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Abstract. We systematically develop a theory of stratification in the context

of tensor triangular geometry and apply it to classify the localizing tensor-
ideals of certain categories of spectral G-Mackey functors for all finite groups G.

Our theory of stratification is based on the approach of Stevenson which uses

the Balmer–Favi notion of big support for tensor-triangulated categories whose
Balmer spectrum is weakly noetherian. We clarify the role of the local-to-

global principle and establish that the Balmer–Favi notion of support provides

the universal approach to weakly noetherian stratification. This provides a
uniform new perspective on existing classifications in the literature and clar-

ifies the relation with the theory of Benson–Iyengar–Krause. Our systematic

development of this approach to stratification, involving a reduction to local
categories and the ability to pass through finite étale extensions, may be of

independent interest. Moreover, we strengthen the relationship between strat-
ification and the telescope conjecture. The starting point for our equivariant

applications is the recent computation by Patchkoria–Sanders–Wimmer of the

Balmer spectrum of the category of derived Mackey functors, which was found
to capture precisely the height 0 and height∞ chromatic layers of the spectrum

of the equivariant stable homotopy category. We similarly study the Balmer

spectrum of the category of E(n)-local spectral Mackey functors noting that it
bijects onto the height ≤ n chromatic layers of the spectrum of the equivariant

stable homotopy category; conjecturally the topologies coincide. Despite our

incomplete knowledge of the topology of the Balmer spectrum, we are able to
completely classify the localizing tensor-ideals of these categories of spectral

Mackey functors.
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Introduction

Mathematics is confronted with wild classification problems. For example, there
is no hope of classifying the finite-dimensional representations of most finite groups
in positive characteristic. Similarly, there is no hope of classifying finite CW-
complexes up to homotopy equivalence. With this in mind, an important develop-
ment of the last thirty years was the realization that it is often possible to classify
such mathematical objects up to a weaker notion of equivalence: One works stably,
that is, in a suitable stable homotopy category K of such objects, and considers
two objects to be equivalent if they can be built from each other using the natural
tensor-triangulated structure of the stable category. Classifying the objects up to
this weaker notion of equivalence amounts to classifying the thick ⊗-ideals of the
category K.

Historical examples of such classification theorems include stable module cate-
gories of finite-dimensional representations in modular representation theory, the
stable homotopy category of finite spectra in algebraic topology, and derived cat-
egories of perfect complexes in algebraic geometry [BCR97, HS98, Tho97]. All of
these results are effected by a suitable theory of “support” for the objects of the
category. For example, the classification theorem in modular representation the-
ory uses the theory of support varieties (developed by Quillen, Carlson and others)
which assigns to each finite-dimensional k-linear representation of G a certain closed
subset of the projective scheme Proj(H∗(G; k)) associated to the group cohomology
ring. Two such representations are equivalent in the above sense precisely when
their support varieties coincide. Similarly, the Hopkins–Smith classification of finite
spectra uses a notion of support defined using the Morava K-theories.

These theorems were greatly clarified by Balmer [Bal05] who introduced, for any
essentially small tensor-triangulated category K, the universal notion of support
for the objects of K. It assigns to each object x ∈ K a closed subset supp(x) of
a certain topological space Spc(K) called the Balmer spectrum. Two objects are
equivalent in the above sense precisely when they have the same support. This leads
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to a bijection between the (radical) thick ⊗-ideals of K and certain subsets (called
Thomason subsets) of the space Spc(K). In this way, the classification problem
becomes the question of giving an explicit description of the Balmer spectrum and
its universal notion of support.

While these results are satisfying, they only apply to essentially small categories
of “compact” objects. For example, they only classify the finite-dimensional repre-
sentations, the finite spectra, and the perfect complexes. Typically the category K

is the subcategory of compact objects K = Tc ⊂ T in a larger rigidly-compactly
generated tensor-triangulated category T. Many of the most interesting objects are
non-compact objects in T and we would thus like to classify the localizing ⊗-ideals
of the big category T. For example, the stable homotopy category of finite spectra
is the subcategory of compact objects SHfin = SHc ⊂ SH in the stable homotopy
category of all spectra, and a classification of the localizing ⊗-ideals of SH would
provide a coarse classification of cohomology theories in algebraic topology.

We cannot apply Balmer’s construction to these large categories T because they
are not essentially small, but such set-theoretic issues are not the main point: The
problem is that the axioms for Balmer’s universal notion of support are not appro-
priate for big objects. For example, morally the support of a compact object should
be closed (and this is one of Balmer’s axioms), but this should not be expected for
the support of an arbitrary object (like an infinite-dimensional representation). We
can still attempt to classify the localizing ⊗-ideals of T by defining a notion of sup-
port for arbitrary objects in T but such notions of support are less well-behaved in
general and the properties they should satisfy are less clear-cut. Ideally, we would
like a “big” version of the Balmer spectrum — a universal notion of support for
big tensor-triangulated categories which classifies their localizing ⊗-ideals — but
no one has succeeded in constructing such a support theory and there is evidence
that in general it cannot exist [BKS20]. Nevertheless, the search for useful theories
of support continues and significant positive results have been attained in certain
noetherian situations.

For example, in a series of papers [BIK08, BIK11b, BIK11a], Benson, Iyengar,
and Krause (BIK) have developed a theory of support for compactly generated
triangulated categories T equipped with an action of a graded noetherian commu-
tative ring R. If T is tensor -triangulated, one can take the canonical action of the
graded endomorphism ring of the unit object R := End∗T(1) provided this ring is
noetherian. In general, the BIK notion of support does not classify the localizing
⊗-ideals of T but, inspired by ideas of [HPS97], BIK develop a powerful condition
called stratification which is sufficient to obtain such a classification. Indeed this
work of BIK culminates in the celebrated classification of localizing ⊗-ideals for
the big stable module categories of finite groups [BIK11a] and has since seen many
applications [Sha12, DS16, BCHV19a, BIKP18].

In parallel, Balmer and Favi [BF11] have introduced a notion of support for
rigidly-compactly generated tensor-triangulated categories T which takes values in
the Balmer spectrum Spc(Tc) of the subcategory of compact objects. This notion
of support has been applied to the classification of localizing ⊗-ideals by Steven-
son [Ste13]. The overarching goal of the present paper is twofold: On the one hand,
we will systematically develop the notion of stratification based on the Balmer–Favi
notion of support and the Balmer spectrum, and clarify its relation to the theory of
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BIK. On the other hand, we will demonstrate that this theory of stratification pro-
vides a uniform perspective on many known classification problems — both those
that are and are not amenable to the techniques of BIK — and also apply our
methods to new examples, most notably in equivariant homotopy theory.

∗ ∗ ∗
We will develop these ideas in the context of a rigidly-compactly generated

tensor-triangulated category T whose Balmer spectrum of compact objects Spc(Tc)
is weakly noetherian, a point-set topological condition that simultaneously general-
izes noetherian spaces and profinite spaces. We will take the geometric perspective
of tensor triangular geometry. To guide intuition, it is helpful to picture T as a
bundle of tensor-triangulated categories over the topological space Spc(Tc). The
purpose of the topological condition on Spc(Tc) is to guarantee that there exists a
“stalk” category g(P)⊗ T = Loc⊗〈g(P)〉 for every P ∈ Spc(Tc) which captures the
information of T supported on the point P. The Balmer–Favi support of an object
t ∈ T is then defined as

Supp(t) :=
{
P ∈ Spc(Tc)

∣∣ g(P)⊗ t 6= 0
}
,

consisting of the stalks where the object is nontrivial. Under our topological hy-
pothesis, this notion of support extends the universal support for compact objects:
Supp(x) = supp(x) for x ∈ Tc.

Following BIK, we say that T is stratified if the following two conditions hold:

• (The local-to-global principle) Any object t ∈ T can be reconstructed from
its germs g(P)⊗ t. In other words, t ∈ Loc⊗〈g(P)⊗ t | P ∈ Spc(Tc)〉.

• (Minimality at all points) For each P ∈ Spc(Tc), the localizing ⊗-ideal
g(P) ⊗ T = Loc⊗〈g(P)〉 is a minimal localizing ⊗-ideal. In other words, it
is generated by any non-zero object it contains.

These two conditions guarantee that all localizing ⊗-ideals in T can be built from
the collection

{
g(P)⊗T

∣∣P ∈ Spc(Tc)
}

and that each of these stalk ⊗-ideals cannot
be refined further. It follows that the Balmer–Favi notion of support provides a
bijection between the localizing ⊗-ideals of T and the subsets of Spc(Tc). Our
first contribution is to clarify that these conditions are actually equivalent to the
classification of localizing ⊗-ideals:

Theorem A. Let T be a rigidly-compactly generated tensor-triangulated category
with Spc(Tc) weakly noetherian. The following are equivalent:

(a) The local-to-global principle holds for T and for each P ∈ Spc(Tc), g(P)⊗T =
Loc⊗〈g(P)〉 is a minimal localizing ⊗-ideal of T.

(b) The map{
localizing ⊗-ideals of T

} Supp−−−→
{

subsets of Spc(Tc)
}

defined by L 7→
⋃
t∈L Supp(t) is a bijection.

For a more detailed statement see Theorem 4.1. This basic observation — that
stratification is the classification of localizing ⊗-ideals — does not appear to be
in the literature. It is not particularly deep, but it does involve some set-theoretic
subtleties related to the fact that a priori we don’t know that the localizing ⊗-ideals
of T form a set. Another of our basic contributions is a strengthening of known
results on the local-to-global principle. For example, we show in Theorem 3.21 that
it always holds when the spectrum is noetherian:
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Theorem B. Let T be a rigidly-compactly generated tensor-triangulated category
with Spc(Tc) noetherian. Then T satisfies the local-to-global principle.

We now highlight three key features of our theory of stratification which will be
expanded upon below:

• (Universality) The Balmer–Favi notion of support provides the universal ap-
proach to stratification in weakly noetherian contexts. Any support theory
for T lying in a weakly noetherian space that classifies localizing ⊗-ideals (in
a way compatible with the usual classification of thick ⊗-ideals of compact
objects) is equivalent to the Balmer–Favi notion of support. As a conse-
quence, if T is stratified in the sense of BIK, then it is stratified in our sense
(i.e., by the Balmer–Favi notion of support).

• (Permanence) Stratification exhibits good permanence properties under
base-change functors. In particular, it satisfies versions of Zariski and étale
descent. This often allows classification problems to be reduced to more
regular tt-categories for which stratification is known to hold.

• (Generality) Fundamental categories in diverse areas of mathematics are
stratified in our sense and thus admit a classification of localizing ⊗-ideals
in terms of their Balmer spectra. This in particular applies to examples for
which the BIK support is not applicable due to the lack of a suitable ring
action, such as categories of local spectra, categories of equivariant spectra,
or derived categories of non-affine schemes.

Our approach to understanding the global structure of a big tt-category divides
into two parts: Firstly, it is a property of the category whether it is stratified by
the Balmer–Favi support. If so, then the classification of localizing ⊗-ideals of T
is given in terms of the set underlying the Balmer spectrum Spc(Tc). Secondly,
one can then try to determine the topology of Spc(Tc), which would result in the
classification of thick ⊗-ideals of Tc. This reverses the historically more common
direction of first classifying thick ⊗-ideals of compact objects, and then attempting
to control big objects. As a consequence, stratification is a rather flexible notion
with good permanence properties even in cases where we have only partial knowl-
edge of Spc(Tc); we illustrate this point in Remarks 15.8 and 15.12. Additionally,
this two-step process distinguishes our notion of stratification from that of Benson–
Iyengar–Krause: the latter simultaneously provides the classification of localizing
⊗-ideals and determines the Balmer spectrum in terms of Spec(R). In this sense,
BIK-stratification is both stronger and weaker than our notion of stratification.

∗ ∗ ∗

We will now discuss the above features of our theory of stratification in more
detail and provide a coarse summary of our main results.

Universality of stratification. The Balmer–Favi notion of support provides the
universal approach to stratification in weakly noetherian contexts:

Theorem C. Let T be a rigidly-compactly generated tt-category. Let σ : T → P(X)
be a support function for T lying in a weakly noetherian space X. If this notion
of support stratifies T in a way compatible with the usual classification of the thick
⊗-ideals of Tc, then there is a unique identification (X,σ) ∼= (Spc(Tc),Supp) with
the Balmer–Favi notion of support.
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A more precise statement is Theorem 7.6. Note that Theorem C is a uniqueness
result, rather than a universal property, but philosophically it means that if the
localizing ⊗-ideals can be classified by a reasonable notion of support, then the
Balmer–Favi notion of support will do the job; so the Balmer–Favi notion of support
is the “universal choice” that should be considered whenever we are confronted with
a new category. In any case, the following consequence is Corollary 7.11:

Theorem D. Let T be a rigidly-compactly generated tensor-triangulated category
which, in the terminology of [BIK11b], is noetherian and stratified by the action of a
graded-noetherian ring R. Then the BIK space of supports suppR(T) is canonically
homeomorphic to Spc(Tc) and the BIK notion of support coincide with the Balmer–
Favi notion of support.

In the companion paper [BHS21], we compare the Balmer–Favi notion of support
with the homological support introduced by Balmer [Bal20]. In particular, we will
prove that they coincide in a strong sense whenever T is stratified.

Permanence of stratification. A standard approach to stratify a given tt-
category T is to find a good cover of T, that is, a collection of tt-functors Fi : T → Ui
with Ui stratified, and then verify that the stratification descends along the Fi. This
technique is the key to the stratification of the stable module category of a finite
group in the work of BIK [BIK11a], who thereby reduce to the case of elementary
abelian groups.

Since our notion of stratification is based on the Balmer spectrum Spc(Tc),
which by virtue of its very construction behaves well under change of categories and
satisfies descent properties, we are able to control the behaviour of stratification
under base change. We isolate two general principles, which geometrically speaking
amount to Zariski descent and a weak form of étale descent for stratification. In
Corollary 5.5, we prove:

Theorem E. Let T be a rigidly-compactly generated tensor-triangulated category
with Spc(Tc) weakly noetherian and satisfying the local-to-global principle. Suppose
Spc(Tc) =

⋃
i∈I Vi is a cover by complements of Thomason subsets Vi. Then T is

stratified if and only if each of the tt-categories T(Vi) is stratified.

