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Abstract— Surgical procedures are traditionally performed by
two or more surgeons along with staff nurses. One surgeon
serves as the primary surgeon and the other serves as his/her
assistant. Surgical robotics have redefined the dynamics in
which the two surgeons interact with each other and with the
surgical site. Raven IV is a new generation of the surgical
robot system having four articulated robotic arms in a spher-
ical configuration, each holding an articulated surgical tool.
The system allows two surgeons to teleoperate the Raven IV
collaboratively from two remote sites. The current research
effort aims to configure the link architecture of each robotic
arm, along with the position (port placement) and orientation
of the Raven IV with respect to the patient, in order to optimize
the common workspace reachable by all four robotic arms. The
simulation results indicate that tilting the base of the robotic
arms in the range of -20 to 20 deg while moving the ports
closer together up to 50 mm apart leads to a preferred circular
shape of the common workspace with an isotropy value of 0.5. A
carefully configured system with multiple surgical robotic arms
will enhance the interactive performance of the two surgeons.

I. INTRODUCTION

Surgical procedures are traditionally performed by two or
more individuals, along with staff nurses. With the introduc-
tion of a surgical robot into the operating room, the dynamics
between the primary and assisting surgeons changed signifi-
cantly. The primary surgeon, who controls the surgical robot,
is immersed in a surgical console and is physically removed
from the patient, while the assistant is usually locate next to
the patient and hold another set of surgical tools. Raven IV
(Figure 1) is a new generation of surgical robotic systems
that includes four articulated arms. It allows two surgeons to
collaborate using two surgical consoles that are located either
next to the patient or at two remote locations. Raven IV is
the second generation of Raven I [1]-[12]. The kinematic
optimization of Raven I was based on the analysis of the
workspace of a single arm [10], [11]. Other previous research
efforts mainly focused on the design of port placement for
cardiac procedures while using several existing robotic arm
architectures such as the Zeus [13], [14] or DaVinci [15],
[16] or a similar four bar mechanism [17] inserted between
the ribs. With the introduction of four robotic arms, a
new optimization approach is required for designing the
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size and the shape of the common workspace of the four
robotic arms while ensuring the kinematic performance of
each robotic arm. The scope of this research effort is a
kinematic optimization of the surgical robotic arms in terms
of their structural configurations as well as their positions
(port placement) and orientations with respect to the patient.

(a)

(b)

Fig. 1. Raven IV Surgical Robot System: (a) Hardware integration. (b)
CAD rendering of the four Raven IV arms interacting with the patient;
operation area is covered by the conical common workspace.

II. KINEMATICS OF RAVEN IV

A. Direct Kinematics of the Raven IV Arms

The Raven IV surgical robot system consists of two pairs
of surgical robotic arms. The pairs are mirror images of each
other, which results in symmetric kinematics. Each arm has
seven degrees of freedom (DOFs): six DOFs for positioning



and orienting the end-effector and one for opening and
closing the end-effector.
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Fig. 2. Reference Frame of the Raven IV surgical robot system: (a) arms
and (b) tools.

The base frame is located at the converging center of the
spherical mechanism formed by the first three links of a
Raven IV arm (Figure 2(a)). The Denavit-Hartenberg (DH)
Parameters (Table I) are derived in the standard method
defined by [18].

The direct kinematics can be derived from Table I, for the
left and right arms respectively. Note that sinθi is denoted
as si, cosθi is denoted as ci, sinαi is denoted as sαi, cosαi

is denoted as cαi.

TABLE I
DENAVIT-HARTENBERG PARAMETERS FOR RAVEN IV ARMS

(STANDARD METHOD).

Robot i− 1 i αi ai di θi

Left 0 1 π − α 0 0 θ1(t)
Robot 1 2 −β 0 0 −θ2(t)
(1,3) 2 3 0 0 0 π/2− θ3(t)

3 4 −π/2 0 d4(t) 0
4 5 π/2 a5 0 π/2− θ5

5 6 −π/2 0 0 π/2 + θ6

Right 0 1 π − α 0 0 π − θ1(t)
Robot 1 2 −β 0 0 θ2(t)
(2,4) 2 3 0 0 0 π/2 + π + θ3(t)

3 4 −π/2 0 d4(t) 0
4 5 −π/2 a5 0 π/2 + θ5

5 6 −π/2 0 0 π/2− θ6

Range θ1 ∈ [0◦, 90◦] θ2 ∈ [20◦, 140◦]
θ3 ∈ [−86◦, 86◦] d4 ∈ [0, 250] mm
θ5 ∈ [−86◦, 86◦] θ6 ∈ [−86◦, 86◦]

The direct kinematics is defined as the position and the

orientation of the end-effector with respect to the base frame:

0
6T =0

1 T ·12 T ·23 T ·34 T ·45 T ·56 T =




r11 r12 r13 Px

r21 r22 r23 Py

r31 r32 r33 Pz

0 0 0 1


 (1)

B. Inverse Kinematics of the Raven IV Arms

Given the position and orientation of the end-effector of
a Raven IV arm, the six DOFs for positioning and orienting
the end-effector can be determined by resolving inverse
kinematics analytically. To ensure the reachability of the
given point, the resolution of the inverse kinematics should
satisfy the joint limits in Table I. Equation (1) describes the
homogeneous transformation of the kinematics of a Raven
IV arm.

