assigned to a finite number of strata
using baseline covariates and then are assigned treatment status using the instrument.
Unlike BCS 2017b, we do not allow for multiple treatments, so we will describe how
our notation differs from BCS 2017a.

1. Our treatment variables are D; and Dy corresponding to Z = 1 and Z = 0
respectively while BCS 2017a use A to denote the treatment in the case where
D=2Z.

2. Our baseline covariates which determine stratum membership are denoted by X
while BCS 2017a use Z.

3. Our target proportion of units assigned to treatment in each stratum is denoted
by p. while BCS 2017a use 7.

We also note that our notation will differ from chapter 9 of Imbens and Rubin (2015)
in the following ways:

1. Our treatment variables are D; and Dy while Imbens and Rubin (2015) assume
D = Z and use W to denote the treatment.

2. We follow BCS 2017a and use S; € {1,2,...,S} to denote the stratum of unit 4
while Imbens and Rubin (2015) define a variable B;(j) which is an indicator for
unit ¢ belonging in stratum j for j € {1, ..., J}.

3. We use p, (s) to denote the proportion of treated units in stratum s while Imbens
and Rubin (2015) use e (j).

With more than one stratum, BCS 2017b have already shown that interacting the
instrument with strata indicators improves efficiency, and they allow for different
conditional targeted randomization probabilities across strata. Our contribution is
twofold. First we extend BCS 2017a and BCS 2017b to allow for non-compliance
by operating under the LATE framework and IV regression. Second we show how
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additional covariates beyond strata indicators further enhance efficiency and derive
an efficient semiparametric sieve based estimator. Results in the previous sections
correspond to the single stratum case and coincide in the special case of D = Z with
simple OLS and adjusted but non-interacted OLS.

Similar to BCS 2017a, consider a sampling scheme where (Y1;, Yy, D1;, Do, X;) are
drawn i.i.d from a superpopulation and are first assigned to a finite set of clusters
using a function S : supp(X;) — S based on the value of X; before treatment status
is assigned using Z;. As in BCS 2017a, let S; = S (X;), S™ = (S1,...,8,), 2" =
(Z1,...,Zy), p(s) = P(S;=s), and define a measure of imbalance in stratum s
relative to the target proportion p, as

Zn (s) = %Zl(?ﬁ €5)(Zi—p.).
i=1

Assumption 8 1. Z(n) 1 (Y1i7Y0i7D1i,D0i,Xi7i = 1, . .,n) |S(n)
2. P (Zi = 1|S(")) =p, + Og.s. (%) forall1 <i<n.

3. {Zn (8),es5 1S™} 4N (0, X2), where Xz = diag{o% (s) : s € S} and
02 (s)=p(s)7(s) and 0<7(s)<p.(1—p.),Vs€ES.

7(s) is a strata-specific scalar that equals 0 for all s € S in the case of strong
balance. An example of a sampling scheme that achieves strong balance is stratified
block randomization (see example 3.4 of BCS 2017a). Assumption 8 is modeled after
Assumption 2.2 in BCS 2017a but is different. It allows for non-compliance in the
sense that D # Z.

Consider first the simple IV estimator Bl with instrument Z and regressor D. Define
for t1; = Y75 — BoD1s and to; = Yy, — BoDos,

t1; — Bty n to; — Eto;

and w(s) = F|w;|X; € s].
Bl fo = Pl (5) = BlualX, € 5

Proposition 4 Under Assumption 8, \/n (Bl — 50) AN (O, U%fsl + crffsz + aé),
where

S 2
z 1_ z - V tl_tl
' v ) 221’ ) Var (wils) , 0150 = 21w (s) p(s)7(s) o _ Var[tii —toi]

Ulfsl = 2 » Yoo P
P(Dl > DQ P(Dl > Do) P(Dl > D())

s=1

Furthermore, plim &3 > Jffs—&—ago where the inequality is strict when 7 (s) < p, (1 — py).

Therefore, 25LS nominal standard errors are in general conservatively valid and only
asymptotically accurate when 7 (s) = p, (1 — p,). We note that Proposition 4 has
already been shown in Theorem 4.1 of BCS 2017a when D = Z. Our contribution is
to extend their results to the case of D # Z.

Next consider the adjusted regression ,5’2, where X; is replaced by cluster dummies

‘/;:{I(Xies)7868}.
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Proposition 5 Under Assumption 8, \/n ([3’2 — 50) AN (07 ogfsl + agm + Ugo),

2 2
where 0574y = 0744, and

S 2
o3 = P (D1 > Do) 2> p(s)7(s) <pl([fpw (11 () — to <s>>) |

s=1
where t1 (s) = E (t1;]X; € s) and to(s) = E (to;|X; € s). Furthermore, plimé3 =
U%fsl + 6%]"52 + Ugo’ where 6%)‘52 2 U%fs27

S
03552 = P (D1 > Do) 2> p(s)

s=1

1

p-(1—p2) (1 =2p,) (t1 (s) —to(s)))”.

Consequently, nominal 2SLS standard errors are generally conservative and only
asymptotically valid when either 7 (s) = p. (1 — p.) or p. = 3. We emphasize that
the case of D = Z has already been shown in BCS 2017a. Our contribution is only
to allow for noncompliance with D # Z.

Proposition 6 Under Assumption 8, \/n (/3’3 — 50) AN (O,Ugfs + U§O>, where

031s = 0311 - Furthermore, plimé3 € [crgfs, 03s + ago} )

The asymptotic variance of Bg is smaller than the variances of Bl and Bg by the
amount 07, and 03, respectively, except in the cases of p, = 1/2 or 7 (s) = 0, in

which case the asymptotic variances of 83 and S, are the same. As before the case of
D = Z in Proposition 6 follows from results that have already been shown in BCS
2017b. Our contribution is to allow for noncompliance.

In addition, even if the targeted randomization probability is specific to each cluster,
namely p, (s) can differ across clusters, if we replace Assumption 8.2 by

1
P (2= 18", X; € 5) = p. (5) + Ous. (n> and 7 (s) < p.(s)(1—p:(s),
B3 continues to be consistent and Proposition 6 continues to hold with
0355 =P (D1 > Do) p(s)p: (s) (1 = p (5)) Var (wils).
sES
When p. (s ) = p,, nominal 2SLS robust standard errors overestimate O'gfs but unde-

restimate o3 fs T o2,. A consistent estimate for o2 fs T o2 can be obtained by

2 1 & L A . N2
COUZDE ((Zz _pz) €ico + P2 (1 - pz) ¢/ (Vz - V))

i=1
where c;AS are the coefficients on Z; (Vl- — V), P, = Z, and @Z,D = %Z Z;D; — ZD.

Additional covariates X; can be utilized to improve efficiency beyond the cluster
indicators. Asymptotic efficiency is obviously maximized by the semiparametric esti-
mators in section 3, e.g. Chen et al. (2008) and Frolich (2006), where both the cluster
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dummies and sieve transformations of increasing dimensions of X; and their interac-
tions are included in V; when defining the sieve 2SLS estimator Boo. Here we investi-
gate the efficiency improvement from interacting the finite dimensional functions of
X; (which we denote for convenience as X;) with Z; and the cluster dummies. We
can equivalently rewrite this estimator as

55 (6) (10 = 0s + (1= ) X.)
Scs o) (o= o+ (G = o) X, )

Bs =

where p(s) = LY 1(X;€5), Xg = 23" 1(X; €5)X;/p(s), and the coeffi-

~ n
cients are obtained using four sets of cluster-specific regressions using only the s
cluster:

(1= Z) Y = (1= Z3) |So0s + Do Xi + €0t ZiYi = Zi [Fr + 91X + exi
i ) (12)
1-Z)D;=(1-2%,) [ﬁ)s + Cos X + 601} . ZiDs = Z; [ﬁs + (1 X + 611} .

Proposition 7 For O'?st < O'gfs, Vvn (BS — [30) N (O, O%’fs + Jgo),

In the special case of D = Z, fls =1, 505 =0, fls = CAOS = 0. Therefore,

BS’ = Zﬁ(s) (ﬁlls - ’3/03 + (1918 - 1905)/)?5)
seS

A consistent estimate of 0% Fs T o2 can again be obtained using an analytical expres-
sion.

5 Monte Carlo Simulations

The purpose of these simulations is to perform efficiency comparisons for the three
different estimators in both the CI and LATE models, with and without covariate
adaptive randomization.

The data generating process for the CI model is as follows:

Y; = fo+ B1Di + B2 Di X7 + B3 X; +ei,ei ~ N (0,1) ¢ L D;

where By = 1, 1 = 0.5, and B2 = B3 = —1. The single covariate is generated as
Xi ~ N(,U,w == 10701 == 5)3Xi 1 Di,éi.

Without covariate adaptive randomization, the treatment D, is generated as D; ~
Bern (0.5).

With covariate adaptive randomization, there are two strata S; = 1(X; > p,). Un-
der block randomization, p,# {S; = 0} elements are assigned to treatment in strata
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0 and p,# {S; = 1} elements are assigned to treatment in strata 1. Under simple
randomization, D;|S; = s ~ Binomial (# {S; = s} ,p.) for s =0, 1.