In tt-geometry, the quotient map T → T(Vi) corresponds to a finite localization,
and the theorem can be applied to any Zariski cover by quasi-compact open subsets.
The theorem thus expresses a tt-geometric form of Zariski descent for stratification.
It is somewhat more general, however, as complements of Thomason subsets include
arbitrary intersections of quasi-compact open sets. Thus, Theorem E allows not
just restriction to a Zariski open cover (as has already been observed in [Ste13,
Theorem 8.11]) but also reduces the problem of stratification to the local categories
TP := T/Loc⊗〈P〉 at each point P ∈ Spc(Tc). Combined with Theorem B, we have
a powerful method to reduce the problem of stratification to local tt-categories.

Likewise, there is an analogue of étale extensions in tt-geometry, introduced by
Balmer [Bal15]. In Theorem 6.4, we prove a form of étale descent for stratification:

Theorem F. Let F : C → D be a finite étale morphism of rigidly-compactly gen-
erated tensor-triangulated categories. Assume that both categories have noetherian
spectrum, and let

ϕ : Spc(Dc)→ Spc(Cc)
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denote the induced map. If P ∈ Spc(Dc) is a point such that ϕ−1({ϕ(P)}) = {P}
then minimality at P in D implies minimality at ϕ(P) in C.

This result will play an important role in our proof of stratification for categories
of spectral Mackey functors (see Theorem H below). We will return to the problem
of proving more general kinds of descent in future work with Castellana.

These permanence properties allow us to establish stratification even in circum-
stances where we are unable to determine the Balmer spectrum. As noted be-
fore, the putative classification of localizing ⊗-ideals involves only the underlying
set of Spc(Tc). This leads to the — at first sight surprising — observation that
(in suitably noetherian situations) the classification of localizing ⊗-ideals in T via
stratification is in fact simpler than the classification of thick ⊗-ideals of compact
objects in T; indeed, the latter is tantamount to the computation of the topology
on Spc(Tc). For the above reasons, we regard the fact that our approach to strat-
ification is based on the Balmer spectrum as a strength rather than a weakness of
the theory.

Generality of stratification. We complement the formal development of the the-
ory with an ample collection of examples from chromatic homotopy theory, equi-
variant homotopy theory, and algebraic geometry. A uniform perspective on the
classification of localizing ⊗-ideals emerges: Our framework unifies the modular
representation theoretic instances of stratification studied by BIK (via Theorem D)
with known and new examples. The following theorem collects four examples of
tt-categories for which the classification of localizing ⊗-ideals was already known,
which we revisit with our techniques.

Theorem G. The following rigidly-compactly generated tt-categories are stratified:

(a) The stable module category StMod(kG) of a finite group G over a field k. In
this case, the Balmer spectrum is homeomorphic to Proj(H∗(G, k)). This
example is due to [BIK11a, Theorem 10.3]. See Example 7.12.

(b) The derived category Dqc(X) of a noetherian scheme X. In this case, the
Balmer spectrum is homeomorphic to the underlying space of X. This ex-
ample is due to [Ste13, Corollary 8.13]. The resulting classification of local-
izing ⊗-ideals is originally due to [ATJLSS04, Corollary 4.13]. See Corol-
lary 5.10.

(c) The category of E(n)-local spectra for any n ≥ 0. In this case, the Balmer
spectrum is homeomorphic to the poset [0, n]. The resulting classification
of localizing ⊗-ideals is originally due to Hovey–Strickland [HS99, Theo-
rem 6.14]. See Theorem 10.14.

(d) The category of rational G-spectra for any compact Lie group G. In this
case, the Balmer spectrum is homeomorphic to the conjugacy classes of
closed subgroups of G equipped with the zf-topology of Greenlees [Gre19,
Section 10]. The resulting classification of localizing ⊗-ideals is originally
due to Greenlees [Gre19, Theorem 1.6]. See Theorem 12.22.

Although the theorem could be regarded as just a repackaging of known results,
it does contain new mathematical content. For example, it establishes that the
notions of support used by the above authors to classify localizing ⊗-ideals coincide
with the Balmer–Favi notion of support. For example, the Balmer–Favi support
for the category of rational G-spectra coincides with the notion of support provided
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by geometric isotropy used by Greenlees. Similarly, the Balmer–Favi support for
the category of E(n)-local spectra coincides with the notion of support used by
Hovey–Strickland defined using Morava K-theories.

We remark that none of these examples are canonically stratified in the sense
of BIK. The reader might be surprised by this statement since Example (a) is the
paragon example of BIK stratification. However, the endomorphism ring of the unit
in the stable module category — given by Tate cohomology — is not noetherian,
hence one cannot apply the BIK machinery to the canonical action. In order to
classify the localizing ⊗-ideals, BIK has to let the ordinary group cohomology
ring (which is noetherian) act on the category. Theorem G thus provides a more
canonical classification of the localizing ⊗-ideals of the stable module category.

We then turn to a new class of examples. For any finite group G, the equivari-
ant stable homotopy category SHG can be identified with the category of spectral
Mackey functors (in the sense of Barkwick [Bar17]) valued in spectra. Similarly,
the category of derived Mackey functors (in the sense of Kaledin [Kal11]) is the cat-
egory of spectral Mackey functors valued in HZ-modules [PSW21, Section 4]. More
generally, we may study the category of spectral Mackey functors with coefficients
in a commutative ring spectrum E. This category can in turn be identified with
the derived category D(EG) of a certain equivariant ring spectrum EG obtained by
giving E the “trivial” G-action.

Building on the work of [PSW21], we obtain a complete description of
Spc(D(EG)c), as a set, for all finite groups G, in terms of the spectrum of the
nonequivariant category of E-modules Spc(D(E)c). See Theorem 13.11. Although
we obtain some results concerning the topology of Spc(D(EG)c), a full description
of the topology is presently out of reach. Nevertheless, in Theorem 15.1 we prove:

Theorem H. Let G be a finite group and let E ∈ CAlg(Sp) be a commutative ring
spectrum such that Spc(D(E)c) is noetherian. If D(E) is stratified, then so is the
category D(EG) of spectral G-Mackey functors with coefficients in E.

The proof of this theorem demonstrates the power of our geometric theory of
stratification based on the Balmer spectrum. Theorems E and F allow us to pass
through finite étale extensions (restriction to a subgroup) and then to the relevant
local categories, which we can identify via geometric fixed point functors. As a
special case, the theorem applies to E = HZ and we thereby obtain a classification
of the localizing ⊗-ideals of the category of derived G-Mackey functors (Corol-
lary 15.9). In this example, the Balmer spectrum Spc(D(HZG)c) was computed in
[PSW21] and captures precisely the height 0 and height ∞ parts of the spectrum
of the equivariant stable homotopy category.

Theorem H also applies to the category of E(n)-local spectral Mackey functors
by taking E = LnS

0 to be the E(n)-local sphere spectrum and invoking part (c)
of Theorem G. In this example, we do not have a complete description of the
topology of the Balmer spectrum. We establish a continuous bijection onto the
height ≤ n part of the spectrum of the G-equivariant stable homotopy category
(which is known for some, but not all, finite groups [BS17, BHN+19, KL20]) but
we are not able to prove that this continuous bijection is a homeomorphism onto
its image. We leave this as Conjecture 13.17. It follows that we do not obtain a
classification of the thick ⊗-ideals of compact objects for the category of E(n)-local
spectral G-Mackey functors. Nevertheless, since we compute the underlying set of
the Balmer spectrum, we still obtain a complete classification of localizing ⊗-ideals
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(Corollary 15.11). This result is particularly striking because the classification of
localizing ⊗-ideals for the G-equivariant stable homotopy category is at present
completely open (even for G = 1) and one does not expect such a simple answer.

Consequences of stratification. One of the consequences of being stratified in
the sense of BIK is that a form of the telescope conjecture holds: Every smash-
ing localization is a finite localization. This connection between stratification and
the telescope conjecture has also been studied by Stevenson [Ste13, Theorem 7.15],
who showed that, in the language of this paper, if T is a stratified rigidly-compactly
generated category which occurs as the homotopy category of a monoidal model
category and Spc(Tc) is noetherian, then T satisfies the telescope conjecture. Based
on Stevenson’s work, we extend this to a class of spaces we call generically noether-
ian (Definition 9.5). These lie in between noetherian spaces and weakly noetherian
spaces, and also include all profinite spaces. In Theorem 9.11, we prove:

Theorem I. Let T be a stratified rigidly-compactly generated tt-category with gener-
ically noetherian spectrum. The telescope conjecture holds for T.

In a forthcoming paper [BBG21], it will be shown that for any compact Lie
group G the Balmer spectrum of the category of rational G-spectra is generically
noetherian. Together with Example (d) of Theorem G, this shows that the category
of rational G-spectra satisfies the telescope conjecture.

We also establish some additional consequences of stratification, such as a tensor-
product formula for the Balmer–Favi support (Theorem 8.2) and a complete de-
scription of the Bousfield lattice (Theorem 8.8). In particular, for a stratified cat-
egory, there is no difference between localizing ⊗-ideals and Bousfield classes.

Finally, we turn to the original telescope conjecture for the stable homotopy
category of spectra. Using the stratification of the E(n)-local category (Example (c)
of Theorem G), we are able to reformulate the classical telescope conjecture in terms
of stratification and the Balmer–Favi notion of support. See Corollary 11.10 and
Corollary 11.12.

Outline of the document. The paper consists of five parts.
In Part I, we review the basic theory of tensor triangular geometry, including

the Balmer spectrum and finite localizations (Section 1). We then introduce the
Balmer–Favi notion of support in the context of a rigidly-compactly generated
category whose spectrum is weakly noetherian (Section 2). We study the local-to-
global principle in Section 3, showing in particular that it can be checked on an
open cover and that it holds automatically for categories with noetherian spectrum
(Theorem B).

In Part II we begin our study of stratification. We define the concept and
establish conditions and criteria for when it holds (such as Theorem A) in Section 4.
We establish the forms of Zariski and étale descent for stratification mentioned
above (Theorems E and F) in Section 5 and Section 6, respectively.

In Part III, we first consider the universal nature of the Balmer–Favi support
(Section 7) and prove Theorems C and D. We then move on to the consequences
of a category being stratified. For example, we prove a tensor-product theorem for
support and determine the Bousfield lattice in Section 8. We then consider the
telescope conjecture in Section 9 and prove Theorem I.

In Part IV, we consider two examples, the E(n)-local stable homotopy category
(Section 10) and the rational G-equivariant stable homotopy category (Section 12)
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whose localizing ⊗-ideals have already been classified in the literature. We reinter-
pret these results as establishing that these categories are stratified. In Section 11,
we apply the stratification of the E(n)-local category to reformulate the classical
telescope conjecture in chromatic homotopy theory.

In Part V, we study stratification for categories of spectral Mackey functors. We
study the Balmer spectrum of these categories in Section 13, and discuss differ-
ent models for these categories in Section 14. We then prove Theorem H and its
corollaries in Section 15.

Acknowledgements. We thank Scott Balchin, Paul Balmer, and Greg Stevenson
for useful conversations.

Part I. Support and the local-to-global principle

We start by laying the foundations for the approach to stratification developed
(in the more general relative context) by Stevenson [Ste13], which uses the Balmer
spectrum [Bal05] and the Balmer–Favi notion of big support [BF11]. We will de-
velop these ideas in the context of a rigidly-compactly generated tensor-triangulated
category whose Balmer spectrum is a “weakly noetherian” space. This ensures that
every prime is “weakly visible” which allows us to consider the Balmer–Favi support
at every point. We will investigate the basic properties of this notion of support,
consider the local-to-global principle, and pave the way for the discussion of strati-
fication in Part II. Although we use the Balmer–Favi notion of support throughout,
the theory also depends crucially on the contributions of Benson–Iyengar–Krause
[BIK08, BIK11b, BIK11a] and Hovey–Palmieri–Strickland [HPS97].

1. Tensor triangular geometry

We begin by reviewing some basic facts from tensor triangular geometry. For a
more detailed discussion, we refer the reader to [Bal05, Bal10a, Bal10b].

1.1. Terminology. By a tensor-triangulated category we mean a triangulated cate-
gory equipped with a compatible closed symmetric monoidal structure in the sense
of [HPS97, App. A]. Such a category is rigidly-compactly generated if it is compactly
generated as a triangulated category and if its compact objects coincide with its
rigid objects (a.k.a. dualizable objects). In particular, its unit object 1 is compact.
A rigidly-compactly generated tensor-triangulated category is precisely the same
thing as a “unital algebraic stable homotopy category” in the language of [HPS97].
Sometimes we’ll drop the “tensor-triangulated” and just speak of rigidly-compactly
generated categories. By a tensor-triangulated functor, we mean a triangulated
functor which is a strong monoidal functor.

1.2. Example. The stable homotopy category of spectra SH and the derived cate-
gory of a commutative ring D(R) are basic examples of rigidly-compactly generated
tensor-triangulated categories. Further examples are mentioned in [HPS97, Exam-
ple 1.2.3]. Any smashing localization of a rigidly-compactly generated category is
again rigidly-compactly generated (see [HPS97, Section 3.3]). For example, the sta-
ble homotopy category of E(n)-local spectra is rigidly-compactly generated. This
is not true of an arbitrary Bousfield localization. For example, the stable homotopy
category of K(n)-local spectra is not rigidly-compactly generated if n > 0 (as the
unit 1 is dualizable but not compact).
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1.3. Remark. If T is rigidly-compactly generated, then to check that a localizing
subcategory L ⊂ T is a ⊗-ideal (L ⊗ T ⊆ L) it suffices to check that it is closed
under tensoring with compact objects (L ⊗ Tc ⊆ L) or even just a set of compact
generators. (This is a straightforward exercise.) In particular, if T is monogenic,
meaning that it is generated by the unit 1, then every localizing subcategory is a
⊗-ideal. Nevertheless, even in monogenic examples, we will favour language that
is appropriate in more general situations and speak, for example, of classifying the
localizing ⊗-ideals.

1.4. Notation. The localizing ⊗-ideal generated by a class of objects E will be
denoted Loc⊗〈E〉. Sometimes we’ll simply write 〈E〉 := Loc⊗〈E〉.

1.5. Remark. A localizing ⊗-ideal L in a rigidly-compactly generated category T is
compactly generated as a localizing ⊗-ideal if and only if it is compactly generated
as a localizing subcategory. (This is a straightforward exercise. The key is to
establish that the localizing subcategory Loc〈L ∩ Tc〉 is a ⊗-ideal.) Thus, there is
no potential ambiguity when we speak of “compactly generated” localizing ⊗-ideals.