Hence, 6
0T can be determined as the inverse of 0

6T such
that

6
0T =




r
′
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r
′
21 r

′
22 r

′
23 Pyinv

r
′
31 r

′
32 r

′
33 Pzinv

0 0 0 1


 (2)

where for the left Robot,

Pxinv = (−d4c5 + a5)c6

Pyinv = s5d4

Pzinv = (−d4c5 + a5)s6

(3)

and for the right robot,

Pxinv = (d4c5 − a5)c6

Pyinv = s5d4

Pzinv = (−d4c5 + a5)s6

(4)

Let us define Pinv as:

P 2
inv = (P 2

xinv + P 2
yinv + P 2

zinv)

= (d4c5 − a5)2c2
6 + s2

5d
2
4 + (−d4c5 + a5)2s2

6

= (a5 − d4c5)2 + s2
5d

2
4

= a2
5 − 2a5d4c5 + d2

4c
2
5 + s2

5d
2
4

= a2
5 − 2a5d4c5 + d2

4 (5)

which gives:

c2
5 = (

a2
5 + d2

4 − P 2
inv

2a5d4
)2 (6)

Note that both (3) and (4) lead to

c2
5 = 1− s2

5 = 1− (Pyinv/d4)2 (7)

Hence,

1− (
Pyinv

d4
)2 = (

a2
5 + d2

4 − P 2
inv

2a5d4
)2 (8)



Equation (8) satisfies both the left robot and the right robot
and therefore leads to four possible solutions to d4 as:

d41 =

√
a2
5 + P 2

inv + 2a5

√
(P 2

inv − P 2
yinv) (9)

d42 = −
√

a2
5 + P 2

inv + 2a5

√
(P 2

inv − P 2
yinv) (10)

d43 =

√
a2
5 + P 2

inv − 2a5

√
(P 2

inv − P 2
yinv) (11)

d44 = −
√

a2
5 + P 2

inv − 2a5

√
(P 2

inv − P 2
yinv) (12)

out of which only (12) is acceptable for both the left and
right arm given the constrain in Table I.

θ6 can by resolved as:

s6 = Pzinv/(−d4c5 + a5) (13)

for the left robot,

c6 = Pxinv/(−d4c5 + a5) (14)

and for the right robot,

c6 = −Pxinv/(−d4c5 + a5) (15)

θ6 = Atan2(s6, c6) (16)

θ5 can be resolved as:

s5 = Pyinv/d4 (17)

c5 =
√

1− s2
5 (18)

θ5 = Atan2(s5, c5) (19)

Given the solution of d4, θ5 and θ6, we can compute
0
3T = 0

1T ·12 T ·23 T =0
6 T · [34T ·45 T ·56 T ]−1

=




a11 a12 a13 ax

a21 a22 a23 ay

a31 a32 a33 az

0 0 0 1


 (20)

where

a32 = s2sαc3 + (c2sαcβ + cαsβ)s3 (21)
a33 = c2sαsβ − cαcβ (22)

θ2 can be resolved as:

c2 =
cαcβ + a33

sαsβ
(23)

s2 =
√

1− c2
2 (24)

θ2 = Atan2(s2, c2) (25)

Let us define a = s2sα and b = c2sαcβ + cαsβ .
Equation (21) becomes

a32 = ac3 + bs3 (26)

and a, b and a32 are known. Equation (26) can be solved
with the tangent-of-the-half-angle substitutions (see Section
4.5 of [18]):

θ3 = 2Atan(
b±

√
a2 + b2 − a2

32

a + a32
) (27)

Equation (26) can also be solved as (see C.10 of [18]):

θ3 = Atan2(b, a)±Atan2(
√

a2 + b2 − a2
32, a32) (28)

Note that solutions only exist when a2 + b2 − a2
32 ≥ 0.

Additionally, (27) requires a+a32 6= 0; (28) requires a32 6= 0
and a 6= 0.