For the LATE model, the data generating process is

Di=rv+mZi+vi>0
Y, = po + 1 D; + 52DiXi2 + B3 X + €

() = (G)-(5))

where v =1, v =10, 8o =1, 81 = 0.5, and By = B3 = —1.

Without covariate adaptive randomization, the instrument Z; is generated as Z; ~
Bern (0.5). With covariate adaptive randomization, there are two strata S; = 1 (X; > ).
Under block randomization, p,# {S; = 0} elements are assigned to treatment in stra-

ta 0 and p,# {S; = 1} elements are assigned to treatment in strata 1. Under simple
randomization, Z;|S; = s ~ Binomial (#{S; = s},p,) for s =0, 1.

We consider the simple (L)ATE estimator without covariates, the (L)ATE estimator
with the covariate, and the (L)ATE estimator with the covariate and the interaction
between the instrument and the covariate. In the case of covariate adaptive randomi-
zation, the covariate is the stratum indicator V.

The first row of Table 1 shows the average monte carlo standard errors for the ATE
estimates which are the standard deviations of the estimates across 20000 monte carlo
simulations. The next two rows show the ATE average standard errors and average
confidence interval length using nominal robust OLS standard errors for 31 and B and
the analytic correction for 3 in Corollary 3. The number of observations is n = 2000.

We can see that relative to the baseline model with just the treatment on the right
hand side, the monte carlo standard error decreases when we include the uninteracted
covariate and when we also include the interaction between the covariate and the
treatment. The same pattern holds for the average standard errors. Additionally, the
average confidence interval length decreases when we add in the uninteracted covariate
and when we also include the interaction between the covariate and the treatment.

Tabelle 1 ATE without Covariate Adaptive Randomization

reg Y D | reg Y DX rngDXD*(X—X)
Monte Carlo Standard Err 3.49 2.49 2.49
Avg Standard Err 3.50 2.50 2.50
Avg Length of CI 13.74 9.80 9.79

The first rows of Tables 2 and 3 show the average monte carlo standard errors which
are the standard deviations of the estimates across 20000 monte carlo simulations. The
next two rows show the ATE average standard errors and average confidence interval
length under covariate adaptive block and simple randomization with p, = 0.3 using
nominal robust OLS standard errors for Bl and BQ and the analytic correction for 33.
The number of observations is n = 2000.
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For covariate adaptive block randomization, the monte carlo standard error is the
same for all three estimators. Nominal OLS standard errors for the unadjusted and
uninteracted estimators are conservative, while standard errors obtained using the
analytic correction are not.

For covariate adaptive simple randomization, the monte carlo standard error is hig-
hest for the unadjusted model and is lowest for the interacted model. Nominal OLS
and analytically corrected standard errors are not conservative and exhibit the same
pattern as the monte carlo standard errors.

Tabelle 2 ATE with Covariate Adaptive Block Randomization, p. = 0.3
l lrngDlrngDV rngDVD*(V—V)‘

Monte Carlo Standard Err 3.46 3.46 3.46
Avg Standard Err 4.52 3.78 3.45
Avg Length of Cl 17.70 14.82 13.51

Tabelle 3 ATE with Covariate Adaptive Simple Randomization, p. = 0.3
| |[reg YD [reg Y DV [reg Y DV D« (V -V) |

Monte Carlo Standard Err 4.52 3.79 3.46
Avg Standard Err 4.52 3.79 3.45
Avg Length of CI 17.72 14.85 13.53

The first rows of Tables 4 and 5 show the average monte carlo standard errors which
are the standard deviations of the estimates across 20000 monte carlo simulations. The
next two rows show the ATE average standard errors and average confidence interval
length under covariate adaptive block and simple randomization with p, = 0.5 using
nominal robust OLS standard errors for Bl and 5 and the analytic correction for Bs.
The number of observations is n = 2000.

For covariate adaptive block randomization, the monte carlo standard error is the
same for all three estimators. Nominal OLS standard errors are conservative for the
unadjusted estimator but not for the uninteracted estimator. Standard errors obtained
using the analytic correction are also not conservative.

For covariate adaptive simple randomization, the monte carlo standard error is highest
for the unadjusted model and decreases when we add covariates. Unlike the case of
p, = 0.3, now the uninteracted estimator and the interacted estimator have the same
standard errors. Nominal OLS and analytically corrected standard errors are not
conservative and exhibit the same pattern as the monte carlo standard errors.
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Tabelle 4 ATE with Covariate Adaptive Block Randomization, p. = 0.5
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|

|[reg YD [reg Y DV [reg Y DV D« (V —V) |

Monte Carlo Standard Err 2.90 2.90 2.90
Avg Standard Err 3.50 2.90 2.90
Avg Length of CI 13.74 11.38 11.38

Tabelle 5 ATE with Covariate Adaptive Simple Randomization, p, = 0.5

|

[reg Y D [ rngDV[reg YDVD*(V—V) ‘

Monte Carlo Standard Err 3.51 2.90 2.90
Avg Standard Err 3.51 2.91 2.90
Avg Length of CI 13.74 11.39 11.38

The first rows of Tables 6 and 7 show the average monte carlo standard errors which
are the standard deviations of the estimates across 20000 monte carlo simulations. The
next two rows show the ATE average standard errors and average confidence interval
length under covariate adaptive block and simple randomization with p, = 0.7 using
nominal robust OLS standard errors for 61 and 62 and the analytic correction for ﬁg
The number of observations is n = 2000.

For covariate adaptive block randomization, the monte carlo standard error is the
same for all three estimators. However, just like for p, = 0.3, nominal OLS standard
errors for the unadjusted and uninteracted estimators are conservative, while standard
errors obtained using the analytic correction are not.

For covariate adaptive simple randomization, the monte carlo standard error is hig-
hest for the unadjusted model and is lowest for the interacted model. Nominal OLS
and analytically corrected standard errors are not conservative and exhibit the same
pattern as the monte carlo standard errors.

Tabelle 6 ATE with Covariate Adaptive Block Randomization, p, = 0.7
l [rngD[rngDV[rngDVD*(V—V)l

Monte Carlo Standard Err 2.63 2.63 2.63
Avg Standard Err 2.97 3.06 2.63
Avg Length of CI 11.63 12.01 10.33

Tabelle 7 ATE with Covariate Adaptive Simple Randomization, p, = 0.7

|

[reg Y D [ rngDV[reg YDVD*(V—V) ‘

Monte Carlo Standard Err 2.98 3.05 2.63
Avg Standard Err 2.97 3.06 2.64
Avg Length of CI 11.63 12.01 10.33

The first row of Table 8 shows the average monte carlo standard errors for the LATE
estimates which are the standard deviations of the estimates across 20000 monte
carlo simulations. The next two rows show the LATE average standard errors and
average confidence interval length using nominal robust 2SLS standard errors for By
and f35 and the analytic correction for B3 in Corollary 3. The number of observations
is n = 2000. We can see that relative to the baseline model with just the treatment on
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the right hand side, the monte carlo standard error decreases when we include either
the uninteracted covariate by itself or with the interaction between the covariate and
the instrument. The same pattern holds for the average standard errors. Additionally,
the average confidence interval length decreases when we add in just the uninteracted
covariate and when we also include the interaction between the covariate and the
instrument.

Tabelle 8 LATE without Covariate Adaptive Randomization
l [ivreg Y (D=2) [ivreg Y (D=2) X [ivreg Y (D=2) X Zx (X - X) |

Monte Carlo Standard Err 19.31 8.66 8.67
Avg Standard Err 19.49 8.67 8.67
Avg Length of CI 76.40 33.99 34.00

The first rows of Tables 9 and 10 show the average monte carlo standard errors which
are the standard deviations of the estimates across 20000 monte carlo simulations.
The next two rows show the LATE average standard errors and average confidence
interval length under covariate adaptive block and simple randomization with p, = 0.3
using nominal robust 2SLS standard errors for Bl and Bg and the analytic correction
for Bg. The number of observations is n = 2000.

For covariate adaptive block randomization, the monte carlo standard error is the
same for all three estimators. However, the nominal 2SLS standard errors for the
unadjusted estimator is very conservative, while the nominal 2SLS standard errors
for the uninteracted estimator and the analytic correction standard errors for the
interacted estimator are not particularly conservative.

For covariate adaptive simple randomization, the monte carlo standard error is highest
for the unadjusted model and is lowest for the interacted model. Nominal 2SLS and
analytically corrected standard errors are not particularly conservative and exhibit
the same pattern as the monte carlo standard errors.

Tabelle 9 LATE with Covariate Adaptive Block Randomization, p. = 0.3
[ [ivreg Y (D=2) [ivreg Y (D=Z) V [ivreg Y (D=2) V Zx(V-V) ]

Monte Carlo Standard Err 14.78 14.78 14.78
Avg Standard Err 21.76 14.92 14.84
Avg Length of CI 85.30 58.50 58.18

Tabelle 10 LATE with Covariate Adaptive Simple Randomization, p, = 0.3

|

[ivreg Y (D=2) [ivreg Y (D=Z) V [ivreg Y (D=2) V Zx (V —V)

|

Monte Carlo Standard Err 21.71 14.85 14.79
Avg Standard Err 21.79 14.94 14.86
Avg Length of CI 85.42 58.57 58.23

The first rows of Tables 11 and 12 show the average monte carlo standard errors which
are the standard deviations of the estimates across 20000 monte carlo simulations.
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The next two rows show the LATE average standard errors and average confidence
interval length under covariate adaptive block and simple randomization with p, = 0.5
using nominal robust 2SLS standard errors for Bl and BQ and the analytic correction
for 33 The number of observations is n = 2000.