1.6. Remark. The Balmer spectrum [Bal05] of an essentially small tt-category K is
a topological space Spc(K) whose points are the prime thick ⊗-ideals of K. Every
object x ∈ K has an associated closed subset

(1.7) supp(x) :=
{
P ⊂ K

∣∣x 6∈ P
}
⊆ Spc(K),

and these sets form a basis of closed sets for the topology on Spc(K). Conceptually,
Spc(K) is the universal space equipped with a “good” notion of closed support for
each object of K (see [Bal05, Theorem 3.2]). If K is rigid (meaning that each
object is dualizable), then the thick ⊗-ideals of K are in one-to-one correspondence
with the Thomason subsets of Spc(K) — the unions of closed sets, each of which
has quasi-compact complement. The bijection sends a thick ⊗-ideal I ⊆ K to the
Thomason subset

⋃
x∈I supp(x), while a Thomason subset Y ⊆ Spc(K) is sent to

the thick ⊗-ideal KY :=
{
x ∈ K

∣∣ supp(x) ⊆ Y
}

. This is the abstract Thick
Subcategory Classification Theorem (see [Bal05, Theorem 4.10 and Remark 4.3])
which translates the problem of classifying the thick ⊗-ideals of K to the problem
of understanding the Balmer spectrum Spc(K) and its universal notion of support.

1.8. Example. If T is a rigidly-compactly generated tensor-triangulated category
then its subcategory Tc of compact (=rigid) objects is an essentially small rigid
tensor-triangulated category and we can consider its spectrum Spc(Tc).

1.9. Remark. If P ∈ Spc(K) then

{P} =
{
Q ∈ Spc(K)

∣∣Q ⊆ P
}
.

Thus, the closed points of Spc(K) are the minimal prime ⊗-ideals of K.

1.10. Remark. An essentially small rigid tensor-triangulated category K is said to be
local if Spc(K) has a unique closed point. This is equivalent to the zero ⊗-ideal (0)
being prime, in which case it is the unique closed point. See [Bal10a, Section 4] for
further discussion.

1.11. Terminology. We’ll say that a rigidly-compactly generated tensor-triangulated
category T is local if Tc is local, that is, if Spc(Tc) has a unique closed point.
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1.12. Remark. The Balmer spectrum Spc(K) is a spectral space in the sense of
Hochster [Hoc69, DST19]. A spectral space is quasi-separated by definition, mean-
ing that the intersection of any two quasi-compact open subsets is quasi-compact.
However, a stronger statement is true: an arbitrary intersection of quasi-compact
open subsets is again quasi-compact. Equivalently, the complement of a Thomason
subset is always quasi-compact. Indeed, the complement of a Thomason subset
forms a spectral subspace (see the proof of [Ste17, Lemma 3.2], for example) and
thus is quasi-compact.

1.13. Remark. The Thomason subsets of a spectral space X are precisely the open
subsets of the Hochster-dual spectral topology on X (see [Hoc69, Proposition 8]).
We will denote the dual topological space by X∗.

1.14. Remark. The Thomason closed subsets of Spc(K) can be characterized as
the closed subsets whose complement is quasi-compact and these are precisely the
subsets of the form supp(x) for some x ∈ K; see [San13, Lemma 3.3], for example.

1.15. Remark. The spectrum is functorial: Any tt-functor F : K→ L between
essentially small tt-categories induces a continuous map ϕ : Spc(L) → Spc(K)
given by ϕ(P) := F−1(P). It follows from the definitions that ϕ−1(suppK(x)) =
suppL(F (x)) for every object x ∈ K. We then see from Remark 1.14 that the
map ϕ is spectral, meaning that the preimage of a quasi-compact open subset is
quasi-compact. Hence the preimage of a Thomason subset is Thomason. In other
words, the continuous map ϕ is also continuous with respect to the dual spectral
topologies.

1.16. Remark. Every Thomason closed subset of a spectral space X is a quasi-
compact open in the Hochster-dual topology on X (but not conversely, as the
example (0) ∈ Spc(SHc

(p)) shows). Indeed, if A ⊆ X is Thomason then A∗ ⊆ X∗

is open. On the other hand, if A ⊆ X is closed then A∗ ⊆ X∗ is a subset such
that A∗∗ ⊆ X∗∗ is closed (as A∗∗ = A and X∗∗ = X). Hence A∗ ⊆ X∗ is the
complement of a Thomason, hence quasi-compact by Remark 1.12. In particular, if
Z ⊆ Spc(K) is a Thomason closed subset then any cover Z =

⋃
i∈I Yi by Thomason

subsets can be reduced to a finite subcover, since in the Hochster-dual topology this
is just a cover of a quasi-compact open by a family of opens.

1.17. Remark. Suppose Spc(K) satisfies the topological condition that every closed
set can be written as a finite union of irreducible closed sets:

(1.18) ∀A ⊆ Spc(K) closed: A =

n⋃
i=1

{Pi} for finitely many P1, . . . ,Pn ∈ Spc(K).

Equivalently, suppose every closed set is the closure of a finite set of points. If
this is the case, then the topology on Spc(K) is determined by the specialization

relation Q ∈ {P}. By Remark 1.9, this can be reformulated as follows: If Spc(K)
satisfies (1.18), then the topology on Spc(K) is determined by the inclusions among
primes Q ⊆ P.

1.19. Example. If the space Spc(K) is noetherian, then Property (1.18) holds;
see [DST19, Theorem 8.1.11] or [PSW21, Proposition 2.38], for instance. A non-
noetherian example is the Balmer spectrum Spc(SHc

G) of the category of compact
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G-spectra for G a finite group; see [BS17, Proposition 6.1]. There are also natu-
rally occurring non-examples. Indeed, a profinite Balmer spectrum satisfies Prop-
erty (1.18) if and only if it is finite. An explicit non-example is then the Balmer
spectrum Spc(SHc

O(2)) of the category of compact O(2)-spectra; see [BGH20].

1.20. Remark. In general, the topology on Spc(K) is determined by the inclusions
among primes together with the underlying constructible topology on Spc(K). This
is the Priestley space point of view on the Balmer spectrum, which will be studied
in more detail in a forthcoming paper [BBG21]. See also [DST19, Section 1.5].

1.21. Remark. For a point P in a spectral space X, we will write

gen(P) = genX(P) =
{
Q ∈ X

∣∣P ∈ {Q}}
for the generalization closure of P in X. We will also write YP for the union of all
Thomason closed subsets which do not contain P. If X = Spc(K), then

YP =
⋃
x∈P

supp(x)

by Remark 1.14. It is the Thomason subset whose corresponding thick ⊗-ideal is
the prime P itself: KYP

= P. The complement Spc(K) \ YP =
{
Q
∣∣P ⊆ Q

}
={

Q
∣∣P ∈ {Q}} = gen(P) consists of all generalizations of P.

1.22. Remark (Smashing Bousfield localizations). Let T be a rigidly-compactly gen-
erated tensor-triangulated category. A Bousfield localization L : T → T is said to be
smashing if the functor L preserves coproducts. This is equivalent to the natural
map L1 ⊗ X → LX being an isomorphism (see [HPS97, Section 3.3] or [Kra10,
Section 5.5], for example). A smashing localization L : T → T is completely deter-
mined by its kernel Ker(L) which is a localizing ⊗-ideal of T. We can thus think of
the smashing localizations of T either as a certain class of Bousfield localizations,
or as a certain class of localizing ⊗-ideals of T (the smashing ⊗-ideals). A third
perspective is explained in [BF11]: The smashing localizations of T correspond to
the idempotent triangles in T; that is, exact triangles

e→ 1→ f → Σe

with the property that e ⊗ f = 0. It follows that the objects e and f are tensor-
idempotents (e ⊗ e ' e and f ⊗ f ' f) and that the functor f ⊗ − : T → T is a
smashing localization. Its corresponding smashing ⊗-ideal is Ker(f ⊗−) = e⊗T =
Loc⊗〈e〉 and the subcategory of local objects is Loc⊗〈e〉⊥ = f ⊗ T = Loc⊗〈f〉 ∼=
T/Loc⊗〈e〉. See [BF11] for a more detailed discussion.

1.23. Remark (Finite localizations). Let Y ⊆ Spc(Tc) be a Thomason subset,
with corresponding thick ⊗-ideal TcY =

{
x ∈ Tc

∣∣ supp(x) ⊆ Y
}

, and let
V := Spc(Tc) \ Y denote the complement. There is an associated idempotent tri-
angle (a.k.a. smashing localization)

eY → 1→ fY → ΣeY

in T such that Ker(fY ⊗−) = eY ⊗ T = Loc⊗〈eY 〉 = Loc〈TcY 〉. Define

T(V ) := T/Loc⊗〈eY 〉 ∼= T/Loc〈TcY 〉 ∼= fY ⊗ T

to be the associated localization. It is again rigidly-compactly generated. The
localization functor T → T(V ) preserves compact objects and hence induces a
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continuous map Spc(T(V )c)→ Spc(Tc). This map induces a homeomorphism

(1.24) Spc(T(V )c) ∼= V ↪→ Spc(Tc)

which identifies Spc(T(V )c) with V ⊆ Spc(Tc). This is essentially the content of
the Neeman–Thomason Localization Theorem [Nee92b, Theorem 2.1] and explains
the choice of notation T(V ). For further discussion of these finite localizations
see [BF11, Section 4], [HPS97, Theorem 3.3.3], [BS17, Section 5], and [Mil92].
Note that these finite localizations of T (which correspond to the thick ⊗-ideals
of Tc) are precisely those smashing localizations of T whose kernel is compactly
generated (recall Remark 1.5).

1.25. Definition (The local category at a point). Let P ∈ Spc(Tc) be a point in
the Balmer spectrum and consider the associated Thomason subset YP from Re-
mark 1.21. The corresponding finite localization TP := T/〈P〉 is T(gen(P)). This
category is local in the sense of Terminology 1.11. (It has a unique closed point.)
We call it the local category of T at P.

1.26. Remark. If Y =
⋃
i∈I Yi is a union of Thomason subsets then Loc⊗〈eY 〉 =

Loc⊗〈eYi | i ∈ I〉. Indeed, the ⊇ inclusion is immediate. For the converse just note
that TcY = thick⊗〈TcYi

| i ∈ I〉 by the classification of thick ⊗-ideals.

1.27. Lemma. For any two Thomason subsets Y1, Y2 ⊆ Spc(Tc), we have

(a) eY1 ⊗ fY2 = 0 if and only if Y1 ⊆ Y2;
(b) eY1 ⊗ eY2 = eY1∩Y2 ;
(c) fY1

⊗ fY2
= fY1∪Y2

.

Proof. For part (a) just note that eY1
⊗ fY2

= 0 ⇔ TcY1
⊗ fY2

= 0 ⇔ TcY1
⊆

Loc〈TcY2
〉 ∩ Tc = TcY2

(by [Nee92b, Lem. 2.2]) ⇔ Y1 ⊆ Y2. For part (b), note
that (a) tells us that if Y1 ⊆ Y2 then eY1

' eY1
⊗ eY2

. Applying this observation
twice we have eY1∩Y2

' eY1∩Y2
⊗ eY1

⊗ eY2
. We claim that fY1∩Y2

⊗ eY1
⊗ eY2

= 0.
One observes that TcY1∩Y2

= TcY1
∩TcY2

= thick⊗〈TcY1
⊗TcY2

〉 for example by invoking
the classification of thick tensor-ideals of Tc. Then use eY1

⊗eY2
∈ Loc⊗〈TcY1

⊗TcY2
〉.

For part (c), writing f := fY1∪Y2 , we have eY1 ⊗ f = 0 and eY2 ⊗ f = 0, from which
it follows that f ' f ⊗ fY1

⊗ fY2
. It remains to show that eY1∪Y2

⊗ fY1
⊗ fY2

= 0 so
that fY1

⊗ fY2
' f ⊗ fY1

⊗ fY2
. For this just note that thick⊗〈TcY1

,TcY2
〉 = TcY1∪Y2

by the classification of thick ⊗-ideals. Hence Loc〈TcY1∪Y2
〉 = Loc〈TcY1

,TcY2
〉 so that

indeed eY1∪Y2
⊗ fY1

⊗ fY2
= 0. �

1.28. Remark. A coproduct-preserving tensor-triangulated functor F : C → D be-
tween rigidly-compactly generated tensor-triangulated categories enjoys a number
of nice properties, as explained in [BDS16]. In particular, it has a right ad-
joint U : D → C and we have the projection formula U(F (x) ⊗ y) ' x ⊗ U(y)
for all x ∈ C and y ∈ D. Another nice property is that F preserves dual-
izable (=compact) objects and hence restricts to a tensor triangulated functor
Cc → Dc. This in turn induces a continuous map ϕ : Spc(Dc) → Spc(Cc). It
is proved in [BS17, Proposition 5.11] that if eY → 1 → fY → ΣeY is the idempo-
tent triangle in C associated to a Thomason subset Y ⊆ Spc(Cc), then its image
F (eY )→ 1→ F (fY )→ ΣF (eY ) is the idempotent triangle in D associated to the
Thomason subset ϕ−1(Y ) ⊆ Spc(Dc). That is:

(1.29) F (eY ) ' eϕ−1(Y ) and F (fY ) ' fϕ−1(Y ).

The following is an immediate consequence:
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1.30. Proposition. Let F : C → D be a coproduct-preserving tensor-triangulated
functor between rigidly-compactly generated tensor-triangulated categories and let

ϕ : Spc(Dc)→ Spc(Cc)

be the induced map on spectra. For any Thomason subset Y ⊆ Spc(Cc) (V :=
Spc(Cc) \ Y ), we have an induced coproduct-preserving tensor-triangulated functor

C(V )→ D(ϕ−1(V ))

which on spectra is the restriction

ϕ|V : ϕ−1(V )→ V.

Proof. This follows from Remark 1.23, Remark 1.28 and the definitions (in partic-
ular, (1.24) and (1.29)). �

1.31. Remark. Applied to a finite localization F : C → C(W ) =: D, the induced
functor C(V ) → C(W )(ϕ−1(V )) ∼= C(V ∩W ) is itself a finite localization, namely
the finite localization associated to the Thomason subset V ∩W c ⊂ V . Just recall
from (1.27) that fV c ⊗ fW c ' fV c∪W c . It follows that we obtain a commutative
diagram

C C(W )

C(V ) C(V ∩W ),

F

in which every functor is a finite localization.