An algorithm to check a13 ((29) and (30)) in (20) can be
used to choose between the two possible solutions of θ3.
For the left robot,

a13 = −s2sαs3 + c2sαc3cβ + cαc3sβ (29)

For the right robot,

a13 = s2sαs3 − c2sαc3cβ − cαc3sβ (30)

Given the solution for θ2 and θ3, θ1 can be determined
by:

0
1T = =0

6 T · [34T ·45 T ·56 T ]−1[12T ·23 T ]−1

=




b11 b12 b13 bx

b21 b22 b23 by

b31 b32 b33 bz

0 0 0 1


 (31)

with s1 = b11, c1 = b21 for the left robot, s1 = b11, c1 = b21

for the right robot and

θ1 = Atan2(s1, c1) (32)

To the best of our knowledge, the inverse kinematics of
the Raven IV surgical system that involves six degrees of
freedom has not been studied before.

III. OPTIMIZATION OF THE COMMON WORKSPACE

A. The Common Workspace

All four Raven IV arms are arranged with respect to each
other as depicted in Figure 3. Each gray bar represents the
base of one arm. The magenta and the cyan bars represents
the first and second links respectively. These four Raven IV
arms can reach a common volume in 3D space. For the
purpose of optimizing the system, a reference 2D plane was
defined inside the patient 150 mm below the plain including
the ports of the four arms.
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Fig. 3. The common workspace projected onto the reference plane: (a) 3D
view; (b) projection onto x-z plane. For each Raven IV arm, the gray bar
represents its base. The magenta and the cyan bars represent the first and
second link respectively.

B. Area-Circumference Ratio

The optimized common workspace is expected to have
the largest circular area possible as opposed to an elliptical
area. Mathematically, the area and shape of the common
workspace can be collectively evaluated by the ratio be-
tween the area and the circumference ratio of the common
workspace ς , which is defined as

ς =
Area

Circumference
(33)

According to the isoperimetric inequality, a circle has
the largest possible area among all the shapes with the same
circumference. The Area-Circumference ratio of a circle ςc
is proportional to its radius r:

ςc =
πr2

2πr
=

r

2
(34)

Practically, the common workspace has an amorphic shape
that can not be expressed analytically. However, maximizing
ς , i.e. max(ς), will result in the common workspace that is
as close as possible to a circle.
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Fig. 4. Example of common workspace of two Raven IV arms: (a) α =
65◦, β = 15◦, ς = 2.23; (b) α = 65◦, β = 80◦, ς = 4.48.

Figure 4 presents two common workspace of two Raven
IV arms resulting from different link lengths. The common
workspace depicted in Figure 4(b) (with ς = 4.48) is prefer-
able compared to the workspace illustrated in Figure 4(a).

C. Mechanism Isotropy

Isotropy is a performance measure in the range of [0, 1]
where 0 represents singular configuration of the mechanism
and 1 represents the mechanism’s ability to move equally in
all directions. The isotropy is defined based on the Jacobian
matrix J as one over the condition number of the Jacobian
matrix.

Iso =
1

Condition number of J
(35)

The Jacobian matrix is derived analytically by using the
velocity propagation method in which the angular velocity
is propagated as:

i+1ωi+1 = i+1
i Riωi + θ̇i+2Ẑi+1 (36)

and the linear velocity is propagated as:

i+1vi+1 = i+1
i R(iωi ×i Pi+1 +i vi) + ḋi+2Ẑi+1(37)

Note that for a prismatic joint, θ̇i+1 = 0 in (36); for a
revolute joint, ḋi+1 = 0 in (37).

Since the mass and dimension of the end-effector is
negligible comparing to the first three links of the Raven
IV arms, this analytical derivation of the Jacobian includes
only the positioning of the wrist of the Raven IV arm, i.e., θ1,
θ2 and d4. Therefore, DH parameters in Table I are modified
to rule out the non-relevant DOFs: (1) θ3 = 0; (2) α4 = 0;
(3) DH parameters relevant to joint 5 and joint 6 are not
considered and therefore are all set to zero.

By velocity propagation, the angular velocity of the tool
wrist for the left arm is:

3v3 =




c2cβsαθ̇1 + sβcαθ̇1 − sβ θ̇2

s2sαθ̇1

c2sβsαθ̇1 − cβcαθ̇1 + cβ θ̇2




(38)

and for the right arm is:

3v3 =



−c2cβsαθ̇1 − sβcαθ̇1 + sβ θ̇2

s2sαθ̇1

c2sβsαθ̇1 − cβcαθ̇1 + cβ θ̇2




(39)

The linear velocities of the tool’s wrist are the same for
both the left arm and right arm, which is:

3v3 =




0
0
ḋ4


 (40)

Therefore, the Jacobian matrix for the left robot is:

3J =




c2cβsα + sβcα −sβ 0
s2sα 0 0

c2sβsα − cβcα cβ 1


 (41)



and for the right robot is:

3J =



−(c2cβsα + sβcα) sβ 0

s2sα 0 0
c2sβsα − cβcα cβ 1


 (42)

The resulting Jacobian matrix has a unit vector corre-
sponding to the prismatic joint along the z-axis of Frame 4.
Therefore, the mechanism isotropy only depends on the 2×2
top left sub-matrix of the Jacobian, denoted as 3Js.