For covariate adaptive block randomization, the monte carlo standard error is the
same for all three estimators. Nominal 2SLS standard errors for the unadjusted esti-
mator are conservative, while nominal 2SLS standard errors for the uninteracted
estimator are not. Standard errors obtained using the analytic correction are also not
conservative.

For covariate adaptive simple randomization, the monte carlo standard error is highest
for the unadjusted model and decreases when we add covariates. Unlike the case of
p, = 0.3, now the uninteracted estimator and the interacted estimator have the same
standard errors. Nominal 2SLS and analytically corrected standard errors are not
conservative and exhibit the same pattern as the monte carlo standard errors.

Tabelle 11 LATE with Covariate Adaptive Block Randomization, p. = 0.5

|

[ivreg Y (D=2) [ivreg Y (D=2Z) V [ivreg Y (D=2) V Zx (V -V)

|

Monte Carlo Standard Err 13.60 13.60 13.60
Avg Standard Err 19.46 13.63 13.63
Avg Length of CI 76.30 53.43 53.43

Tabelle 12 LATE with Covariate Adaptive Simple Randomization, p, = 0.5

|

[ivreg Y (D=2) [ivreg Y (D=2)V [ivreg Y (D=2) V Zx (V-V)

|

Monte Carlo Standard Err 19.49 13.58 13.58
Avg Standard Err 19.49 13.64 13.63
Avg Length of CI 76.40 53.46 53.45

The first rows of Tables 13 and 14 show the average monte carlo standard errors which
are the standard deviations of the estimates across 20000 monte carlo simulations.
The next two rows show the LATE average standard errors and average confidence
interval length under covariate adaptive block and simple randomization with p, = 0.7
using nominal robust 2SLS standard errors for Bl and Bg and the analytic correction
for 33. The number of observations is n = 2000.

For covariate adaptive block randomization, the monte carlo standard error is the
same for all three estimators. However, just like in Table 9, nominal 2SLS standard
errors for the unadjusted estimator is very conservative, while standard errors for the
uninteracted and interacted estimators are not.

For covariate adaptive simple randomization, the monte carlo standard error is highest
for the unadjusted model, decreases when we add the uninteracted covariate, and is
the lowest for the interacted model. Nominal 2SLS and analytically corrected standard
errors are not conservative and exhibit the same pattern as the monte carlo standard
errors.
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Tabelle 13 LATE with Covariate Adaptive Block Randomization, p, = 0.7

[ [ivreg Y (D=2) [ivreg Y (D=2Z) V [ivreg Y (D=2) V Zx (V =V)

|

Monte Carlo Standard Err 14.94 14.93 14.93
Avg Standard Err 20.72 14.95 14.87
Avg Length of CI 81.21 58.60 58.27

Tabelle 14 LATE with Covariate Adaptive Simple Randomization, p, = 0.7

l [ivreg Y (D=2) [ivreg Y (D=2) V [ivreg Y (D=2) V Zx (V —V)

|

Monte Carlo Standard Err 20.91 15.03 14.95
Avg Standard Err 20.75 14.95 14.87
Avg Length of CI 81.35 58.62 58.27

6 Empirical Application

We investigate the efficiency improvement in ATE estimates after including the in-
teraction between the exogenous treatment and the demeaned covariate in a dataset
with over 2 million observations. Each observation is an expiry auction for a particu-
lar domain name listed on GoDaddy, an online platform where domain names which
are no longer maintained by an individual are auctioned off in an open-bid English
auction with a minimum bid of $12 and a duration of approximately 10 days. One
interesting fact about these auctions is that the majority of participants are specula-
tors who have no intrinsic use of the domain name except turning a profit when they
resell the name in an aftermarket. Another interesting fact is that very few of the
English auctions result in sale, partly due to the sheer volume of domain names that
are listed for sale. For example, only 1.3% of auctions with a start time on or after
May 12th, 2017 and before July 11th, 2017 had bids at or above the minimum bid.

Starting on May 12th, 2017, GoDaddy implemented a simple randomized experiment
where some domain names would receive a valuation metric provided by a machine
learning algorithm using deep learning. The idea was to provide auction participants
with a better sense of the value of a domain name using features such as the length
of the domain name, how many words in the domain name are part of the English
dictionary, and whether the domain name is a .com, .net, or .org. The algorithm
performed better than many existing approaches for predicting whether the domain
name would sell and if so, at what price. At the start of the experiment, the treatment
probability was 50%, but starting June 1st, 2017, it became 75%. Then on July 11th,
2017, the treatment probability became 100%.

In table 15, we look at the average treatment effect of including the valuation on the
sale price conditional on at least one bidder meeting the minimum bid requirement for
auctions with start times between May 12th, 2017 and June 1st, 2017. Of the 812026
auctions which occurred during this time frame, only 9283 auctions met the minimum
bid requirement. In the first column, we estimate the ATE without any covariates to
be 1.6754 with a standard error of 6.1526. In the second column, we add different
combinations of the following covariates: the length of the domain name, whether
the top level domain is .com, .net, or .org, and whether the domain name contains
any words in the English dictionary. After including all of these covariates, the ATE
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becomes 0.7859 and the standard error increases to 6.1966. In the third column, we
include the covariates and the interactions between the treatment and the demeaned
covariates. The ATE becomes 0.7894, and the standard error decreases to 6.1301.

In table 16, we look at the average treatment effect of including the valuation on the
sale price conditional on at least one bidder meeting the minimum bid requirement for
auctions with start times between June 1st, 2017 and July 11th, 2017. Of the 1366161
auctions in this time frame, only 19165 auctions met the minimum bid requirement.
In the first column, we estimate the ATE without any covariates to be 12.6569 with a
standard error of 4.4770. In the second column, we add different combinations of the
following covariates: the length of the domain name, whether the top level domain is
.com, .net, or .org, and whether the domain name contains any words in the English
dictionary. After including all of these covariates, the ATE becomes 14.3432 and the
standard error increases to 4.6244. In the third column, we include the covariates
and the interactions between the treatment and the demeaned covariates. The ATE
becomes 13.1778, and the standard error decreases to 4.4617.

In table 17, we look at the average treatment effect of including the valuation on the
sale price conditional on at least one bidder meeting the minimum bid requirement for
auctions with start times between May 12th, 2017 and July 11th, 2017. Of the 2178187
auctions in this time frame, only 28448 auctions met the minimum bid requirement.
In the first column, we estimate the ATE without any covariates to be 6.6893 with a
standard error of 3.8301. In the second column, we add different combinations of the
following covariates: the length of the domain name, whether the top level domain is
.com, .net, or .org, and whether the domain name contains any words in the English
dictionary. After including all of these covariates, the ATE becomes 6.7003 and the
standard error increases to 3.8848. In the third column, we include the covariates
and the interactions between the treatment and the demeaned covariates. The ATE
becomes 6.4064, and the standard error decreases to 3.8183.

Tabelle 15 ATE of valuation on sale price conditional on entry for 9283 auctions from 5.12.17
to 6.01.17

l [regYD [regYDX [reg Y DX D¥(X — X) |

X=length of domain name
8 1.6754 1.0673 1.0682
se () 6.1526 | 6.1325 6.1402
X=length,is.com,is.net,is.org
B8 1.6754 0.8519 0.8584
se ( 6.1526 | 6.1165 6.1301
X=length,is.com,is.net,is.org,contains English word
B8 1.6754 0.7859 0.7894
se (5) 6.1526 | 6.1966 6.1301
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Tabelle 16 ATE of valuation on sale price conditional on entry for 19165 auctions from 6.01.17

to 7.11.17

|

[regYD [reg YD X [reg Y DX D¥(X — X) |

X=length of domain name

B

12.6569

14.1856

13.8739

w (7)

4.4770

4.5152

4.4655

X=length,is.com,is.net,is.org

B

12.6569

14.8170

13.8605

se

C
C

=
Ne—"1

4.4770

4.5488

4.4627

X=length,is.com,is.net,is.org,contains English word

B

12.6569

14.3432

13.1778

se B)

4.4770

4.6244

4.4617

Tabelle 17 ATE of valuation on sale price conditional on entry for 28448 auctions from 5.12.17

to 7.11.17

7 Conclusion

|

[ reg Y D [ reg Y D X [ rngDXD*(X—X) ‘

X=length of domain name

B

6.6893

7.2388

7.1763

« (7)

3.8301

3.8316

3.8226

X=length,is.com,is.net,is.org

B

6.6893

6.9263

6.7882

se

;
;

D

3.8301

3.8377

3.8186

X=length,is.com,is.net,is.org,contains English word

6.6893

6.7003

6.4064

B
86(

/)

3.8301

3.8848

3.8183

This paper has compared the relative efficiencies of different types of OLS and 2SLS
estimators in randomized or conditionally randomized experiments. Although the
results are presented in the context of (local) average treatment effects, they can
be generalized to nonlinear parameters including quantile treatment effects. Further
extensions include propensity score regression and regression discontinuity models.
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A Proof of Theorem 1

For k =1, 2,3, let W, denote the instruments, let V;; and U, denote the regressors, and let
0, denote the parameters of the instrumental variable moment condition EWy, (Y; — ‘/ilke()k) =

0. The estimators 0 are defined by the sample estimating equations:
1 zn: Wik (m - V-’kék) +1 zn: WikUind' (X — pia) = 0. (13)
[t z [t

FOI‘ Bl, let Uil = 0, Pz = P(ZZ = 1), Pa = P(Dl = 1), Wil = (1 Zl —pz),‘/“ = (1 DL _pd)7
and 6; = (Oé,ﬂ). For 52, let Uia =0, Wis = (1 Zi —p2 Xi — uz) Vie = (1 D —pag Xi — /1,1)7

02 = (CM,,B, 77) For 337 let U’LJ = Zifpzy 95 = (ay 57777 ¢) 3 W'Ld = (1 Zi — Pz X — Ha (Zz - pz) (Xz - Hz)),
and Vis = (1 Dy —pa Xi — pe (Zi — p2) (Xi — p12)). (13) leads to the following influence
function representation of :

Vn (ék - 9019) = (EWiVie) ™! % ; (Wzk (Yi = Vikbo) + EWir,Uingo (Xi — Nx)) +or(1).