1.32. Proposition. Let V ⊆ Spc(Cc) be the complement of a Thomason subset.
For any P ∈ Spc(C(V )c) ∼= V , the localization F : C→ C(V ) induces an equivalence

C/〈ϕ(P)〉 ∼= C(V )/〈P〉.
Here ϕ : Spc(C(V )c) ∼= V ↪→ Spc(Cc) denotes the map on spectra induced by F .

Proof. Let W := gen(ϕ(P)) ⊆ Spc(Cc). Since V is the complement of a Thomason
subset, it is generalization closed. Hence ϕ−1(W ) = ϕ−1(gen(ϕ(P))) = gen(P).
Thus, applying Proposition 1.30 to the functor F and the localization C → C(W ),
we obtain

C C(V )

C(W ) C(V )(ϕ−1(W ))

F

F |W

and, recalling Definition 1.25, the bottom functor is

C/〈ϕ(P)〉 = C(W )→ C(V )(ϕ−1(W )) = C(V )/〈P〉.
Moreover, by Remark 1.31, this can be identified with the localization

C(W )→ C(V ∩W )

and this is an equivalence since V ∩W = W . �

1.33. Remark. In less pedantic language, Proposition 1.32 asserts that the local
category of C(V ) at P ∈ V ⊆ Spc(Cc) is the same as the local category of C at P.
For example, the local category at P can be computed in any quasi-compact open
neighbourhood of P.



16 TOBIAS BARTHEL, DREW HEARD, AND BEREN SANDERS

1.34. Example (Algebraic localization). In any tt-category T, the endomorphism
ring EndT(1) is commutative and there is a natural continuous map

ρ : Spc(Tc)→ Spec(EndT(1))

defined by ρ(P) :=
{
f ∈ EndT(1)

∣∣ cone(f) 6∈ P
}

and introduced in [Bal10a,

Section 5]. For any multiplicative subset S ⊂ EndT(1), let S−1T denote the finite
localization of T associated to the Thomason subset

⋃
s∈S supp(s) ⊂ Spc(Tc). This

“algebraic localization” T → S−1T induces the usual ring-theoretic localization
on endomorphism rings: EndT(1) → EndS−1T(1) ∼= S−1 EndT(1) (see [HPS97,
Theorem 3.3.7]). Moreover, the diagram

Spc(Tc) Spec(EndT(1))

Spc((S−1T)c) Spec(S−1 EndT(1))

ρ

ρ

induced by T → S−1T is a pullback (see [Bal10a, Corollary 5.6(c)]).

1.35. Example. Let S ⊂ R be a multiplicative subset in a commutative ring R. The
extension-of-scalars D(R) → D(S−1R) coincides (up to tensor-triangular equiv-
alence) with the associated algebraic localization D(R) → S−1 D(R). Indeed,
the monad associated with the D(R) � D(S−1R) adjunction is (by formal non-
sense, e.g., [BDS15, Lemma 2.8]) the monad associated to the idempotent ring
S−1R ∈ D(R). It follows (by a direct argument or by invoking [DS18, Theo-
rem 1.6]) that the adjunction is monadic. In other words, extension-of-scalars
D(R) → D(S−1R) is the smashing localization associated to the idempotent
ring S−1R. Then consider the finite localization L : D(R) → S−1 D(R) of Exam-
ple 1.34. The kernel Ker(L) = Loc⊗〈cone(s) | s ∈ S〉 is contained in Ker(−⊗S−1R).
Hence S−1R ∼= L(S−1R). On the other hand, we claim that the map R → S−1R
becomes an isomorphism after applying L. Indeed, for any X ∈ D(R), π∗(L(X)) ∼=
S−1π∗(X). In particular, S−1π0(R) ∼= π∗(L(R)) → π∗(L(S−1R)) ∼= S−1π0(S−1R)
is indeed an isomorphism. It follows that S−1R ∼= L(R). In other words, the
smashing localization associated to S−1R coincides with the algebraic localization
associated to S ⊂ R = EndD(R)(1).

1.36. Example. Consider the derived category D(R) of a commutative ring R. It
follows from the Neeman–Thomason Classification Theorem [Nee92a, Tho97], that
Spc(D(R)c) ∼= Spec(R). More precisely, the comparison map ρ : Spc(D(R)c) →
Spec(R) is a homeomorphism. (This is explained in [Bal10a, Proposition 8.1].) If
P ∈ Spc(D(R)c) is the (unique) prime such that ρ(P) = p ∈ Spec(R), one readily
checks that YP =

⋃
x∈P supp(x) coincides with

⋃
s6∈p supp(cone(s)). In other words,

algebraic localization at p ∈ Spec(R) in the sense of Example 1.34 coincides with
localization at P in the sense of Definition 1.25. In particular,

D(R)/〈P〉 ∼= D(R)p ∼= D(Rp)

where the last equivalence is explained in Example 1.35. We remark in passing
that for a commutative ring R, the derived category D(R) is local in the sense of
Terminology 1.11 if and only if R is a local ring. (This is [Bal10a, Example 4.4].)
Indeed, Spc(D(R)c) ∼= Spec(R) and Spec(R) has a unique closed point if and only
if R is local.



STRATIFICATION IN TENSOR TRIANGULAR GEOMETRY 17

2. Balmer–Favi support

We now introduce the Balmer–Favi notion of support from [BF11], weakening
their noetherian assumption on the spectrum to a condition we call weakly noe-
therian. This extension also includes the case of profinite Balmer spectra and forms
the natural context for the development of Balmer–Favi support.

2.1. Definition. A point P in a spectral space X is said to be weakly visible if {P} is
the intersection of a Thomason subset and the complement of a Thomason subset.

2.2. Remark. This notion of “weakly visible” point coincides with the notion of
“visible” point in [Ste14, Ste17]. In contrast, we follow the terminology of [BF11]

and say that a point P is visible if its closure {P} ⊆ X is a Thomason subset.

Every visible point is weakly visible since {P} = {P} ∩ Y cP is then an intersection
of a Thomason and the complement of a Thomason (see Remark 1.21 and [BF11,
Lemma 7.8]). Since a spectral space is noetherian if and only if every point is visible
[BF11, Proposition 7.13], we are led to the following terminology:

2.3. Definition. A spectral space is weakly noetherian if every point is weakly visible.

2.4. Remark. A spectral space is T1 if and only if it is Hausdorff if and only if it
is profinite, see for example [Sta20, Lemma 0905] and [DST19, Section 1.3]. In
particular, we note that a T1 spectral space (a.k.a. profinite space) is noetherian
if and only if it is finite. On the other hand, every T1 spectral space is weakly
noetherian. Indeed, every singleton {P} = X ∩ gen(P) is the intersection of a
Thomason (the whole space itself) and the complement of a Thomason (recall
Remark 1.21).

2.5. Example. For a concrete incarnation in tt-geometry, the spectrum Spec(R) ∼=
Spc(D(R)c) of a non-noetherian absolutely flat ring R (such as an infinite product of
fields) is an example of a spectral space that is weakly noetherian but not noetherian
(see [Ste14, Section 3]).

2.6. Remark. Let ϕ : X → Y be an injective spectral map between spectral spaces.
If Y is weakly noetherian, then so is X. Indeed, preimages under ϕ of Thomason
subsets are Thomason. Thus, if {ϕ(P)} = Y1 ∩ Y c2 then {P} = ϕ−1({ϕ(P)}) =
ϕ−1(Y1) ∩ ϕ−1(Y2)c.

2.7. Definition (Balmer–Favi). Let T be a rigidly-compactly generated tt-category.
For each weakly visible point P ∈ Spc(Tc), we define a ⊗-idempotent g(P) ∈ T by

g(P) := eY1
⊗ fY2

for any choice of Thomason subsets Y1, Y2 ⊆ Spc(Tc) such that {P} = Y1 ∩ Y c2 .
This object g(P) ∈ T does not depend on the choice of Thomason subsets Y1, Y2 by
[BF11, Corollary 7.5].

2.8. Remark. We can always take the second Thomason Y2 to be YP (Remark 1.21).
Indeed, P 6∈ Y2 implies that Y2 contains no generalization of P, hence Y2 ⊆ YP and
it follows that {P} = Y1∩Y cP. In particular, we always have g(P)⊗fYP

' g(P). On

the other hand, the first Thomason Y1 always contains {P}. We see that a point
P ∈ Spc(Tc) is weakly visible if and only if there exists a Thomason closed subset Z
which contains P but does not contain any other generalization of P. When the
point is visible, the Thomason closed subset {P} works, but in general it could be
larger.

https://stacks.math.columbia.edu/tag/0905
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2.9. Remark. An immediate consequence of Remark 2.8 is that the closed point of
a local category is weakly visible if and only if it is visible. Moreover, combined
with Remark 1.14 and Remark 2.6, ones sees that in general a point P ∈ Spc(Tc)
is weakly visible if and only if the unique closed point P ∈ Spc(TcP) of the local
category at P (Definition 1.25) is (weakly) visible.

2.10. Remark. It follows from Lemma 1.27(a) that for each weakly visible point P,
the object g(P) is nonzero.

2.11. Definition (Balmer–Favi). Let T be a rigidly-compactly generated tt-category
with Spc(Tc) weakly noetherian. Define the support of an object t ∈ T by

Supp(t) :=
{
P ∈ Spc(Tc)

∣∣ t⊗ g(P) 6= 0
}
.

The basic properties of this notion of support are established in [BF11, Section 7]
under the assumption that Spc(Tc) is noetherian. As we shall see below, it is
not difficult to generalize these results to the situation where Spc(Tc) is weakly
noetherian.

2.12. Remark. The following basic properties follow directly from the definition and
Remark 2.10:

(a) Supp(0) = ∅ and Supp(1) = Spc(Tc);
(b) Supp(Σt) = Supp(t) for every t ∈ T;
(c) Supp(c) ⊆ Supp(a) ∪ Supp(b) for any exact triangle a→ b→ c→ Σa in T;
(d) Supp(

∐
i∈I ti) =

⋃
i∈I Supp(ti) for any set of objects ti in T;

(e) Supp(t1 ⊗ t2) ⊆ Supp(t1) ∩ Supp(t2) for any t1, t2 ∈ T.

These properties (excluding Supp(1) = Spc(Tc)) are equivalent to the statement
that TY :=

{
t ∈ T

∣∣ Supp(t) ⊆ Y
}

is a localizing ⊗-ideal of T for any subset
Y ⊆ Spc(Tc).

2.13. Lemma. For any object t ∈ T and Thomason subset Y ⊆ Spc(Tc), we have

Supp(t⊗ eY ) = Supp(t) ∩ Y and Supp(t⊗ fY ) = Supp(t) ∩ Y c.
In particular, Supp(g(P)) = {P} for any P ∈ Spc(Tc).

Proof. First we establish that Supp(eY ) ⊆ Y and Supp(fY ) ⊆ Y c. To this end, let
P ∈ Spc(Tc) and write {P} = Y1 ∩ Y c2 . If P 6∈ Y then Y ∩ Y1 ∩ Y c2 = ∅ so that
Y ∩Y1 = Y ∩Y1∩Y2 ⊆ Y2. It then follows from Lemma 1.27 that eY ⊗eY1

⊗fY2
= 0

so that P 6∈ Supp(eY ). On the other hand, if P ∈ Y then Y1 ∩ Y c2 ⊆ Y so that
Y1 ⊆ Y2 ∪ Y . Hence eY1 ⊗ fY2 ⊗ fY = 0, again by Lemma 1.27, so that P 6∈
Supp(fY ). Now consider an arbitrary t ∈ T. By property (e) of Remark 2.12 we
have Supp(t⊗eY ) ⊆ Supp(t)∩Y and Supp(t⊗fY ) ⊆ Supp(t)∩Y c. Moreover, from
the exact triangle t⊗eY → t→ t⊗fY → Σt⊗eY we have Supp(t) ⊆ Supp(t⊗eY )∪
Supp(t⊗ fY ). Intersecting with Y and Y c we obtain Supp(t) ∩ Y ⊆ Supp(t⊗ eY )
and Supp(t) ∩ Y c ⊆ Supp(t⊗ fY ), which completes the proof. �

2.14. Proposition. Let T be a rigidly-compactly generated tt-category with Spc(Tc)
weakly noetherian. The Balmer–Favi notion of support is the only assignment of
a subset σ(t) ⊆ Spc(Tc) to each object t ∈ T which can satisfy the following two
properties:

(a) For every t ∈ T, σ(t) = ∅ implies t = 0.
(b) For every t ∈ T and Thomason subset Y ⊆ Spc(Tc), σ(t ⊗ eY ) = σ(t) ∩ Y

and σ(t⊗ fY ) = σ(t) ∩ Y c.
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Proof. Indeed, if σ satisfies (b) then σ(g(P)) = {P} and σ(t⊗ g(P)) = σ(t) ∩ {P}.
We then have P ∈ σ(t) iff P ∈ σ(t ⊗ g(P)) iff σ(t ⊗ g(P)) 6= ∅ iff t ⊗ g(P) 6= 0 iff
P ∈ Supp(t). �

2.15. Definition (The detection property). A rigidly-compactly generated tensor-
triangulated category T with Spc(Tc) weakly noetherian is said to have the detection
property if Supp(t) = ∅ implies t = 0 for every t ∈ T.

2.16. Remark. The Balmer–Favi notion of support (Definition 2.11) always satisfies
property (b) of Proposition 2.14 by Lemma 2.13. However, we do not know in what
generality the detection property holds.

2.17. Remark. We finish this section with the observation, generalizing [BF07, The-
orem 7.22], that the Balmer–Favi support satisfies a half-smash product formula
and thus in particular coincides with Balmer’s universal support function on com-
pact objects:

2.18. Lemma. For any compact x ∈ Tc and arbitrary t ∈ T,

Supp(x⊗ t) = supp(x) ∩ Supp(t).

In particular, for any compact object x ∈ Tc, the Balmer–Favi notion of support
coincides with the usual notion of support: Supp(x) = supp(x).

