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Lecture 18 - Hausdorff measures and fractals

Hausdorff measure and dimension.

e Given a metric space (X,d), we can define a “distance” between two sets by d(A, B) =
infyecayep d(z,y). (note: d(A, B) =0 does not imply A = B)

e Def: On a metric space (X,d), a Metric Outer Measure (MOM) p* is an outer measure
satisfying: for any two sets A, B, if d(A, B) > 0, then u*(AU B) = p*(A) + p*(B).

e From Carathéodory’s thm, MOM’s, as outer measures, restrict to measures on the o-algebra
of p*-measurable sets. Prop. 11.16 in [F] tells us a bit more: if p* is a MOM, then every open
set is p*-measurable. In particular, Metric Outer Measures are automatically Borel
measures (by restricting them to Bx).

e Exterior a-dimensional Hausdorfl measure: Consider R™ with its Euclidean distance and for
a given set F' define distF' = sup{d(x,y): z,y € F}. For E € R" and ¢ > 0, let

H® = inf {Z(diam Fp)*,E C | J Fy, diam F < 5} .
k keN

H?, increases as 6 — 0 and thus we can define m,(E) := lims_o H3 (E).

e m} is an MOM, hence restricts to Brn as a Borel measure. mj} is translation/rotation invari-
ant, and scales like m» (AE) = A*m% (E).

e mo(E) =#E. my(FE) is proportional to the d-dimensional Lebesgue measure.

o If mj(E) < o0 and B > a, then mj(E) = 0. If mi(E) > 0 and 3 < «, then mj(E) = oo.
Hence we may define the Hausdorff dimension of E.

a =dimE = sup{f : mg(F) = oo} = inf{f : mg(E) = 0}.

If mo(E) € (0,00), we say that E has strict dimension o!.

e Examples: a segment has strict dimension 1 in any R?. The k-cube [0, 1]* has strict dimension
k, a non-empty open set in R? has strict dimention d. my = 0 on R% if a > d.

Given a set E, the task is then two-fold: to find its Hausdorff dimension (the unique o > 0 such
that mqo(E) € (0,00)), then to compute mq(E). The second task is perhaps less relevant (since the
scaling property of the a-dimensional measure shows how to get different values by just scaling a
given set), so we’ll focus on the first problem.

Examples and their Hausdorff dimensions. Cantor set C (1262), Sierpinski triangle & (183,

log 3 log 2
von Koch curve K (Eg g), Cantor dust D.

We give some elements of proof of these statements, first focusing on C. We first show that if

a= %ggg, then mqo(C) < 1. (this implies that the dimension of C is at most ). Indeed, for § = 2,

we see that C is covered by 2" segments of length 37". Hence, H2 "(C) < 1 for all n > 0, hence
sending n — 0o, mqy(C) < 1.

"'We drop the * exponent from m}, when thinking of it as a Borel measure.
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Proving that m,(C) > 0 based on Hélder exponents.

Def: For 0 < o <1, f is a-Holder if | f(z) — f(y)] < M|z — y|*.

Lemma 1: If F is compact and f : E — R¢ is y-Hélder, then for any o, Mo (f(E)) <
M*"my(E) and dim f(E) < %dim E.

proof: think about how diameters of coverings of FE are being mapped through f and its
Holder exponents.

Lemma 2: If f; : [0,1] — R is A’-Lipschitz (A > 1) and |fj+1 — fjloo < B™ (B > 1), then
fn has a pointwise limit f which is y-Holder, where v = log B/ log(AB).

Application: using Lemma 2, one can show that the Cantor-Lebesgue function f is Eig—
Holder, and satisfies f(C) = [0, 1]. So from lemma 1, we obtain, with a = iggg

1= ml([ov 1]) = ma/a(f(c)) < Mma(C),

for some constant M > 0, and hence m,(C) > 0. This completes the proof that C has strict
log 2

dimension .
log 3

Proofs based on self-similarity and the Hausdorff distance.

o A set F C R%is r-self-similar if there exists r-similarities Si, ..., Sm, such that

F=8(F)U---USn(F). (1)

On compact sets of R%, the Hausdorff distance dist(A, B) is defined by

dist(A, B) = inf{0 : A c B® and B c A%}.

dist satisfies: reflexivity, symmetry, triangle inequality, and if 51, ..., Sy, are r-similarities,
upon defining S(A) = S1(A)U---US,,(A), we have dist(S(A), S(B)) = rdist(A, B).

Thm: Given r-similarities S1, ..., Sy, 3 |F compact satisfying (1). (proof: fixed point. First
start with B such that S(B) C B).

Thm: if the similarities are separated (in that there exists O open such that S(Q) C © and

the sets S;(0O) are disjoint), then dim F' = %-
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