It can be calculated that the second row of E (W %k)_l ,k =1,2,3 takes the forms of

(0 Cov (D, Z)fl) (0 Cov (D, Z)™" 0) (0 Cov (D, Z)7h o 0).
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Therefore for k = 1,2, 3,

Vit (B — o) =Cov (2,D) " ﬁ S (Vi Zi, Xo, Wik, Vi, Ue) + 0 (1),
i=1

Ui (Ya, Zi, Xi, Wik, Uik, Vir) = (Zi — p2) (Yi — Virbo) + E [(Zi — p2) Usi] do (Xi — pia) = ik

1 2
Yik Yik

(14)

Consequently, /n (Bk — BO) 4N (0, Cov(D, Z) *Var (w,k)) It remains to show that for

j=1,2, Var (¢:3) < Var (1;;). This can be done by showing that Cov (¥:; — i3, 1:3) = 0.
For this purpose, consider first j = 1. Note that

Vir — thiz = (Zi — p2) [0 (Xi — pa) + 60 (Xi — pa) (Zi — p2)] — (p- *Pz) (Xi — pa) &
= (Zi — p=) 1o (Xi — pa) + (Zi — p=)° 60 (Xi — pia) — (p= — P2) (Xi — pta)' ¢ (15)

1 2
AwilS AwilS Aw?l\’i

It follows from Z? = Z; and EWis (Y; — Vi300) = 0 that
Cov (s, Avlis) =0, k=1,2,3

By independence of Z; from X;, Cov (1/)?37 A'l/]illg) = 0. Finally, we check that C'ov (1&1-23, Awflg) =
(p= —p2)" 94V ar (X) ¢o, and Cov (s, Addss) = (p= —p?)” ¢hVar (X) do, so that
Cov (1/11'237 Aiﬁm - A1/J?13) =0.

We have verified that Cov (A1, 1:3) = 0, and 33 is more efficient than Bl asymptotically.
Next turn to Bz and o = (Z; — p.) (Yi — a0 — Bo (Di — pa) — o (Xi — pz)). We want to
show Var (1i3) < Var (1;2) by verifying that Cov (Aias, ¥i3) = 0, where
Athins = (Zi — p=)? ¢ (Xi — pa) — (P2 — 1) b0 (Xi — fia)

=((1 = 2p.) Zi +p2) ¢0 (Xi — pra) — (p= — P?) 0 (Xi — pia) - (16)

1 2
A'd)723 AwiQS

By the moment conditions EW;3 (Y; — Vi560) = 0,

Cov (zp}g,Awgg) -0, k=1,2

By independence between Z and X

Cov (¥, Adjzs) = (p= —p?)” ¢oVar (X) o.

Therefore since also Cov (1/)1‘23, Awf%) = ( z— pg)2 doVar (X) ¢o, it follows that
Cov (%‘23’ Awi123 - Al/’z'223) =0.

So that Cov (Athias, vis) = 0, and Var (v3) < Var (i1); ,33 is also more efficient than Bg.

However, there is no efficiency ranking between ﬁl and Bg. Note that

Aita = i1 — Piz = (Zi — p2) mo (Xi — ) -
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There is no guarantee of either Cov (At);12,%i2) = 0 or Cov (Athi12 (W) ,1b:1 (W)) = 0. This
is because the moment conditions for S2 do not impose that

EZX (Y —ap — BoD — nf)X) =0,
and the moment conditions for 31 do not impose

EZX(Y—CZo—BQD):O or EX(Y—CY()—/BQD):O

B Proof of Corollary 1

Under the causal model, the parameter Sy and the influence functions for 5’ can be written
using the counterfactuals. Recall that 8o = E (Y1 — Yo|D1 > Do) = E(Y" = Yy) /E (D1 — Do).
Define t1 = YY" — BoD1, to = Yy — BoDo. Then

ag — fopa =EY — BoED = p.Et1 + (1 — p.) Eto
Y1 =(Z —p.) (Y —ag — Bo (D —pa))
=(Z —p.) (1 —p:) (t1 — Et1) + p- (to — Eto)) + p= (1 — p-) (t1 — to),

where by definition Ft; — FEto = 0. Next consider Bz. It follows from the 3rd moment equation
E(X — pa) (Y — a0 — Bo (D —pa) =m0 (X — px)) = 0 that

no = Var(X) " Cov(X,Y — BoD) = Var (X) " [p.Cov (X,t1) + (1 — p.) Cov (X, 1t0)],
and that

2 =(Z = p:) (Y — a0 — fo (D — pa) — 1o (X — piz))
=(Z = p:) (1 = p:) (t1 = Et1) + p= (to — Eto) —no (X — pa)) + p= (1 — pz) (t1 — o),

Next consider f3s. It follows from the 4th moment condition
E(Z = p:2) (X — pa) (Y — a0 = fo (D = pa) = no (X — px) — ¢o (Z = pz) (X — pa)) =0
that ¢o = Var (X) ™" Cov (X, t1 — to). Therefore,
V3 =(Z —p=) (Y — a0 — Bo (D = pa) = mo (X — pia) — 60 (Z — p=) (X — piar))
=(Z —p.) <(1 —p:) (b1 — Bt1 — Cov (t1, X) Var (X) ™" (X — pia))
+p (to — Eto — Cov (to, X) Var (X) ™' (X — uw)))
+p= (1= p2) ((t1 — to) — Cov (tr — to, X) Var (X) ™ (X — pa))
and 93 = p. (1 — p.) Cov (t1 — to, X) Var (X) ' (X — pa). Therefore
VY3 =(Z —p:) (Y —ao— Bo (D —pa) —no (X — pa) — ¢0 (Z — p=) (X — pir))
=(Z —p-) ((1 —p.) (1 — Bt1 — Cov (t1, X) Var (X) ™" (X — pa))
+p. (to — Eto — Cov (to, X) Var (X) ™" (X — uz))) +p. (1—p.) (t1 — to)

Using Z L (t1,t0, X), it can then be verified that
Cov (1 —s3,1¥3) =0 and Cov (2 — 3,13) = 0.
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In the special case when D = Z, t; = Y1 — Bo, to = Yo, Bo = E (Y1 — Yp), then
Vs =(Z —p-) ((1 —p:) (Y1 — EY1 — Cov (Y1, X) Var (X) ™" (X — pa))
+p. (Yo — EYo — Cov (Yo, X) Var (X)™' (X — uz))) +p.(1=p.) (Y1 — Yo —fo)
v =(Z =) (1= p) (3 = BV
- (¥ = BY0) =m0 (X = 1) ) 2 (1 =) (2 = ¥o = o).
(17)

for o = Var (X) ™" [p.Cov (X, Y1) + (1 — p.) Cov (X, Yo)].

C Proof of Corollary 2

Replace pg by pzs = EXs. Then it can be shown that B3 is more efficient than 3. Similar
calculations as those for 83 show that

vn (34 - Bo) =Cov (D, Z)"" % Zi/m +op (1), where

Yis = (Zi — p=) (Yi = po — Bo (Di — pa) — nos (Xsi — pras) — bos (Xei — pzs) (Zi — p-2))
+ (pz - pZ) ¢65 (Xsi - st)

Then we can write, for 7y, ¢o possibly different from both 79, ¢o and 7o, dos,
Athigz = Yia — i3

= (Zi = p2) [0 (Xi = pa) — 105 (Xsi — pras) + (90 (Xi — pa) — G0s (Xsi — bas)) (Zi — p2)]

+ (pz - pz) (st - ,U/acs)/ ¢Os - (pz _pi) (Xl - /.l/x)/ ¢0
= (Zi = p2) [0 (Xi = ha) + G0 (Xi = pa) (Zi = p2)] = (p= = 2) (Xi = p1a) o
= (Zi — p2) 7o (Xi — pta) + (Zi — p=)? 6 (Xi — pta) — (= — P2) (Xi — ) G0 -

1 2
Atigs AYiys AP

It follows from Z? = Z;, and the instrumental variable moment equations that
OOU (1/}1'137 Al[}ﬁs) = 07 7k = 17 273

By independence of Z; and X;, Cov (1/1%, Az/)i143) = 0. Finally, we check that

Cov (v, Alis) = (p- — p2)” 64Var (X) o,
and Cov (Y75, AYs) = (p- — pz)2 Yo Var (X)o. so that
Cov (%‘23’ sz'243 - Awis) =0.