Proof. Let Y := supp(x). Since x is compact, Loc⊗〈x〉 = Loc⊗〈TcY 〉 = Loc⊗〈eY 〉 =
eY ⊗ T in the notation of Remark 1.23. In particular, x ⊗ t ' eY ⊗ x ⊗ t,
hence Supp(x ⊗ t) = Supp(eY ⊗ x ⊗ t) = Supp(x ⊗ t) ∩ Y by Lemma 2.13.
Thus Supp(x⊗ t) ⊆ Y . Applying property (e) of Remark 2.12, it follows that
Supp(x ⊗ t) ⊆ Supp(t) ∩ Y . On the other hand, if P 6∈ Supp(x ⊗ t) so that
x⊗ t⊗ g(P) = 0 then Loc⊗〈x〉 ⊗ t⊗ g(P) = 0. This implies that eY ⊗ t⊗ g(P) = 0
so that P 6∈ Supp(eY ⊗ t) = Supp(t) ∩ Y . Therefore Supp(x ⊗ t) = Supp(t) ∩ Y .
Finally, the last claim follows by specializing to t = 1. �

3. The local-to-global principle

The Balmer–Favi notion of support extends in a natural way from objects to
localizing ⊗-ideals. As such, it can be used to study the classification of localizing
⊗-ideals. This problem splits into two parts:

(a) The local-to-global principle, which formulates how all localizing ⊗-ideals
may be obtained from g(P)⊗ T = Loc⊗〈g(P)〉 for P ∈ Spc(Tc). This is the
topic of the present section.

(b) The minimality of the candidate irreducible localizing ⊗-ideals g(P) ⊗ T.
This will be studied in Part II.

3.1. Definition. For a localizing ⊗-ideal L of T, define Supp(L) :=
⋃
t∈L Supp(t).

3.2. Remark. It is a routine exercise using the basic properties of support (Re-
mark 2.12) that if L = Loc⊗〈E〉 for some collection of objects E then Supp(L) =⋃
t∈E Supp(t). In particular, if Loc⊗〈t1〉 = Loc⊗〈t2〉 then Supp(t1) = Supp(t2).

3.3. Remark. If a localizing ⊗-ideal is generated by a set of objects then it is also
generated by a single object: Loc⊗〈E〉 = Loc⊗〈

∐
t∈E t〉. We’ll refer to such localizing

⊗-ideals as the “set-generated” localizing ⊗-ideals. As we shall see below, when
stratification holds, every localizing ⊗-ideal will necessarily be set-generated.
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3.4. Lemma. Let T be a rigidly-compactly generated tensor-triangulated category
with Spc(Tc) weakly noetherian. Then the map

Supp:
{

set-generated localizing ⊗-ideals of T
}
→
{

subsets of Spc(Tc)
}

is surjective.

Proof. For any subset Y ⊆ Spc(Tc), consider the set-generated localizing ⊗-ideal

LY := Loc⊗〈g(P) | P ∈ Y 〉.

Recall from Lemma 2.13 that Supp(g(P)) =
{
P
}

. Hence

Supp(LY ) =
⋃
P∈Y

Supp(g(P)) = Y

by Remark 3.2. �

3.5. Proposition (Krause–Stevenson). Let T be a rigidly-compactly generated tt-
category. If the class of set-generated localizing ⊗-ideals of T forms a set, then
every localizing ⊗-ideal of T is generated by a set.

Proof. The proof of [KS19, Lemma 3.3.1] goes through by replacing all instances of
“localizing subcategory” and “Loc” with “localizing ⊗-ideal” and “Loc⊗”. If there
exists a localizing ⊗-ideal of T which is not generated by a set, their argument
constructs by transfinite recursion an ordinal-indexed chain of distinct set-generated
localizing ⊗-ideals. This contradicts the hypothesis since the collection of ordinals
does not form a set and cannot be embedded in the set of set-generated localizing
⊗-ideals. In particular, the hypothesis of [KS19, Lemma 3.3.1] can be weakened to
the assumption that there is only a set of set-generated localizing subcategories. �

3.6. Lemma. Let G be a class of objects in T. If e ∈ Loc⊗〈G〉 then e ⊗ f ∈
Loc⊗〈G⊗ f〉 for any two objects e, f ∈ T. In particular, if e is a ⊗-idempotent then

e ∈ Loc⊗〈G〉 =⇒ e ∈ Loc⊗〈G⊗ e〉.

Proof. Note that − ⊗ f is a coproduct-preserving triangulated functor F : T → T

with the property that F (s⊗t) ' s⊗F (t) for all s, t ∈ T. It is a standard lemma that
if F is such a functor and e ∈ Loc⊗〈G〉, then F (e) ∈ Loc⊗〈F (G)〉. Indeed, consider
the full subcategory of T consisting of those t ∈ T such that F (t) ∈ Loc⊗〈F (G)〉.
This is a localizing ⊗-ideal which contains G and hence contains the object e. �

3.7. Lemma. Let T be a rigidly-compactly generated tensor-triangulated category
with Spc(Tc) weakly noetherian and having the detection property (Definition 2.15).
Let t ∈ T and x ∈ Tc be objects such that

Supp(t) ⊆ supp(x).

Then t ∈ Loc⊗〈t⊗ x〉.

Proof. Consider the finite localization (Remark 1.23) associated to the Thomason
subset supp(x):

e→ 1→ f → Σe.

Observe that Loc⊗〈e〉 = Loc〈Tcsupp(x)〉 = Loc〈thick⊗〈x〉〉 = Loc⊗〈x〉. Then consider

e⊗ t→ t→ f ⊗ t→ Σe⊗ t.
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Note that Supp(f ⊗ t) = Supp(t)∩ supp(x)c = ∅ by Lemma 2.13. Hence f ⊗ t = 0
by the detection property. Therefore t ' e ⊗ t. Since e ∈ Loc⊗〈x〉, we conclude
that t ' t⊗ e ∈ Loc⊗〈t⊗ x〉 by Lemma 3.6. �

3.8. Definition (The local-to-global principle). Let T be a rigidly-compactly gener-
ated tensor-triangulated category with Spc(Tc) weakly noetherian. We say that T

satisfies the local-to-global principle if

Loc⊗〈t〉 = Loc⊗〈t⊗ g(P) | P ∈ Spc(Tc)〉

for every object t ∈ T. Of course, the right-hand side is the same as Loc⊗〈t⊗ g(P) |
P ∈ Supp(t)〉.

3.9. Remark. Note that the local-to-global principle for T implies that the detection
property holds for T, i.e., that t = 0 if and only if Supp(t) = ∅ for any t ∈ T.

3.10. Remark. Our next task is to demonstrate that the local-to-global principle
passes to finite localizations. We’ll state the result in more generality in case it
could be useful for future applications.

3.11. Proposition. Let F : C → D be a coproduct-preserving tensor-triangulated
functor between rigidly-compactly generated tensor-triangulated categories and let U
denote its right adjoint. Suppose that the induced map

ϕ : Spc(Dc)→ Spc(Cc)

is injective and that Spc(Cc) is weakly noetherian. Then Spc(Dc) is also weakly
noetherian and the following hold:

(a) For each P ∈ Spc(Cc), we have

F (gC(P)) =

{
0 if P 6∈ im(ϕ)

gD(Q) if P = ϕ(Q).

(b) For any c ∈ C, we have Supp(F (c)) ⊆ ϕ−1(Supp(c)).
(c) For any d ∈ D, Supp(U(d)) ⊆ ϕ(Supp(d)) with equality when U is conser-

vative.
(d) If C satisfies the detection property and the right adjoint U is conservative

then D also satisfies the detection property.
(e) If C satisfies the local-to-global principle then D also satisfies the local-to-

global principle.

Proof. Note that Spc(Dc) is also weakly noetherian by Remark 2.6. If eY → 1 →
fY → ΣeY is the idempotent triangle associated to a Thomason subset Y ⊆ Spc(Cc)
(Remark 1.23), then F (eY ) ' eϕ−1(Y ) and F (fY ) ' fϕ−1(Y ) (Remark 1.28). Thus,
if {P} = Y1 ∩ Y c2 then

F (gC(P)) ' F (eY1
)⊗ F (fY2

) ' eϕ−1(Y1) ⊗ fϕ−1(Y2).

By Lemma 1.27, we then have

F (gC(P)) = 0⇔ ϕ−1(Y1) ⊆ ϕ−1(Y2)

⇔ ϕ−1(Y1 ∩ Y c2 ) = ∅
⇔ ϕ−1({P}) = ∅
⇔ P 6∈ im(ϕ).
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On the other hand, for a point P = ϕ(Q) in the image, the hypothesis that ϕ is
injective ensures that {Q} = ϕ−1({ϕ(Q)}) = ϕ−1(Y1) ∩ ϕ−1(Y2)c. Hence gD(Q) '
eϕ−1(Y1) ⊗ fϕ−1(Y2) ' F (gC(P)). This proves part (a).

For part (b), suppose that Q ∈ Supp(F (c)), so that gD(Q) ⊗ F (c) 6= 0. By
part (a), this is F (gC(ϕ(Q)) ⊗ c) 6= 0. Hence gC(ϕ(Q)) ⊗ c 6= 0, so that ϕ(Q) ∈
Supp(c).

For part (c), observe that P ∈ Supp(U(d)) if and only if

(3.12) gC(P)⊗ U(d) ' U(F (gC(P))⊗ d)

is nonzero. Thus, if P ∈ Supp(U(d)) then F (gC(P)) ⊗ d 6= 0. Hence by part (a),
P = ϕ(Q) for some (unique) Q ∈ Spc(Dc) and gD(Q) ⊗ d ' F (gC(P)) ⊗ d 6= 0.
This establishes Supp(U(d)) ⊆ ϕ(Supp(d)). Conversely, if Q ∈ Supp(d) then 0 6=
gD(Q) ⊗ d ' F (gC(ϕ(Q))) ⊗ d which, if U is conservative, implies that (3.12) is
nonzero (with P := ϕ(Q)) so that ϕ(Q) ∈ Supp(U(d)).

For part (d), consider an object d ∈ D with Supp(d) = ∅. By part (c), we
see that Supp(U(d)) = ∅, so U(d) = 0 by the detection property for C. If U is
conservative, this implies d = 0, and we conclude that D also has the detection
property.

Part (e) follows from part (a) since if 1C ∈ Loc⊗〈gC(P) | P ∈ Spc(Cc)〉 then
1D = F (1C) ∈ Loc⊗〈F (gC(P)) | P ∈ Spc(Cc)〉 = Loc⊗〈gD(Q) | Q ∈ Spc(Dc)〉 and
hence d ∈ Loc⊗〈d⊗ gD(Q) | Q ∈ Spc(Dc)〉 for any d ∈ D by Lemma 3.6. �

3.13. Corollary. Let T be a rigidly-compactly generated tt-category with Spc(Tc)
weakly noetherian. If T satisfies the local-to-global principle, then so does each finite
localization T(V ).

3.14. Remark. Note that the local-to-global principle cannot be checked one prime
at a time. For example, if R is an absolutely flat ring then each local category
D(R)/〈P〉 ∼= D(Rp) (Example 1.36) satisfies the local-to-global principle (since
each localization Rp is a field) and yet D(R) need not satisfy the local-to-global
principle, as will be discussed in Example 3.24. Nevertheless, it can be checked on
an open cover (see Proposition 3.17 and Remark 3.19 below). First we need the
following lemma:

3.15. Lemma. Let L : T � T(V ) : U denote finite localization with respect to the
Thomason subset Y ⊆ Spc(Tc). We have an inclusion-preserving bijection{

localizing ⊗-ideals of T(V )
} L−1

−−−→
{

localizing ⊗-ideals of T which contain eY
}
.

whose inverse is given by U−1. Explicitly, for a class E of objects of T(V ),

(3.16) L−1(Loc⊗〈E〉) = Loc⊗〈eY , U(E)〉.

Proof. Note that L(eY ) = 0 so the map L−1 in the statement is well-defined. It
is evidently injective since L is essentially surjective. Then consider a localizing
⊗-ideal L of T. Since the right adjoint U preserves coproducts, U−1(L) is a localiz-
ing subcategory of T(V ). Moreover, since L is essentially surjective, the projection
formula U(L(s)⊗ t) ' s⊗ U(t) (Remark 1.28) implies that U−1(L) is a localizing
⊗-ideal of T(V ). Then consider L−1U−1(L). We always have L ⊆ L−1U−1(L)
since if t ∈ L then U(L(t)) ' U(1)⊗ t ' fY ⊗ t ∈ L. On the other hand, if eY ∈ L,
then the exact triangle

eY ⊗ t→ t→ fY ⊗ t→ ΣeY ⊗ t
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demonstrates the reverse inclusion. So the map in the statement is a bijec-
tion with inverse U−1. Now for the explicit description (3.16). First note that
E ⊆ U−1(Loc⊗〈eY , U(E)〉) and therefore Loc⊗〈E〉 ⊆ U−1(Loc⊗〈eY , U(E)〉) since the
right-hand side is a localizing ⊗-ideal. Hence

L−1(Loc⊗〈E〉) ⊆ L−1U−1(Loc⊗〈eY , U(E)〉) = Loc⊗〈eY , U(E)〉.
On the other hand, LU ' Id since the right adjoint U is fully faithful. Hence
U(E) ⊆ L−1(Loc⊗〈E〉) and it follows that Loc⊗〈eY , U(E)〉 ⊆ L−1(Loc⊗〈E〉). �

3.17. Proposition. Let T be a rigidly-compactly generated tt-category with Spc(Tc)
weakly noetherian. Suppose Spc(Tc) = V1∪· · ·∪Vn is a finite cover by complements
of Thomason sets. If T(Vi) satisfies the local-to-global principle for each i then T

satisfies the local-to-global principle.

Proof. Let Yi := Spc(Tc) \ Vi denote the Thomason complement. If Li : T → T(Vi)
denotes the corresponding localization which induces Spc(T(Vi)

c) ∼= Vi ⊆ Spc(Tc)
on spectra (Remark 1.23), then

Li(1) = 1 ∈ Loc⊗〈gT(Vi)(Q) | Q ∈ Vi〉 = Loc⊗〈Li(g(Q)) | Q ∈ Vi〉
by the assumed local-to-global principle in T(Vi) and Proposition 3.11. Hence by
Lemma 3.15, 1 ∈ L−1

i Loc⊗〈Li(g(Q)) | Q ∈ Vi〉 = Loc⊗〈eYi
, {fYi

⊗ g(Q)}Q∈Vi
〉.

Lemma 3.6 then implies that

fYi
∈ Loc⊗〈g(Q)⊗ fYi

| Q ∈ Vi〉 ⊆ Loc⊗〈g(Q) | Q ∈ Spc(Tc)〉.
Thus, fYi ∈ Loc⊗〈g(Q) | Q ∈ Spc(Tc)〉 for all i. Inductively applying Abstract
Mayer–Vietoris [BF11, Theorem 3.13], we obtain

(3.18) fY1∩···∩Yn
∈ Loc⊗〈g(Q) | Q ∈ Spc(Tc)〉.