IV. SIMULATION

A. Cost Function

The common workspace is to be optimized from the
following four perspectives: (1) the the Area-Circumference
ratio (ς) is maximized given bounded isotropy values; (2) The
average isotropy of the common workspace is maximized;
(3) the minimum isotropy of the common workspace is
maximized; and (4) the dimension of the robot arm is
minimized, which results in a stiffer structure. With the above
considerations, the cost function of the optimization of the
common workspace is defined as:

C = max
(α,β,φx,φy,φz,bx,by)

{ ς ·∑ Iso · Isomin

α3 + β3
} (43)

Where
∑

Iso denotes the sum of the actual isotropy of
the points in the common workspace, Isomin denotes the
minimum isotropy required in the common workspace, and
α3 + β3 represents the stiffness of the structure, since the
stiffness of the link is inversely proportional to the cubic
power of the dimension.
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Equation (43) intends to maximize the cost function by
choosing the link length of the first two links α and β, the
distance between the ports, the base orientation of the arms,
and the minimum isotropy required in the workspace: (1)
the α between the Axis 1 and Axis 2, and the β between
Axis 2 and Axis 3; (2) the base orientation are about Xw,
Yw and Zw axes of the world coordinate frame respectively,

i.e. φx, φy and φz; and (3) the port spacing bx and by is the
horizontal distance between the bases of the Raven IV arms,
measured along Xw and Yw respectively; (4) Isomin is the
minimum isotropy required in the common workspace.
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This section intends to find the common workspace of
four cooperative Raven IV Arms by brute force simulation.
The cost function for the optimization involves adjustable
parameters relevant to the link lengths, the port spacing and
the base orientation, and the minimum required isotropy.

B. Isotropy Performance

Limiting the minimum isotropy performance Isomin has
a significant effect on the resulting optimized common
workspace. Since θ1 and d4 are not involved in the analytical
expression of the Jacobian, Isomin only depends on the
range of θ2 and therefore it narrows down the workspace
of each Raven IV arm, as shown in Figure 6.
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Fig. 7. Distribution of ς for different Isomin. (a) For Isomin = 0,
ςmax = 6.64 when α = 80◦, β = 40◦; (b) For Isomin = 0.5, ςmax =
6.55 when α = 70◦, β = 35◦.

C. All-in-One Optimization
The workspace of the Raven IV surgical robot system

can be further optimized by adjusting the base orientation
and port spacing. Simulation in this section explores all
seven parameters in (43) within the limited ranges defined
by Table II to find the preferred value for each parameter.

The results show that the Raven IV arms should be
arranged as depicted in Figure 8(a) to achieve the most
optimal common workspace (Figure 8(b)).

V. CONCLUSION

We derived the direct kinematics and resolved the inverse
kinematics of the Raven IV surgical robot system. The Area-
Circumference ratio ς is used to evaluate the geometric



TABLE II
PARAMETER RANGES AND PREFERRED VALUES FOR THE OPTIMIZATION

OF THE RAVEN IV SURGICAL ROBOT SYSTEM.

Range Optimal Value Resolution
α [5◦, 90◦] 85◦ 20◦
β [5◦, 90◦] 65◦ 20◦
φx [−20◦, 20◦] 20◦ 10◦
φy [−20◦, 20◦] 10◦ 10◦
φz [−20◦, 20◦] −20◦ 10◦
bx [50, 200] (mm) 100 (mm) 50 (mm)
by [50, 200] (mm) 50 (mm) 50 (mm)
Isomin [0.1, 0.9] 0.5 0.2
Result Cmax = 526.3 for Isomin =0.5
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Fig. 8. (a) Raven IV surgical robot system and (b) its optimized workspace.

properties of the common workspace of the four Raven IV
arms. Furthermore, bounding mechanism isotropy ensures
high performance of each individual arm. The analytical
derivation shows that: (1) the mechanism isotropy perfor-
mance of a Raven IV arm depends on a 2 × 2 sub-matrix
in the 3× 3 Jacobian matrix for the end-effector positioning
(i.e. θ1, θ2 and d4); (2) setting the minimum isotropy value
narrows down the working range of Joint 2 of each Raven
IV arm and therefore affects the geometric properties of the
common workspace.

Based on its kinematic properties, the common workspace
of the four Raven IV arms is optimized by adjusting the link
lengths, the port spacing and the base orientations within
practical ranges of each parameter. The four Raven IV arms
will have a optimized common workspace with the cost
function that involves the Area-Circumference ratio and the
mechanism isotropy performance if the ports are spaced at
bx = 100 mm and by = 50 mm, and the bases are rotated
about the X-axis by φx = 20◦, about the Y-axis by φy = 10◦

and about the Z-axis by φz = −20◦ in the world coordinate
system.
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