We have verified that Cov (At;as, ¢iz) = 0, and Bg is more efficient than ,34 asymptotically.
The same result can also be verified using the counter-factual model as in Corollary 1.
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D Proof of Corollary 3

Note A7'BrA7! B Var (Ak (EWu Vi)™ Wik (Yi — m;OOk)), where

17 “Hx PzMx

| L o100
A= 01 A= |0 1 0 Az = 00 1 —
00 1 0 0 O fz

Using the spare structure of EW;; Vi, the (2,2) elements of A;lBkA,ZI are then given by
Var (Cov (Zi, Di) " (Zi — p=) (Yi — Virbor))

For k = 1,2, this coincides with the asymptotic variance o2 in Theorem 1. Theorem 1 also
shows the asymptotic variance of (3 as

o3 = Var (Cov (Zi, D;) ™" [(Zi — p=) (Yi — Vikbok) + p= (1 — p=) ¢o (Xi — p1a)])
By the moment condition E (Z; — p.) (Xi — pz) (Yi — Vii60x) = 0, 03 is at least as large as
plimés = Var (Cov (Zi, Di Y (Zi = p2) (Yi — Vikbor)) (18)

A similar calculation shows that 52 -2+ 2. Of course one can also bootstrap.

E Proof of Proposition 1

Consider first the caseof D = Z. Fora+8=E (Y|Z=1),a=E(Y|Z =0), and u, = EX,
the moment conditions are F¢; (ao, Bo, poz) = 0, where

bi (0, B, p12) = (Zi Yi—a—B), Zi(Xi—pa), 01— 2Z)(Yi—0a), (1—2Z:)(Xi — pa)),

such that for A1 = Var (Y;|Z; = 1), A1z = Cov (Y3, X;|Z; = 1) = Aby, Bun = Var(Yi|Z; =
O), Blz = COU (Y;,X7,|Z7, = O) = Bél, A22 = ng = Var (Xl),

varon= ("t 0 0 s) a=(dnaz) m=(0npe) )

Then Var (¢ () is similar to Var (¢ (-)) with p., A, B replaced by p., A, B.

An application of the partitioned matrix inversion formula shows that the solution to (5) is

given by, for = (A22 - A21A1_11A12)71 and G2 = (BQQ - leBl_llBlz)il,

fZZ — ApAz = ZZ )=0
. ~_11 n
52(1—&)(%‘—0&)—31232252(1—%)0{ pa) =0
1= . 1= . (20)
R 1 1
7F2A21A11ﬁ;z(mfafﬁwgggzi(x

n n

N | A 1
- GnglBlllﬁ Z(l - Zl) (}/z — a) + Ggﬁ Z(l - Zz) (Xz - Mz) =0.

i=1 i=1
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Substitute the first two equations into the third and simplify to

Ay = ZZ — piz) + Bao' li(l_zi)(xi—ﬂx) =0 (21)

i=1
Since Asy = Var (X:)+ Op (%) By + Op ( ) this can be used to show that fi, =
X +op ( ) And then

AZ(iZiY"_AHA;;iZi(Xi >/ZZ +0p<%)

d_<2(1—z¢m—312é2;i(1—2) ) />0 +°P(%>

i=1 i=1 i=1

Up to op (%) terms, these are the intercept terms in separate regressions of ¥; on X; — X
among the control and treatment groups.

These calculations can be extended to the LATE GMM model in (5), where we now define
A11 = Var (Y — Qg — ﬂ0D|Z = 1), A12 = CO’U (Y — Qg — BOD,X|Z = 1) = A/217 Bll =
Var(Y — o — ﬁoDlZ = 0) Blz = COU( — Q0 —ﬂoD XlZ —0) = Bgl, A22 = Bgz =
Var (X), and let Aji, Bji. denote their \/n consistent estimates. Then (19) and (21) both

continue to hold, leading to fi, = X +op (f) The first two equations in (20) now become

fZZ Y; —a— BD;) — A1s Ay, — Zz =0

n

72 (1-2:) (¥ —a— BD:) - BHB;;%ZufZi)(Xﬁuz):o,

=1

Note that given « and S, 12112/1;21 and 31232}1 are precisely the profiled ¢ and 7 implied
by the estimating equations (13) for B3. In other words, the above two equations are the
concentrated estimating equations for « and § implied by (13).

F Proof of Proposition 2

Let Wi = (Zs, Z; 1)T and Wo, = (1 - Z;), (1 - 2y) Vi)T. Then the normal equations
corresponding to (9) are

%;Wu (Yi—’% —1§1Vi> =0, *ZWOz( 70_190‘/1) 0.
igwu (Di=#-Gvi) =0, %;Wm (D= 70— &vi) =

Taking a linear combination using BAL = Avg/LXTE,

iiWﬁ (Yz‘*’?lfiglvz'*BAL (Di—%lféﬂ/;)) -0

lelzn;wm (Yi_%_ﬁovi_BAL (Di—fo—éo‘/i)) =0
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We rearrange this into

1 — s S AN s L. s )

- ;Wu (Y@' — Y1+ BarTi + (,BALQ - 191) V — BarD; — (5ALC1 - 191) (% - V)) =0
1< R N L. _

o Z Wosi (Yi — % + Bar7o + (/BALCO — 190) V — BarLDi — (,BALCO — 190) (Vi — V)) =0
By the definition in (10),

=4 — Bart — (BALél — é1) V =40 — BarFo — (BALCAO — 1§0> V.

The normal equations therefore take the form of

}Iizn;Wy (Y;' — 0 — fBarDi — (BALél - 151) (Vi — V)) 0 -
%ZWM (Yi — 0 — BarD; — (BALCAO — 190) (Vi — ‘7)) 0

i=1

S

Next, consider the normal equations determining the interactive Boo. For W; = (Wi, Wo¢)T,
1 o . R s .
=S Wi (Yi—a—BuDi =7 (Vi V) =42, (Vi = V)) = 0.
i=1
This can be rewritten as
1o . s )
E;WU (Yi—a—-foDi— (74+4) (Vi-7V)) =0
fZWm (Yz'*d*BooDi*ﬁ(Vi’V)) =0

Then (23) can be satisfied through (22) by setting

=10, Boo=Par, 7=Parlo—d0, ¢=parli—J1—.

G Proof of Proposition 3

When D = Z, Hahn (1998) shows that 02, = Var (1), where

oo = (Vi = B (Vi[X)) = 7= (¥ = B (¥IX)) + (E (Vi = ¥olX) = E (¥ = ¥0))
T Ep(Y1|X) LY flE_(1;0|X) h-Yo-B(fi—T0)

We can then use 13 in the proof of Corollary 1 to show that

Cov (¥3/ (p= (1 = pz)) — Yoo, Poo) = 0.
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More generally when Z # D, the LATE efficiency bound was calculated in Frolich (2006)
and Hong and Nekipelov (2010) (Lemma 1 and Thm 4), with o2, = Var (1), and

1 Z
w‘x’:m{E(Y_E(HZ:1,X))+E(Y|Z:1,X)
- 11:pZ Y -E({Y|Z2=0,X))-E{YI[Z=0X)

- (pé(D—E(D|Z:1,X))+E(D|Z=17X)

L 1-7
1 — D=
where P (D1 > Do) = P (D =1|Z =1) — P(D =1|Z = 0). We can rewrite this as

(D—-E(D|Z=0,X)) fE(D\Z:O,X))B},

P (D1 > Do) tho :pé (t1 — B (t2] X)) — 11:52 (to — E (o] X)) + E (1 — to|X)

z

=(Z*pz){t1 —E0X) | tO_E(tO‘X)} +t1 — to.

P= 1—p-:
Again comparing this to 3 in the proof of Corollary 1 shows that

Cov (¢Y3/ (P (D1 > Do)p- (1 —p:)) — Yoo, ¥oo) = 0.

The comparison between 12 and 13 in (17) can also be understood in the context of doubly
robust estimators, which use influence functions of the form similar to . but without
requiring p, to be constant. Define @ (X) = P (Z = 1|X). In the case of D = Z,

D 1-D
—— Y -FEFWY1|X)) — ——
o T FOR o

Yi—E(M|X)  Yo-— E(Yo|X)
=D-Q(X +

R Te Y I Q(X)
The estimators with influence function ¢ are consistent as long as either @ (X) or the pair
of E (Y1]X), E (Yo|X) are correctly specified. Under complete randomization and with @ (X)
specified as p., the P-score model is obviously correctly specified. Therefore E (Y1|X) and
E (Yp]|X), being linear projections on (1 V (X)), have no effect on consistency. However,
between two misspecified conditional mean models, the first pair in 3 is a more efficient

projection that induces a smaller variance than the linear projection in 1. Similarly, in the
general LATE case when D # Z, doubly robust estimators use influence functions of the

form
B - t1— E(t1]X) | to— E (to|X)
o= (p-Q00) [TE ™ + o

where E (t1|X) = E(Y7"|X) — BoE (D1|X) and E (to]X) = E (Yo'|X) — BoE (Do|X). These
estimators are consistent as long as either Q (X) or the set of

EY|X), E(Yy'|X), E(Di]X), E(Do|X).