Since Y1 ∩ · · · ∩ Yn = ∅, we have fY1∩···∩Yn
= 1 and the local-to-global principle

for T then follows from (3.18) by applying Lemma 3.6. �

3.19. Remark. As explained in Remark 3.14, the statement of the proposition is
no longer true (in general) if we take an arbitrary (not necessarily finite) cover of
Spc(Tc) by complements of Thomason subsets. On the other hand, we can take
an arbitrary cover of Spc(Tc) by quasi-compact opens, since such a cover can be
reduced to a finite cover because Spc(Tc) is quasi-compact.

3.20. Remark. While we do not have a general characterization for when the local-
to-global principle holds, we can show that it is satisfied whenever the topological
space Spc(Tc) is noetherian:

3.21. Theorem. Let T be a rigidly-compactly generated tt-category with Spc(Tc)
noetherian. Then T satisfies the local-to-global principle.

Proof. The proof of [BIK11a, Theorem 3.6] goes through in our setting. Consider
L := Loc⊗〈g(P) | P ∈ Spc(Tc)〉. It suffices to establish that 1 ∈ L since Lemma 3.6
will then imply that t ∈ Loc⊗〈t⊗ g(P) | P ∈ Spc(Tc)〉 for every t ∈ T. To this end
consider

Y :=
{
P ∈ Spc(Tc)

∣∣ e{P} ∈ L
}
.

This is a specialization closed set since if Q ⊆ P then e{Q} ∈ Loc⊗〈e{P}〉. We claim

that Y = Spc(Tc). If this were not the case then, since Spc(Tc) is noetherian, we

could choose a prime Q which is minimal in Spc(Tc) \ Y . Then let Z := {Q} \ {Q},
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which is specialization closed and thus Thomason, as the ambient space is noether-
ian. By construction, we have eZ ' eZ ⊗ e{Q}. Moreover, since {Q} \ Z = {Q},
[BF11, Lemma 7.4] implies that fZ ⊗ e{Q} ' g(Q). Thus, tensoring the exact

triangle eZ → 1→ fZ → ΣeZ with e{Q} provides an exact triangle

(3.22) eZ → e{Q} → g(Q)→ ΣeZ .

Now since Y is specialization closed, we have Y =
⋃

P∈Y {P}. Hence

Loc⊗〈eY 〉 = Loc⊗〈e{P} | P ∈ Y 〉 ⊆ L

by Remark 1.26. Then note that Z ⊆ Y since Q is minimal in the complement
of Y . Hence eZ ∈ Loc⊗〈eY 〉 so that eZ ∈ L. On the other hand, L contains g(Q)
by definition. Hence by the exact triangle (3.22), L also contains e{Q}. This is

a contradiction since Q is not contained in Y by assumption. We conclude that
Y = Spc(Tc). It follows that 1 = eY ∈ Loc⊗〈e{P} | P ∈ Y 〉 ⊆ L again by

Remark 1.26. �

3.23. Remark. Theorem 3.21 demonstrates that the extra hypotheses of [Ste13,
Theorem 6.9] and [Ste17, Theorem 4.7] are unnecessary. For a rigidly-compactly
generated tt-category T with Spc(Tc) noetherian, the local-to-global principle al-
ways holds without needing any additional hypotheses.

3.24. Example. Stevenson [Ste14, Ste17] proves that the derived category D(R)
of an absolutely flat ring satisfies the local-to-global principle if and only if R is
semi-artinian or noetherian. Note that the spectrum Spec(R) of an absolutely flat
ring is always weakly noetherian. On the other hand, Spec(R) is noetherian ⇔ the
ring R is noetherian ⇔ R is artinian ⇔ R is semisimple ⇔ R is a finite product
of fields ⇔ Spec(R) is finite. Moreover, a ring is semi-artinian and noetherian
if and only if it is artinian (see [NP68, Corollaire 3.1]). In particular, any non-
noetherian non-semi-artinian absolutely flat ring (such as an infinite product of
fields) provides an example where the spectrum is weakly noetherian and yet the
local-to-global principle fails. Thus, the hypothesis in Theorem 3.21 that Spc(Tc) is
noetherian cannot be weakened to the hypothesis that Spc(Tc) is weakly noetherian.
On the other hand, any non-noetherian semi-artinian absolutely flat ring provides
an example where the local-to-global principle holds and yet the spectrum is only
weakly noetherian. As explained in [NP68, Section 4], an example of such a ring is
the subring of

∏
N Fp consisting of those sequences which are eventually constant.

3.25. Corollary. If T satisfies the local-to-global principle (for example, if Spc(Tc)
is noetherian) then the Balmer–Favi notion of support is the unique assignment of
a subset Supp(t) ⊆ Spc(Tc) to each object t ∈ T satisfying the following properties:

(a) For every t ∈ T, Supp(t) = ∅ implies t = 0.
(b) For every t ∈ T and Thomason subset Y ⊆ Spc(Tc), Supp(t ⊗ eY ) =

Supp(t) ∩ Y and Supp(t⊗ fY ) = Supp(t) ∩ Y c.
Proof. This is a consequence of Proposition 2.14. Indeed, part (a) holds by Theo-
rem 3.21 and Remark 3.9, while the Balmer–Favi notion of support satisfies (b) by
Remark 2.16. �

3.26. Remark. The local-to-global principle is also studied in slightly different set-
tings than our present one. See [BIK11b, Theorem 3.4], [Ste13, Proposition 6.8],
[Ste14, Section 4], and [Ste17] for positive and negative results in this direction.
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Part II. Stratification: classification and criteria

We now begin our study of stratification. Informally, a rigidly-compactly gener-
ated tt-category T is stratified if its Balmer spectrum Spc(Tc) is weakly noetherian
and the Balmer–Favi notion of support classifies the localizing ⊗-ideals of T. It
is a property that a given T might or might not possess. Our present goal is to
formulate this notion precisely and establish conditions and criteria for when strati-
fication holds. For example, we’ll reduce the problem to the local categories at each
point and also establish a form of finite étale descent for stratification. These results
will provide some basic tools for establishing that a given category is stratified.

4. Stratification via Balmer–Favi supports

In this section we introduce the notion of stratification for a rigidly-compactly
generated tensor-triangulated category with Spc(Tc) weakly noetherian.

4.1. Theorem. Let T be a rigidly-compactly generated tensor-triangulated category
with Spc(Tc) weakly noetherian. Then the following are equivalent:

(a) “Minimality”: The local-to-global principle holds for T and for each P ∈
Spc(Tc), Loc⊗〈g(P)〉 is a minimal localizing ⊗-ideal of T.

(b) For all t ∈ T, Loc⊗〈t〉 = Loc⊗〈g(P) | P ∈ Supp(t)〉.
(c) “Stratification”: The map{

localizing ⊗-ideals of T
} Supp−−−→

{
subsets of Spc(Tc)

}
is an injection (and hence a bijection).

Proof. (a)⇒ (b): By the local-to-global principle,

Loc⊗〈t〉 = Loc⊗〈g(P)⊗ t | P ∈ Supp(t)〉

and certainly

(4.2) Loc⊗〈g(P)⊗ t | P ∈ Supp(t)〉 ⊆ Loc⊗〈g(P) | P ∈ Supp(t)〉.

On the other hand, if P ∈ Supp(t), then 0 6= Loc⊗〈g(P)⊗t〉 ⊆ Loc⊗〈g(P)〉, hence by
the minimality hypothesis, Loc⊗〈g(P)⊗ t〉 = Loc⊗〈g(P)〉. So g(P) ∈ Loc⊗〈g(P)⊗ t〉.
Thus (4.2) is an equality.

(b)⇒ (c): We actually show that the map

(4.3)
{

set-generated localizing ⊗-ideals of T
} Supp−−−→

{
subsets of Spc(Tc)

}
is an injection. It will then follow that there is only a set of set-generated localizing
⊗-ideals. Hence, by Proposition 3.5, every localizing ⊗-ideal is set-generated, so
we will have established (c). Note that the map is always surjective by Lemma 3.4.
Recall that every set-generated localizing ⊗-ideal of T is generated by a single object
(Remark 3.3) and Supp(Loc⊗〈t〉) = Supp(t) (Remark 3.2). Thus the injectivity of
(4.3) is equivalent to

∀t1, t2 ∈ T,Supp(t1) = Supp(t2) =⇒ Loc⊗〈t1〉 = Loc⊗〈t2〉.

If Supp(t1) = Supp(t2) then (b) implies that Loc⊗〈t1〉 = Loc⊗〈t2〉, so we are done.
(c)⇒ (a): Suppose 0 6= L ⊆ Loc⊗〈g(P)〉. Then

∅ 6= Supp(L) ⊆ Supp(Loc⊗〈g(P)〉) =
{
P
}
.
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Hence Supp(L) = Supp(Loc⊗〈g(P)〉). So (c) implies that L = Loc⊗〈g(P)〉. This
establishes the minimality of Loc⊗〈g(P)〉. To establish the local-to-global principle,
just observe that the support of Loc⊗〈t⊗ g(P) | P ∈ Spc(Tc)〉 is⋃

P∈Spc(Tc)

Supp(t⊗ g(P)) =
⋃

P∈Spc(Tc)

{P} ∩ Supp(t) = Supp(t)

by Remark 3.2 and Lemma 2.13. By (c) this implies that we have an equality of
localizing ⊗-ideals Loc⊗〈t〉 = Loc⊗〈t⊗ g(P) | P ∈ Spc(Tc)〉. �

4.4. Definition (Stratification). A rigidly-compactly generated tt-category T with
Spc(Tc) weakly noetherian is said to be stratified when the equivalent conditions
(a)–(c) of Theorem 4.1 hold. We will also say that T satisfies (or has) “minimal-
ity at P” if Loc⊗〈g(P)〉 is a minimal localizing ⊗-ideal of T as in part (a). (See
Proposition 5.2 below.)

4.5. Remark. Note that if T has minimality at P then g(P) ∈ Loc⊗〈t ⊗ g(P)〉
whenever P ∈ Supp(t).

4.6. Example. Neeman [Nee00] provides an example of a (non-noetherian) commu-
tative ring R whose spectrum Spec(R) consists of a single point and yet whose
derived category D(R) has many localizing ⊗-ideals. As the spectrum is a single
point, it is certainly noetherian, hence D(R) satisfies the local-to-global principle.
However, the category is not stratified. In this example, the Balmer–Favi notion
of support merely detects whether an object is zero or not. On the other hand,
when R is noetherian, D(R) is always stratified, see [Nee92a] or Theorem 5.8 below.

4.7. Remark. In analogy with Proposition 3.11, we will now demonstrate that strat-
ification passes to finite localizations.

4.8. Proposition. Let F : C → D be a coproduct-preserving tensor-triangulated
functor between rigidly-compactly generated tensor-triangulated categories. Suppose
that the induced map

ϕ : Spc(Dc)→ Spc(Cc)

is injective and that Spc(Cc) is weakly noetherian. Then Spc(Dc) is also weakly
noetherian and the following hold:

(a) If C satisfies minimality at ϕ(Q), then Q ∈ ϕ−1(Supp(c))⇒ Q ∈ Supp(F (c))
for any c ∈ C.

(b) If C is stratified and F is essentially surjective, then D is also stratified.

Proof. Note that Remark 2.6 shows that Spc(Dc) is weakly noetherian. For
part (a), suppose that ϕ(Q) ∈ Supp(c). Then

g(ϕ(Q)) ∈ Loc⊗〈c⊗ g(ϕ(Q))〉 ⊆ Loc⊗〈c〉
since we have minimality at ϕ(Q) (Remark 4.5). Hence, by Proposition 3.11(a),
g(Q) ' F (g(ϕ(Q))) ∈ Loc⊗〈F (c)〉 so that Q ∈ Supp(F (c)).

For part (b), first recall from Theorem 4.1 that stratification implies minimality
at every point. Hence part (a) and Proposition 3.11(b) imply that

Supp(F (c)) = ϕ−1(Supp(c))

for any c ∈ C. Now to establish stratification for D it suffices to prove that
d1 ∈ Loc⊗〈d2〉 whenever Supp(d1) ⊆ Supp(d2). (Recall the proof of (b) ⇒ (c)
in Theorem 4.1.) Since F is essentially surjective, di = F (ci) for some ci ∈ C. Then
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ϕ−1(Supp(c1)) ⊆ ϕ−1(Supp(c2)). Hence Supp(c1) ⊆ Supp(c2) ∪ (im(ϕ))c and thus
c1 ∈ Loc⊗〈c2, {g(P)}P 6∈im(ϕ)〉 by the local-to-global principle. It follows that

d1 ' F (c1) ∈ Loc⊗〈F (c2), {F (g(P))}P 6∈im(ϕ)〉 = Loc⊗〈F (c2)〉 = Loc⊗〈d2〉

by Proposition 3.11(a). This completes the proof. �

4.9. Corollary. Let T be a rigidly-compactly generated tt-category with Spc(Tc)
weakly noetherian. If T is stratified, then so is each finite localization T(V ).

4.10. Remark. In the next section, we will consider the problem of going the other
way around — of deducing stratification for T from its localizations. In particular,
we will reduce the problem of stratification to the local categories of Definition 1.25.

5. Reducing to the local case

Our next task is to reduce the problem of stratification to the local categories.

5.1. Remark. Let T be a local rigidly-compactly generated tt-category so that
Spc(Tc) has a unique closed point m = (0). The closed point m is weakly visible if
and only if it is visible if and only if the subset {m} is Thomason (Remark 2.9). In
this case,

g(m) = e{m} ⊗ fYm

but one readily checks that Ym = ∅. In other words, fYm
= 1 and we simply have

g(m) = e{m}.

5.2. Proposition. Let T be a rigidly-compactly generated tensor-triangulated cat-
egory with Spc(Tc) weakly noetherian and satisfying the local-to-global principle.
Then T satisfies minimality at a prime P ∈ Spc(Tc) if and only if the local category
T/〈P〉 satisfies minimality at its unique closed point.