Poo = (Y — E (Yo| X)) + (E (AY|X) — EAY)

+ Y1 - Yo - B)

+ (1 —to—5).

are correctly specified. Among different misspecified linear approximations to F (¢1]X) and
E (to|X), the least square projection is more efficient.

Similar to (3) and (4), 02, can be consistently estimated under suitable regularity conditions
(such as those in Newey (1997)) by

_— 2 1 <& N _
oo = CO’UZ,ZDE > & where Eioo = (Zi — p2) ico + P (1 — P2) doo (Vi — V)
i=1
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and éiose = Yi — & — fosDi — 1) (Vi = V) — ¢Z; (Vi — V). If we write
Yo BuDi= (1= Z5) (a+0 (Vi = V) + Zi (6 + (4 8) (Vi = V) + i,

then we expect that uniformly in X,
a+1n(Vi— \7) =E(Y —8D|Z =0,X;) 4+ o0p (1) = E (to:| Xi) + or (1)
( ) —E(Y - BD|Z =1,X;) + op (1) = E (tu:|X:) + 0p (1) .
Therefore ¢ (V; — V) = E (t1; — toi| Xi)+op (1), éioo = Zi (tri — E (t1:| Xi))+(1 — Z:) (toi — E (tos] X2)),
€ico = (Zi = pz) (1 = p2) (tri — E (t1:|X3)) + p= (toi — E (toi| Xi))) + p= (1 — pz) (t1i — to:) + op (1),

which coincides with the semiparametric asymptotic influence function, and includes the CI
model as a special case when D = Z.

H Proof of Proposition 4

ecall that /n A1— o) = Covy, (4, N nCovy, (Z,Y — o). It can be shown that
Recall th B8 B C Z,D)"? C Z,Y — Dpo). 1 be sh h.

Cov, (Z,D) = ZZD—fZZ Zn:Di
=1

N N % Zi:l ZiDui % Z?:1 (1 - Zi) Do;
=Pz (1 _pz) ﬁ - 1— ﬁ

=Pz (1 7pz) P(D1 > DO) +op (1)

where the last line follows from Assumption 8.2. Furthermore,

n Ly gye Ly zyye
Cov, (Y, Z) Zzy—fzz Zm:ﬁzu—ﬁz){nz? i nZzzll( - ) Yo
i=1 = TP
Next we consider
Vn (Cov, (Y, Z) — Cov, (D, Z) Bo)
R Zity;  (1— Zi)t()i:|
=Pz 1_pz [ - ~
-5 =3 —2)
R PN | Zit1; Zitoi toi R L&
:zl_zi f_tz_tz_ ~ z]-_zi tz_tz
- p)\/ﬁ;_l:<pz o)~ ) (5 23 ()
PR R SIPAS (¥+ fo )-}—ﬁz (1-ps) = }n:(tu—tm)
\/ﬁizl Pz 1-p. \/ﬁ
1 < t1; — E [t14] tOz‘—E[tOi])
= Pz 17pz —— szpz ( + +pz 17 tl'L*tOz n
(19 3o (Bl te B L
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where

Ry = L Z {(Zi = D) ((p= — P2) (t1i — toi) + (1 — p2) E[t1s] + p-E[toi])) }

2 30 (e = 52 (L= p2) tas 4 patos = (1= p) Eftad + B frr))

n

= (b= 52) 7 D0 (Zi = p) (1~ 1) + (= — 5’ % > (tn =)

=1

+ (p= — P=) % Z ((1 = p2) (t1i — Et1i]) + p= (toi — E[tos]))

+ [ (1= 2) — pe (1= p2)] % > (s — to)

Using Assumption 8, each term can be shown to be op (1), so that R, = op (1).
From this point on the variance becomes different depending on whether S =1 or S > 1. Re-
call that w; = [t”_Et“ + tf”l:g:o"] and w (s) = F [wi| X; € s]. First note that ﬁ o (tii —tos)

Pz

is asymptotically orthogonal to ﬁ >t (Zi = p-) wi under assumptions 8.1 and 8.2.

Cov ;\}ﬁil(XiGS)(Zi—pz)wi,gg\}ﬁ;::ll(Xies)(tu—tOi)
_sezszE (Xi € 8) (Zi — p2) wi (t1i — tos)]

Z Z 1(X; € s) (E[Zi| Xi € s,Y14, Yoi, D14, Dos| — p2) wi (t15 — tos))

sES
ZS Z 1(X; € 8)(E[Z:| Xi € 8] — pz) wi (t1: — toi)]
1
== Oa.s. (%)

Then write the first part of the influence function as

1 n
;TZIXES )wﬁw(s)ws;ﬁ;uxies)(zﬁpz)w(s).
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First note that the two sums are orthogonal:

Cov Z\/»ZIXGS z; g (Xi€s)( pz)w(s)

sES

= Z % ZCov [1(X; €8)(Zi —p2) (wi —w(s)),1(X; € 8)(Zi —p2)w(s)]

SES
1 < 2
= — E|1(X; €8)(Zi —p2)” (wi —w(s))w(s
> myrl p-) )]

:Z\/;ZE 1(Xi € 5)(Zi —p.)* (wi — E [wil Xi € s, Zi]) E [wi| Xi € s, Zi]

sES

-3 % ZE [1(X; € 5) (Zi — p:)? (wi — Ewi| X; € 5]) B [wi] X; € 5]]
seS i=1

=0

We now use arguments similar to those in Lemma B.2 of BCS 2017a to derive the limiting
distribution of (25). The distribution of U = ﬁ S (Zs —p2) (wi —w(s)) is the same
as the distribution of the same quantity where the observations are first ordered by strata
and then by Z; = 1 and Z; = 0 within strata. Let n.(s) be the number of observations in
strata s which have Z; = z € {0,1}, and let p(s) = P(X: € s), N(s) = > i, I {S: < s},
and F(s) = P{S; < s}. Independently for each s and independently of (Z<"),S(”)), let

{wi :1 < i< n} beiid. with marginal distribution equal to the distribution of w;|X; € s.
Define

n(M2+202) ()
Z Yo wi-w()-p)+ > (Wi —w () (=p2)
GE=] . e (22 )

By construction, {U|S("), Z(")} 4 {U|S("), Z(")} which implies U 2 7. Next define

1 [n(F(s)+p(s)pz)] [n(F(s)+p(s))]
==y S wi—w)(1-p)+ 3 (@] —w(5)) (—p2)
s€ES i=[nF(s)]+1 i=|[n(F(s)+p(s)pz)]+1

Using properties of Brownian motion,

1 [n(F(s)+p(s)pz)] J
G (@i = w () (L=p) 5 N (0.p()p= (1= p) E (] = w ()]
i=|[nF(s)]+1
1 [n(F(s)+p(s))] 4 ) )
T > (@i = w () (=p2) 5 N (0,p(5) (1 = p2) ()" E [ (@} — w (5))°] )

i=|n(F(s)+p(s)pz)]+1

Since the two sums are independent, w; —w (s) are independent across i and s, and E [(w} — w (5))2] =
E [ (wi — w(s))2| X; €5,

Ut N <0 p-(1—p=) Y _ p(s)E w (8))*] X Gﬂ)

sES
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i N(s) mni(s)) P . .
Furthermore, since ( S, ) = (F(s),p-p(s)), by the continuous mapping theorem,
U-U"%0
Therefore,

%Z(Zi—pz)(wz-—w())%N 0,p- (1 —p. Zp —w (5))?] Xi € 5]

sES

2

For the second term, it suffices to use Assumption 8.2 to show that

%Z(Zi_pz) Zf21X €s) p2)w (s)—d>N O»ZT(S)p(S)w(s)2

seS seS

22

Lastly, note that —ZZ 1 (t1e — tos) 4 N 0,Var [ti; — to;] | . Then \/ﬁ(ﬁl 760) —
—_——

23
N (0,P (D1 > Do)~ (1 + £22 + 23)).

As in section 2 it is straightforward to show that the 2SLS robust variance is consistent for
P (D; > Do) times

plim — Z [(z + (t1i — to:)]?

n n

1 s 1 )

—phmE;((Zi —D2) w;) +pllmﬁ;(t“ — t0:)

= plim 1 i (Zi —p2)* (wi —w (s))? + plim 1 i (Zi —p2)*w(s)® + plim 1 i (tii —to:)”
et gt [t

Independently for each s and independently of (Z("),S(")), let {wj:1<4i<n} beiid

with marginal distribution equal to the distribution of w;|X; € s. Using similar arguments
as those in Lemma B.3 of BCS 2017a,

S (B p i - w(9)?

n1(s) no(s)
=3 % D (=) @l —w ()’ + = D (-pe) (@ —w(9)
seS =1 i=1
ny(s) no(s) 1 no(s)
=y (" > (=)l —w () + (=p2)? (i —w (5)?
seS n 8) n. no(s) =1
B3 {pep(s) (1= p) B (i —w ()] + (1= p) p(s) (-p:) B (] = w ())°]}
seS



32 Ansel, Hong, and Li: OLS and 2SLS in Randomized Experiments

Ai(s) 4 ni(s)

The key steps are to use the Almost Sure Representation theorem to construct
such that w % p.p(s) and then to note that by independence of (Z("),S(")) and
{wi :1 < i< n}, for any € > 0,

Py 2 (e w6 B [(er —w)] > ¢
nﬁlyfs) )

Also, note that by the weak law of large numbers, for any sequence ny — co as k — oo,
1< > 2
s D, s
— w; —w(s —>E[wi—ws ]
- ;:1( (s)) ( (s))

Since nT_”T(S) — oo almost surely, by independence of ﬁlT(S) and {wj : 1 < < n},

n1(s)

Pl a3 - o) B[ —w )] > D d s

Therefore, the first and third terms coincide with {21 and {23. The second term converges to

S

plim % Z (Zi —p:)*w(s)” =D w(s)’p(s)p- (1 - p:)

s=1

This is larger than (2> as long as 7(s) < p. (1 — p.) for all s € S, and strictly so for some
seS.

I Proof of Proposition 5

The sample normal equations for this regression are given by

Tn (32777) = ii{l((xzi f;);)es] <Yi —BzDi - zs:ﬁsl(Xi S 5)) =0.

s=1

We can write (Bg —ﬁo,ﬁ—no) = A ', (Bo,mo) if we let no = (Nos,s €S), t1(s) =
E(t1i|X7; S S), to (S) =F (t()i‘Xi € S)7

nos =E (Y|s) — E(D|s) Bo = pzt1 (s) + (1 — p:) to (s)
= (L=p=)ta(s) +p=to(s) — (1 —2p:) [ta (s) — to (s)].

" [1 (Xi €5),csDi diag (1(X; € 5),5)
U
— (Zi — pz) D; (Zi - pZ) 1 (Xl € S)S»ES :
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Using Assumption 8.1 and 8.2 we can show that A = A + op (1), where

p(s) E(Dls) diag (p(s),s € S)
A= [pz (1 =p:z) P (D1 > Do) 0 ]

In the following we will show that 7. (8o,7m0) = Op (%), which by non-singularity of A
implies that (BQ — Po, N — 770) Op (f) Then the second row of the relation

(A+0p (1)) (B2 = for 71— 0) =7 (Bo,10)

implies that, using the above nos,

S
P(Dy > Do) Vi (B2 — o) = fzpz <Y BoDi — > 1ol Xes)>+0p(1)

s=1
1 — |: t1i — Bty toi — Etos
== |Z-p )( +
\/’711221 ! * Pz 1_p2

. Z (E(tli — Etli‘Xi S S) I E (tOi — Et0i|Xi S S) . 1—2p,

sES P= L —p- p=(1—p-
:Ziil()ﬁes)(z ) wi—w () + Y = iuxies)(zifpz)i(tl(s)fto(s))
SES\/ﬁizl SES\/ﬁiZI p= (1_pz)
1 n
+ — (t1s — toi) +op (1).
where we recall that w; = t“szt“ + o 7Et°’ and w(s) = E[w;|X; € s]. Using similar

arguments to those in proposition 4,

) [t1 (s) —to (s)]) 1(X; € s)) + (t1i — to:)

+or (1)

= (€ 8) (Zi=p) (@~ () SN [ 0.ps (1= ) w98 (w1~ (9)°] X € 9
seS i=1 seS
1= 2p. — sd STS%1S—08 ’
> ZIXES ~p) ey ()~ 10 () 4 | 0.3 500 0 (i ) -0 )
1 < d L
7Z(tli_t0i)—>N 0, Var [t1; — tos]

i=1
23
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Note that the first two sums in the influence function are orthogonal:

" S - ; RET S
C Sze;sleXe p=) (wi ;S\/»ZlXe )pz(lfpz)(t (s) t())]
v LS pliix e o (2 o2 (e w (e L2 (s
=5 R LB |1 €9 G o <»(L%ﬂm)tﬁw
n oo 1—2p. s S e .,
m(ﬂi[(wz (5)) (t1 (8) — to ()] X; € 7211)}

=1 -

— %ZE 1(X; € s) (Zi —p2)°
1

Y i €5 i — )’ (wi —E[wi| Xi €5 =% s) —to (s
S| 10K € 8) (5 - o (o~ Elual Xs € 5]) T2 (0.6) = 0 o)

And the third sum is orthogonal to the first two sums by the same arguments in proposition
4. Therefore, P (D1 > Do) +/n (ﬁg — [5’0) AN (0 214 02 + (23) It is also easy to show

using similar arguments to those in proposition 4 that the 2SLS nominal variance consistently
estimates P (Dy > Do) times

n

1 (Zi — p2) 5 ’
. [ pz
thﬁ } 1 m <Yz — poD; — E nos1 (X € 5)>:|

—phmz Z (Xi€s)( p2) (wi —w(s))?

SES

phmz Z 1(X; € s) D) (%) (t1 (s) — to (3))2

SES

1S 2
lim— t1i — tos
+p1mn;:1(1 0i)

=1+ 20+ 23

where

Q2=§:p@ﬂkﬂ—pﬁ(—L:&Ejﬁdﬁ—mﬂ$0

sES pz(lipz

which is larger than (2, if p, (1 — p,) > 7 (s) for some s, unless S = 1 or p, = %

J Proof of Proposition 6

We choose to work with the representation in (11), using which we write

S (éls — €0s — Bo (513 - 503)) W
25:1 ((,:15 - éos) w

vn (53 - 50) =vn (26)



Ansel, Hong, and Li: OLS and 2SLS in Randomized Experiments 35

For the denominator, under Assumption 8, Lemma B.3 of BCS 2017a implies that

22 1(Xi €5)ZiDi
IS 1(X, € 5) Z:
. i" 1(X; €s)(1—2Z;)D;
Cos =7 m1(Xies)(1—2)

n

(1s = 2y P(Dy =1]s),

25 P(Dy =1]s).

Together with 2 3" 1 (2; € s) == p(s) =p(zi € 3),

5 n '

> (G —dos) W 2 P(Di=1)= P(Dy=1) = P (D1 > Dy).

X; € S), ﬁ(s)ﬁz (8) = %Zzl 1 (XZ S S) Z»;, t1 (8) =F [tlz“Xi c 8]7

zs:(gle €0s — Bo (Clg COQ))W

:iﬁ(s) [%Zi:l tul(Xi S S)Z 1 ZZ 1t01 (X, S S) (1 — ZZ):|

»
Il
-

po b (s) b= p(s) (1 —p)
SERS ti—t1(s)Zi  (toi —to(s)) (1 — Zi)
;”zllXGS{ b (1-p) }

S
+Z%21(Xi65)(t1(8)—t0(5))

—t1(s)Zi  (toi —to(s)) (1 —Zi)
Pz (1—p2)

1(X; € 5) {(t“ } + 3" (Rins + Rans)

seS

+ tol' — to (S)
p= 1—p.

] + ) (Rins + Rans)

sES

lz tlz tOz (27)
n i=1

In the above

PP I . _ . _ _ 7
Rlns—ﬁ 17pz)*; (Xi € 5)[(tri —t1(s)) Zi + (toi — to (s)) (1 = Zi))

1
Rons = N
? < (1 5-) <1—pz>)

- Z L(Xi € 8)[(1=pz) (tri — 1 (5)) Zi — p= (toi — to (s)) (1 — Zi)].-
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Rewriting,
Rins = ]_ —pz { Z 1 X S 5 ) [(tli —t (5)) - (tOi —to (5))}
+p%21(xz~ €5) (ti —t1 (5)) + (1 —pz)%ZI(Xi € 5) (to: — to (8))}
1
Raons = (ﬁz (1 _ﬁz) (1 —pz > { Z 1 X S s ) [(tli —t (S)) + (tOi —to (S))}

n

19 30 (1= 21X €8) (b1 — 1 () — (1 = p) Zzil (X € 5) (tos — to (s))}

i=1

e D (1= 2= (L= p) 1K €9) (b = 11 (9)) = (1= p2) 3 D (Z = p2) 1(Xs €.9) (i — 0 )

i=1

e (L= p2) 5 31X € 8) (b=t (5)) = (1= p)pery DO L(X €9) (b — o <s>>}

=1 =1

Using Assumption 8, Lemmas B.2 and B.3 of BCS 2017a, and arguments similar to those
in propositions 4 and 5, we can show that ZSES Rins = op (1) Op (ﬁ) = op (ﬁ) and

Ses Bons =0p (1) Op () = 0r ()

Since 1i= 1(s) + toi—to(s) _ tii—Et1i—(t1(s)—Et1;) + toi—FEtoi—(to(s)—FEtoi) _ Wi — w(s)7 (27)
Pz 1-p- Pz 1-p= v
can be written as
S 1 n 1 n
S => 1(Xi€9)(Zi —p2) [wi —w ()] + —= > (ti — toi) + op (1), (28)
s=1 vn i=1 vn i=1

The first part of this influence function corresponds exactly to the first term in (25). Therefore
regardless of p, there is no need to worry about the variation induced by the sampling scheme
for Z; within the cluster.