Proof. First we will prove that Loc⊗〈g(P)〉 is minimal in T if Loc⊗〈g(m)〉 is minimal
in the local category T/〈P〉 where m denotes the local category’s unique closed
point. Let L : T → TP := T/〈P〉 denote the localization. Then L(g(P)) ∼= g(m)
by part (a) of Proposition 3.11. Our hypothesis is that Loc⊗〈g(m)〉 is a minimal
localizing ⊗-ideal in TP. By the relationship between localizing ⊗-ideals in TP

and T (Lemma 3.15), this amounts to

L−1(0) ( L−1(Loc⊗〈g(m)〉)

with no localizing ⊗-ideals between them. Using the explicit description of the
pullback (3.16), this can be rewritten as

Loc⊗〈eYP
〉 ( Loc⊗〈eYP

, U(g(m))〉

and since U(g(m)) ∼= UL(g(P)) ∼= fYP
⊗ g(P) ∼= g(P) (Remark 2.8), we have

Loc⊗〈eYP
〉 ( Loc⊗〈eYP

, g(P)〉

with no localizing ⊗-ideals between them. Now we are ready to establish the
minimality of Loc⊗〈g(P)〉 in T. Consider any nonzero t ∈ Loc⊗〈g(P)〉. We claim
that t 6∈ Loc⊗〈eYP

〉. Otherwise, if t ∈ Loc⊗〈eYP
〉 then t ' t ⊗ eYP

and hence
g(P)⊗ t = 0 (Remark 2.8). But our assumption t ∈ Loc⊗〈g(P)〉 implies Supp(t) ⊆
Supp(g(P)) = {P}. So g(P)⊗ t = 0 would imply that Supp(t) = ∅ and hence that
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t = 0 by the local-to-global principle. We conclude that if 0 6= t ∈ Loc⊗〈g(P)〉 then
t 6∈ Loc⊗〈eYP

〉. Hence

Loc⊗〈eYP
〉 ( Loc⊗〈eYP

, t〉 ⊆ Loc⊗〈eYP
, g(P)〉

so that Loc⊗〈eYP
, t〉 = Loc⊗〈eYP

, g(P)〉. Therefore g(P) ∈ Loc⊗〈eYP
, t〉. It follows

that

g(P) ' g(P)⊗ g(P) ∈ Loc⊗〈eYP
⊗ g(P), t⊗ g(P)〉

by Lemma 3.6. Since eYP
⊗ g(P) = 0, we conclude that

g(P) ∈ Loc⊗〈t⊗ g(P)〉 = Loc⊗〈t〉
where the last equality is by the local-to-global principle. Therefore Loc⊗〈g(P)〉 =
Loc⊗〈t〉. This establishes that Loc⊗〈g(P)〉 is a minimal localizing ⊗-ideal in T.

For the only if part, we need to establish minimality at m in TP assuming mini-
mality at P in T. To this end, consider 0 6= d ∈ Loc⊗〈g(m)〉. Then m ∈ Supp(d) by
the local-to-global principle. Write d = L(t) for some t ∈ T. Then m ∈ Supp(L(t)).
By part (b) of Proposition 3.11, it follows that P ∈ Supp(t). Minimality at P then
implies that g(P) ∈ Loc⊗〈t〉 (Remark 4.5). Hence g(m) ∼= L(g(P)) ∈ Loc⊗〈L(t)〉 =
Loc⊗〈d〉. Therefore Loc⊗〈g(m)〉 = Loc⊗〈d〉. �

5.3. Corollary. Let T be a rigidly-compactly generated tensor-triangulated category
with Spc(Tc) weakly noetherian and satisfying the local-to-global principle. Then T

is stratified if and only if for each P ∈ Spc(Tc) the local category T/〈P〉 satisfies
minimality at its unique closed point.

Proof. By Theorem 4.1, stratification of T is equivalent to minimality at each prime
P ∈ Spc(Tc). The claim thus follows from Proposition 5.2. �

5.4. Remark. Let V ⊆ Spc(Tc) be the complement of a Thomason subset. For any
P ∈ V we have T/〈P〉 ∼= T(V )/〈P〉 by Proposition 1.32 and Remark 1.33. That is,
the local category of T at P is the same as the local category of T(V ) at P. Then
one consequence of Proposition 5.2 is that T satisfies minimality at P if and only if
T(V ) satisfies minimality at P ∈ V . In order to establish stratification of T it thus
suffices to establish stratification of T(V ) for V forming a cover of the spectrum
of T:

5.5. Corollary. Let T be a rigidly-compactly generated tensor-triangulated category
with Spc(Tc) weakly noetherian and satisfying the local-to-global principle. Suppose
Spc(Tc) =

⋃
i∈I Vi is a cover by complements of Thomason subsets. Then T is

stratified if and only if each finite localization T(Vi) is stratified.

Proof. The only if part follows from Corollary 4.9. The rest follows from Corol-
lary 5.3 keeping in mind Remark 5.4. �

5.6. Remark. If the cover in Corollary 5.5 is finite, then we may drop the assumption
that T satisfies the local-to-global principle. Indeed, in this case it is a consequence
of Proposition 3.17 and Theorem 4.1.

5.7. Example. The first example of a classification of localizing ⊗-ideals was for
the derived category D(R) of a commutative noetherian ring R, due to Nee-
man [Nee92a]. He utilizes a notion of support provided by the residue fields κ(p)
of the ring R. Since these are not the same as the Balmer–Favi idempotents g(P)
defined using finite localizations, it isn’t immediate that D(R) is stratified in the
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sense of Definition 4.4. In fact, in general the two notions of support (defined using
the g(P)s and the κ(p)s, respectively) differ; see [BHS21]. For noetherian rings,
however, the universal nature of Balmer–Favi supports (Theorem 7.6) asserts that
stratification for D(R) is indeed a consequence of Neeman’s result, but it is instruc-
tive to give a more direct proof, as explained in [Ste18, Section 3.4]:

5.8. Theorem (Neeman). The derived category D(R) of a commutative noetherian
ring is stratified.

Proof. By Corollary 5.3 and Example 1.36, it suffices to assume that R is local and
check minimality at the closed point M ∈ Spc(D(R)c). By Remark 5.1, g(M) =
e{M}. Now if the maximal ideal of R is m = (f1, . . . , fn) then

{M} = ρ−1({m}) = supp(cone(f1)⊗ · · · ⊗ cone(fn))

is the support of the associated Koszul complex Km := cone(f1) ⊗ · · · ⊗ cone(fn).
Thus Loc⊗〈e{M}〉 = Loc⊗〈Km〉. One checks inductively that κ(m) ⊗ Km is a
(nonzero) direct-sum of suspensions of κ(m). Hence κ(m) ∈ Loc⊗〈Km〉. On the
other hand, thick〈κ(m)〉 consists precisely of those complexes with finite length ho-
mology (see [DGI06, Example 3.5] for example). The Koszul complex has finite
length homology, so Km ∈ Loc⊗〈κ(m)〉. We conclude that

Loc⊗〈κ(m)〉 = Loc⊗〈Km〉 = Loc⊗〈e{M}〉 = Loc⊗〈g(M)〉.

Then consider X ∈ Loc⊗〈g(M)〉. If X ⊗ κ(m) = 0 then Loc⊗〈κ(m)〉 ⊆ Ker(X ⊗−)
so that X⊗g(M) = 0. Therefore Supp(X) = ∅ so that X = 0 by the local-to-global
principle. Thus, if 0 6= X ∈ Loc⊗〈g(M)〉 then X ⊗ κ(m) 6= 0. Hence, since κ(m) is
a field object in D(R), X⊗κ(m) is a nonzero direct-sum of suspensions of copies of
κ(m). Hence κ(m) ∈ Loc⊗〈X〉 so that Loc⊗〈X〉 = Loc⊗〈g(M)〉. We conclude that
Loc⊗〈g(M)〉 is minimal and this completes the proof. �

5.9. Remark. For X a quasi-compact and quasi-separated scheme, we have the
derived category Dqc(X) of complexes of OX -modules with quasi-coherent coho-
mology. It is rigidly-compactly generated and its subcategory of rigid-compact
objects Dqc(X)c = Dperf(X) is the derived category of perfect complexes. A fun-
damental result concerning the Balmer spectrum is that Spc(Dperf(X)) ∼= X. See
[Tho97], [Bal05, Theorem 6.3], and [BKS07, Theorem 9.5]. More precisely, the map
X → Spc(Dperf(X)) induced by the usual notion of cohomological support (via the
universal property of the Balmer spectrum) is an isomorphism. Moreover, for any
quasi-compact open subset U ⊆ X ∼= Spc(Dqc(X)c), the corresponding finite local-
ization of Dqc(X) can be identified with Dqc(U). That is, Dqc(X)(U) ∼= Dqc(U) in
the notation of Remark 1.23.

5.10. Corollary (Stevenson). The derived category Dqc(X) of a noetherian scheme
is stratified.

Proof. Since Spc(Dqc(X)c) ∼= X is noetherian, Dqc(X) satisfies the local-to-global
principle by Theorem 3.21. The result then follows from Corollary 5.5, Theorem 5.8
and Remark 5.9 by taking an open affine cover of X. �

5.11. Remark. The above result was established by Stevenson [Ste13, Corol-
lary 8.13]. The resulting classification of localizing ⊗-ideals was first obtained by
[ATJLSS04, Corollary 4.13].
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6. Extending by finite étale morphisms

Next we want to explain that minimality can be checked (in some situations)
after a finite étale extension.

6.1. Definition. Let F : C→ D be a coproduct-preserving tensor-triangulated func-
tor between rigidly-compactly generated tensor-triangulated categories. We say
that F is finite étale if there is a compact commutative separable algebra A
in C and an equivalence of tensor-triangulated categories D ∼= A - ModC such that
F : C→ D becomes the extension-of-scalars functor FA : C→ A - ModC. For back-
ground on this notion of “finite étale morphism” in tensor triangular geometry see
[San21, Bal16a, Bal16b].

6.2. Example. In equivariant examples, restriction to a finite-index subgroup is often
a finite étale morphism in the sense of Definition 6.1, as explained in [BDS15]. This
is the case, for example, for the restriction functor resGH : SHG → SHH on the
equivariant stable homotopy category. The same is true for categories of spectral
Mackey functors considered in Part V (see Lemma 15.4). Further examples are
discussed in [San21, Section 5]. In particular, [San21, Example 5.12] shows that
finite étale morphisms are “local in the target”:

6.3. Lemma. Let F : C → D be a finite étale morphism of rigidly-compactly gen-
erated tensor-triangulated categories and let

ϕ : Spc(Dc)→ Spc(Cc)

denote the induced map. For any Thomason subset Y ⊆ Spc(Cc) with complement
V := Spc(Cc) \ Y , the induced functor (Proposition 1.30)

C(V )→ D(ϕ−1(V ))

is also finite étale.

6.4. Theorem. Let F : C→ D be a finite étale morphism of rigidly-compactly gen-
erated tensor-triangulated categories. Assume that both categories have noetherian
spectrum, and let

ϕ : Spc(Dc)→ Spc(Cc)

denote the induced map. If P ∈ Spc(Dc) is a point such that ϕ−1({ϕ(P)}) = {P}
then minimality at P in D implies minimality at ϕ(P) in C.

Proof. First we prove the theorem under the additional assumption that C is local
and ϕ(P) is the closed point in Spc(Cc). It follows that the unique point P in its
preimage is a closed point of Spc(Dc) (although it need not be the only one). We
then proceed with the following observation. Recall that the closed point in the
local category Cc is (0). We claim that ϕ is conservative on big objects supported
on the closed point m ∈ Spc(Cc). Indeed, let 0 6= t ∈ C with Supp(t) ⊆ {m}. If
F (t) = 0 then A ⊗ t ' UF (t) = 0 where A = U(1) is the compact commutative
separable algebra providing the finite étale morphism. The fact that A is compact
means that ∅ = Supp(A ⊗ t) = supp(A) ∩ Supp(t) by the half-tensor theorem
for Balmer–Favi supports (see Lemma 2.18). Moreover, compactness of A implies
that supp(A) is specialization closed and thus contains m. Hence Supp(t) = ∅ and
therefore t = 0.

Recall from Remark 5.1 that in a local category, g(m) = e{m} is the left idempo-
tent associated to the Thomason subset Y := {m}. By our hypothesis, the preimage
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ϕ−1(Y ) = {P} is a single closed point. It follows that F (e{m}) = e{P}. With this
in hand, we can prove that minimality at m follows from minimality of P. Consider
any 0 6= t ∈ Loc⊗〈e{m}〉. Then 0 6= F (t) by the conservativity claim above. Also
F (t) ∈ Loc⊗〈F (e{m})〉 = Loc⊗〈e{P}〉. Now Supp(e{P}) = {P} so

0 6= Loc⊗〈e{P}〉 = Loc⊗〈e{P} ⊗ g(P)〉 ⊆ Loc⊗〈g(P)〉

by the local-to-global principle in D. Therefore, minimality at P implies that
Loc⊗〈e{P}〉 = Loc⊗〈g(P)〉. Minimality of this then implies that

Loc⊗〈F (t)〉 = Loc⊗〈e{P}〉 = Loc⊗〈g(P)〉.

Therefore F (e{m}) = e{P} ∈ Loc⊗〈F (t)〉. Then consider U−1(Loc⊗〈UF (t)〉) where
U denotes the right adjoint of F . The right-hand side is a localizing subcategory
of D (since U preserves coproducts). The separable Neeman–Thomason theorem
due to Balmer [Bal16a, Theorem 4.2] establishes that every compact object of
D is a direct summand of the image F (c) of a compact object c ∈ Cc. It follows,
using the projection formula (Remark 1.28) that U−1(Loc⊗〈UF (t)〉) is closed under
tensoring with any compact object, and hence is closed under tensoring with any
object (Remark 1.3), so that it is a localizing ⊗-ideal. It contains F (e{m}). Hence
we conclude that UF (e{m}) ∈ Loc⊗〈UF (t)〉. That is, A⊗e{m} ∈ Loc⊗〈A⊗t〉. Then

Loc⊗〈e{m}〉 = Loc⊗〈A⊗ e{m}〉 ⊆ Loc⊗〈A⊗ t〉 ⊆ Loc⊗〈t〉

where the first equality follows from Lemma 3.7 since m ∈ supp(A). This establishes
the special case of the proposition when C is local and ϕ(P) is the unique closed
point.