X; € s”

In the special case of unconfoundedness, (28) becomes

S n
1 Y1 Yo: Yis Yo;
E —E 1(X;€s Zifpz[ + fE[ +
s=1 \/’711':1 ( ) ) p 1—p- Pz 1—-p.

z

n (29)
Z Y1i — Yoi) — (u1 — po) +op (1),

Using Assumption 8, 63 is consistent for the plim of P (D; > Do) times + i) D ? where

ty; — t toi — t _ _
+ = (1= p2) (tri — toi — b1 + fo — Xn,x0, - tDET;lX (X: — X))
—(Zi—p) (w1 — & — Swxw Sk (Xi - X))

+p:(1—p.) (tli —to; —t1 +to — n,X,tl—tOE;lX (Xi - X))
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for Vpx = 13" (Xi—X) (Xi—X) and Ty xe = 230 (Xi — X) (ti — ©). With X;
being the cluster dummies, w; — @ — me’wﬂ;lx (Xi — X') is the residual from a saturated
ster > ses L(wi € 8) (wi —w (s)). For
the same reason, t1; —toi —t1+to— Xn X t, —tg 2, x L (Xi — X) is the residual from a saturated
regression of t1; — to; on the cluster dummies, and converges to

regression of w; on the cluster dummies, and converges to >

Z 1 (Il € S) (th' —tos — F (tli — t0¢|5)) .
seS

Therefore 1 i) D 1? is in turn consistent for the variance of

S n
Z an:l X; 68 pz)[wi ZZl 1’168 tlz—tol E(tu—tm’ls)),

s=1 2:1 i=1 s€S

which is asymptotically smaller than the variance of (28) but larger than the variance of its
first component. Next we will need to add a consistent estimate of

1 n
- ZZ 1 (ZEZ S S) E(th‘ — t0¢|s)2 .
n i=1 s€S

This is obtained by QAS'% > (V; - \7) (\/Q - \7)/ qg, which is the variance of the fitted value

of the saturated cluster dummy regression. We can then use &3 in Corollary 3 to obtain a
consistent estimate of the variance of (28).

We can also directly estimate the variance of B3 by estimating the first representation of the
influence function in (27). Let tiZ; = (Yi — DlﬂAg) Z;, tos 1-2%)= (Y; — DlﬂAg) (1-2%,),

:ifuzil (X; € S)/izil (Xi€s)

Ztoz1— ; Xes/21— D 1(X; € s)

and construct

(t1iZi — 11 (s) Zi)  (foi 1= Zi) — 1o (s) (1 — Zi))
ﬁz (1 _ﬁZ)

>2

Lemma B.3 of BCS 2017a and the continuous mapping theorem imply that &1 (s) == ¢; (s)
and o (s) = to (s). Slutsky’s theorem then implies that 2 consistently estimates the va-

riance of (27).
K Proof of Proposition 7

This estimator can be implemented using OLS and 2SLS by fully interacting Z;, the cluster
dummies, and the additional regressors X;. To simplify notation we denote W; = (1 X;) and



38 Ansel, Hong, and Li: OLS and 2SLS in Randomized Experiments

the regression functions in (12) as 4y, Wi, 41 Wi, 70sWs and 71,W;. Consider first the OLS
case under Assumption 5.

Bs =Y p(s) W (15 — Fos)

sES

where W, = L 37 1(X; € s) Wi/p(s), Jos —= Y05 = (E(WW|s))™" (E (WYols)), and
s 2 s = (B (WW’|5))_1 (E (WYi]s)), for

Y1s = Hy,) (

’A)/()5 = Hanl (:L i 1 (X-L (S S) (1 — Zz) WrLYz) and Hy, = <71L Z 1 (Xl S 5‘) (1 — Z»L) Wsz,)
- (31)

> 1(Xi€s) ZiWiYi> and Hi, = (; > 1(Xi€s) ZiW¢Wi’> . (30)
i=1 =1

3=

3

In the normal equations EW (Y; — W'v;s|s) = 0 for j = 0,1, and W includes the constant
term. Therefore E (Y; — W'y;4|s) = 0 for j = 0, 1, so that Bs = o= A =E (Y1 — Y;). In

the following, we will not require p. (s) = p.. Note that
Bs —Bo =Y _5(s) Ws [J1s — 715 — Fos +70s] + D () Wi (15 — 705) — 4,
SES SES

(1) (2)

where we can write (1) as

Zp L | HG = 1 Z 1(Xi € s)WiZi (Yii — Wims) — H&f% Z 1(Xs €s) Wi (1= Zi) (Yoi — Wi’%s)] )
SES i=1

Using p(s) B p(s), We B E(W|s), E(W'|s) E(WW'|s)"" = (1,0,...),

Hin B p(s)p. (s)E (WW/\S) , Hon B p(s)1—p.(s)E (WW’|5) ,

1< 1 1< 1
- ;1()@ € s)WiZ; (Yli — Wi/'}’ls) =O0p <ﬁ) o ;1 (Xs €)W (1 - Zy) (YOi — W{’Yos) =0Op (%) ,

we can write (1) as

11 Yii — W/myis Yoi — W-/’Yos) ( 1 )
E(W WW - (X; €)W, (Ziizfleiil +op | —=
2 Bl ERE L O R N O AN
R 74, W
_ Z Zl X cs |: pz (8)) (le Wz'}/ls + YOz WZ'YDS)
2w ) 1)
+ [Yu—YOi—W'/ (’Yls—’YOe)] + op 1
i E E \/ﬁ
Therefore,
. _ W/ W/
Z Zl X c S ( )) (le W»L'Yls + YOZ W»L'YOS>
2 P () 1= 5. ()

+E;(Yu — Yoi — A) +op (%)
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This obviously is more efficient than (29) since W/v;s,7 = 0,1 is the linear projection of
Yi; — E (Yij|s) within cluster s, and results in a smaller variance.

Next we generalize the above to LATE. Consider

Zsesﬁ(s) V_E/ (15 — Fos)
> ses D (8) Wi (15 — Tos)

so that for ﬂo = E(Y1 — YE)|D1 > Do),
Zsesﬁ (3) Ws (’AYIS - '3/03 - (7215 - 7205)/ /BO)
2565 ﬁ (S) W, (7213 - 7208)

Since the denominator is E (Dy — Do) 4+ op (1) = P (D1 > Dg) + op (1), we focus on the
numerator, and write

Ps =

Bs — o =

(P (D1 > Do) +0p (1) (Bs = Bo) = D5 () Wa (510 = Fos = (Fr = 70.)' Bo) -

sES

Y15 and o5 are defined by
a1 - .
1 = i) (n D 1(Xi€s) Z:-W%) L s = (B (WW)s) ™ (B (WYY |s)

i=1

n

fos = Hop (Tll Z 1(Xies)(1-2) Wﬂ@) = 0 = (B (WW'[s)) " (B (WY5ls)),

and 715 and 795 are analogously defined by

1 = Hy,! (1 1(X; € 5) ZiWZvDi) 2 e = (E(WW'|s)) ™" (E (WDals))
1=1

S

os = Hpy ( 1(X; €s)(1— Z;)WiD; > 2 105 = (E(WW'[s)) ™" (E (WDyls)).

Define 7jjs = ;5 — 745 fo for j = 0,1, so that ;s — n;s = E(WW'|s)"" E (Wt,|s), where

n

-1
) 1¢ 1 .
Ns = (n Zl 1 (Xl (S 5) ZlWle/) E Zl 1 (Xz S 5) ZiW; (1/12 - DllzﬁO)
1= 1= Y —
t14

3

R RN ) 1 /
flos = (n;uxi es)(l—zi)WiWi> 5;1 (Xi € 5) (1= Zi) Wi (Yo; — Doiffo)
to4

Then we proceed similar as the ATE case to write the numerator as

Z;ﬁ( YW [fi1s — M1s — fos + Nos] Jer Ws (15 — M0s),
SES sES

(1) (2)
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where by noting that

n

BN Lo 1 1
- ; 1(X; € s) WiZi (tri — Wims) = Op (%) - 2

we can write (1) as
1—p-(s)

sES p= (5)

1 ¢ tie — Wins | toi — Winos
= Zﬁzl(xl €s) |:(Zz — = (5)) ( : ey 20 o ) + [tri — toi — Wi (s *TIOS)]} +op (
1

SES i= Pz (S) 1- Dz (5)
Therefore,
1 = tli - Wi,nls t()i — W{nos>
1)+ (2) = — 1(X; €s)(Zi —p= (s < +
e ze;s"; ( ) ) p= () 1—p-(s)

0 (32)
()

Again this ought to be more efficient than (27) since W/n;s is the within cluster linear
projection of ¢j; — ¢; (s). The more variables the projection is on, the smaller the variance.
As dim (W) — oo at an appropriate rate, W;n;s — E (t;;|W;) for j = 0,1, so that the above
equation becomes the efficient influence function in (24) conditional on both the cluster
indicators and the extra regressors.

Z 1(Xi € s) Wi (1 = Z;) (toi — Winos) = Op

STEWIs)E(WWs) ™! % ST1(Xie )W (Zw —(1—2Z) w) +op (%)
i=1

()

NG

")