Now we turn to the general statement. Recall from Definition 1.25 that the
localization C → C/〈ϕ(P)〉 is the finite localization associated to the Thomason
subset Yϕ(P) whose complement Y cϕ(P) consists of all generalizations of ϕ(P). The

preimage ϕ−1(Yϕ(P)) need not coincide with YP. Indeed, Y cP =
{
Q
∣∣Q ⊇ P

}
while

V := ϕ−1(Yϕ(P))
c =

{
Q
∣∣ϕ(Q) ⊇ ϕ(P)

}
. In any case, we have the induced functor

as from Proposition 1.30:

C D

C/〈ϕ(P)〉 D(V ) D/〈P〉

F
(−)P

F (−)P

and the right triangle of functors are all finite localizations, while the induced
functor F is finite étale by Lemma 6.3. On spectra the bottom line is (reversing
directions){

Q ⊂ Dc
∣∣Q ⊇ P

}
↪→
{
Q ⊂ Dc

∣∣ϕ(Q) ⊇ ϕ(P)
} ϕ−→

{
Q′ ⊂ Cc

∣∣Q′ ⊇ ϕ(P)
}
.

If P is minimal in D then it is minimal in the local category and hence in D(V )
(recall Proposition 5.2). The lower F satisfies the hypotheses of the local case of the
proposition we have already proved, so we have established that ϕ(P) is minimal
in the local category C/〈ϕ(P)〉, and hence ϕ(P) is minimal in C (again invoking
Proposition 5.2). �

6.5. Remark. We’ll use Theorem 6.4 in Section 15 to establish stratification for
certain equivariant examples by passing to smaller subgroups.
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Part III. Stratification: universality and consequences

7. Universal weakly noetherian stratification

We now establish that the approach to stratification described above, which uses
the Balmer–Favi notion of support, is in a certain sense the universal approach to
stratification, at least in weakly noetherian contexts. Throughout this section, we
will assume that T is a rigidly-compactly generated tensor-triangulated category.
We begin with an axiomatization of the properties of the Balmer–Favi notion of
support recorded in Remark 2.12.

7.1. Definition. Let X be a topological space and let σ : T → P(X) be a function
defined on the objects of T. The pair (X,σ) is called a theory of support if it satisfies
the following axioms:

(a) σ(0) = ∅ and σ(1) = X;
(b) σ(Σt) = σ(t) for every t ∈ T;
(c) σ(c) ⊆ σ(a) ∪ σ(b) for any exact triangle a→ b→ c→ Σa in T;
(d) σ(

∐
i∈I ti) =

⋃
i∈I σ(ti) for any set of objects ti in T;

(e) σ(t1 ⊗ t2) ⊆ σ(t1) ∩ σ(t2) for any t1, t2 ∈ T.

We also refer to σ as a support function.

7.2. Remark. Note that we have not yet made use of the topology on X. Neverthe-
less, it will play an important role below.

7.3. Definition. We extend a support function σ to a collection of objects S ⊂ T by
defining σ(S) :=

⋃
s∈S σ(s). The axioms ensure that σ(Loc⊗〈E〉) =

⋃
t∈E σ(t) for

any set of objects E ⊂ T. In particular, σ induces a map

(7.4)
{

localizing ⊗-ideals of T
}
−→

{
subsets of X

}
.

If this map is a bijection, then the support theory (X,σ) is said to be stratifying.

7.5. Example. If the Balmer spectrum Spc(Tc) is weakly noetherian then the
Balmer–Favi notion of support provides a support theory (Spc(Tc),Supp) for T.

7.6. Theorem. Let T be a rigidly-compactly generated tensor-triangulated category.
Let X be a spectral space equipped with a notion of support σ(t) ⊆ X for the
objects t ∈ T satisfying axioms (a)–(e) of Definition 7.1. Suppose that this notion
of support stratifies T in the sense that the map{

localizing ⊗-ideals of T
}
→
{

subsets of X
}

(7.7)

defined by L 7→ σ(L) :=
⋃
t∈T σ(t) is a bijection. Then the following are equivalent:

(a) The subset σ(x) ⊆ X is Thomason closed for each compact object x ∈ Tc

and every Thomason closed subset of X arises in this way.
(b) Under the bijection, the compactly generated localizing ⊗-ideals of T corre-

spond to the Thomason subsets of X.
(c) There is a unique homeomorphism f : X

∼−→ Spc(Tc) such that σ(x) =
f−1(supp(x)) for every compact x ∈ Spc(Tc).

If these conditions hold and the spectral space X is weakly noetherian then under the
homeomorphism X

∼−→ Spc(Tc) the notion of support σ coincides with the Balmer–
Favi notion of support Supp.
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Proof. The axioms on σ imply that for each subset Y ⊆ X,

Ψ(Y ) :=
{
t ∈ T

∣∣σ(t) ⊆ Y
}

is a localizing ⊗-ideal of T. One readily checks that L ⊆ Ψ(σ(L)) for any localizing
⊗-ideal L. Hence σ(L) ⊆ σ(Ψ(σ(L))) ⊆ σ(L) so that σ(L) = σ(Ψ(σ(L))) and
therefore L = Ψ(σ(L)). In other words, Ψ provides the inverse to the bijection (7.7).
With these comments in hand, we proceed with the proof. First we establish that
(a) and (b) are equivalent.

(a)⇒(b): The first part of the hypothesis implies that if L is compactly generated
then σ(L) is a Thomason subset. On the other hand, if Y =

⋃
i∈I Zi is a Thomason

subset (a.k.a. union of Thomason closed sets) then Zi = σ(xi) for compact xi ∈ Tc

by the second part of the hypothesis. Hence Y = σ(Loc⊗〈xi | i ∈ I〉) is the support
of a compactly generated ⊗-ideal. This establishes (b).

(b)⇒(a): First we prove that every Thomason closed subset Z is of the form σ(x)
for a compact object x ∈ Tc. Well, Z = σ(Ψ(Z)) and by hypothesis Ψ(Z) is
compactly generated. Hence

Z = σ(Ψ(Z)) =
⋃

t∈Tc∩Ψ(Z)

σ(t).

In the Hochster-dual topology, this is an open cover of a quasi-compact open subset
(see Remark 1.16). Hence Z = σ(x1) ∪ · · · ∪ σ(xn) for finitely many x1, . . . , xn ∈
Tc ∩Ψ(Z). That is, Z = σ(x1 ⊕ · · · ⊕ xn) is the support of a compact object.

To establish (a) it remains to show that σ(x) is closed for every compact object x.
By hypothesis, σ(x) is a Thomason subset, that is, a union of Thomason closed
subsets. By what we have just proved, we can write each Thomason closed subset
as the support of a compact object. Thus σ(x) =

⋃
i∈I σ(xi) for some compact xi.

This implies by the stratification hypothesis that we have an equality of (compactly
generated) localizing ⊗-ideals Loc⊗〈x〉 = Loc⊗〈xi | i ∈ I〉 which in turn implies that

thick⊗〈x〉 = Tc ∩ Loc⊗〈x〉 = Tc ∩ Loc⊗〈xi | i ∈ I〉 = thick⊗〈xi | i ∈ I〉.

It follows that x ∈ thick⊗〈x1, . . . , xn〉 for a finite collection of the xi. Hence
thick⊗〈x〉 = thick⊗〈x1 ⊕ · · · ⊕ xn〉 and σ(x) = σ(x1) ∪ · · · ∪ σ(xn) is closed. This
establishes (a).

We have established that (a) and (b) are equivalent. Note that (c) trivially
implies (a) since the statements in (a) are basic properties of the universal sup-
port (1.7). We now prove that (a) and (b) imply (c).

To prove (c) we first establish that σ satisfies the tensor product formula for
compact objects: σ(x⊗ y) = σ(x) ∩ σ(y). First note that if x is a compact object
then Loc⊗〈x〉 = Ψ(σ(x)) and thick⊗〈x〉 = Loc⊗〈x〉 ∩ Tc = Ψ(σ(x)) ∩ Tc. Then for
any two compact objects x and y, we have

Ψ(σ(x) ∩ σ(y)) ∩ Tc =
{
a ∈ Tc

∣∣σ(a) ⊆ σ(x) ∩ σ(y)
}

= Ψ(σ(x)) ∩Ψ(σ(y)) ∩ Tc

= thick⊗〈x〉 ∩ thick⊗〈y〉.

Now the universal notion of support in Spc(Tc) has the tensor product property:
supp(x⊗ y) = supp(x) ∩ supp(y). Hence, by the classification of thick ⊗-ideals,

thick⊗〈x⊗ y〉 = thick⊗〈x〉 ∩ thick⊗〈y〉 = Ψ(σ(x) ∩ σ(y)) ∩ Tc.
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Therefore

Loc⊗〈x⊗ y〉 = Loc〈thick⊗〈x⊗ y〉〉 = Loc〈Ψ(σ(x) ∩ σ(y)) ∩ Tc〉 = Ψ(σ(x) ∩ σ(y))

since Ψ(σ(x) ∩ σ(y)) is compactly generated by hypothesis (since the intersection
of the Thomason subsets σ(x) and σ(y) is Thomason). This establishes that

σ(x⊗ y) = σ(x) ∩ σ(y)

for any two compact objects x, y ∈ Tc.
This tensor product formula, combined with the axioms for σ and the fact

that σ(x) is Thomason closed for compact x, implies that the restriction of σ to Tc

is a support datum in the sense of [Bal05, Definition 3.1]. Hence by the universal
property of the Balmer spectrum [Bal05, Theorem 3.2], there is a unique continuous
map f : X → Spc(Tc) such that f−1(supp(x)) = σ(x) for each compact x. More-
over, by our hypotheses we have an induced bijection between the thick ⊗-ideals
of Tc and the Thomason subsets of X given by C 7→ σ(Loc⊗〈C〉) = σ(C) with inverse
Y 7→ Ψ(Y ) ∩ Tc. Therefore, σ defines a classifying support datum in the sense of
[BKS07, Section 6] for the lattice of thick ⊗-ideals of Tc (cf. [BKS07, Lemma 7.10
and Definition 5.2]). Hence by [BKS07, Corollary 6.2], the map f : X → Spc(Tc) is
a homeomorphism. This establishes (c).

Under the homeomorphism X
∼−→ Spc(Tc) of part (c), our support function σ

induces a support function in Spc(Tc) which coincides with the universal sup-
port on compact objects. It remains to establish that this induced notion of
support in Spc(Tc) coincides with the Balmer–Favi notion of support when X
is weakly noetherian. This will follow from Proposition 2.14 if we can establish
that the induced notion of support satisfies properties (a) and (b) of that propo-
sition. Property (a) is immediate since the stratification hypothesis ensures that
t = 0 if σ(t) = ∅. To invoke the proposition it thus remains to verify prop-
erty (b). By hypothesis, a Thomason subset Y corresponds to the compactly
generated Ψ(Y ) = Loc〈Tc ∩ Ψ(Y )〉 = Loc〈x ∈ Tc | σ(x) ⊆ Y 〉. But, since
σ(x) = supp(x) for compact x, this is Loc〈x ∈ Tc | supp(x) ⊆ Y 〉 = Loc⊗〈eY 〉.
Thus σ(eY ) = σ(Ψ(Y )) = Y . Now under the stratification, σ(eY )∩σ(fY ) = ∅ cor-
responds to Loc⊗〈eY 〉 ∩ Loc⊗〈fY 〉 = 0. Hence Y ∩ σ(fY ) = ∅ so that σ(fY ) ⊆ Y c.
Moreover, from the exact triangle eY → 1 → fY → ΣeY and the axiom that σ(1)
is the whole space we conclude that σ(fY ) = Y c. Now consider an arbitrary ob-
ject t ∈ T and the exact triangle eY ⊗ t → t → fY ⊗ t → ΣeY ⊗ t. Our basic
axioms for σ (Definition 7.1) imply that σ(eY ⊗ t) ⊆ σ(eY ) ∩ σ(t) = Y ∩ σ(t) and
σ(fY ⊗t) ⊆ σ(fY )∩σ(t) = Y c∩σ(t). It then follows from σ(t) ⊆ σ(eY ⊗t)∪σ(fY ⊗t)
that we in fact have equalities σ(eY ⊗ t) = Y ∩ σ(t) and σ(fY ⊗ t) = Y c ∩ σ(t).
We thus conclude that σ = Supp by invoking Proposition 2.14. This completes the
proof. �

7.8. Remark. We may reinterpret Theorem 7.6 as follows. Suppose (X,σ) is a
stratifying support theory for T. If the collection σ(x)c ⊆ X for x ∈ Tc forms a
basis of quasi-compact open sets for the topology of X, which is spectral and weakly
noetherian, then there is a canonical identification (X,σ) ∼= (Spc(Tc),Supp) and T

is stratified in the sense of Definition 4.4.

7.9. Remark. The philosophical point of Theorem 7.6 is as follows. Suppose you
have a rigidly-compactly generated category T whose spectrum Spc(Tc) is weakly
noetherian, so that the Balmer–Favi notion of support is defined. If the localizing
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⊗-ideals of T can be stratified by a reasonable notion of support on T in a way that
is compatible with the classification of thick ⊗-ideals of Tc then the Balmer–Favi
notion of support will do the job. Therefore, one might as well use the Balmer–Favi
notion of support to begin with. In this sense, the Balmer–Favi notion of support is
the “universal choice” for stratifying categories whose Balmer spectrum is weakly
noetherian.

7.10. Remark. We now briefly recall the approach to the classification of localizing
⊗-ideals developed by Benson–Iyengar–Krause (BIK) in [BIK08, BIK11b], which
in turn is inspired by the work of Hovey–Palmieri–Strickland [HPS97]. In fact,
their theory applies more generally to triangulated categories without monoidal
structures, but we will not make use of this here. The starting point of their
framework is an auxiliary action of a (graded) commutative noetherian ring R on
the category T. In parallel to the Balmer–Favi idempotents g(P), they construct
smashing endofunctors Γp : T → T for any (homogeneous) prime ideal p ∈ Spec(R).
The BIK notion of support is then defined as

SuppBIK(t) :=
{
p ∈ Spec(R)

∣∣Γpt 6= 0
}
.

We also define suppR(T) := SuppBIK(1) ⊆ Spec(R) and note that SuppBIK(t) ⊆
suppR(T) for all t ∈ T. The category T is said to be stratified with respect to the
action of R in the sense of BIK if the ΓpT are trivial or minimal localizing ⊗-ideals
of T for any p; because R is assumed to be (graded) noetherian, the local-to-global
principle automatically holds in their setting. In the language of Definition 7.1,
the pair (suppR(T),SuppBIK) is a support theory for T, and T is stratified by the
action of R in the sense of BIK if (suppR(T),SuppBIK) is stratifying in the sense of
Definition 7.3.

7.11. Corollary. Let T be a rigidly-compactly generated tensor-triangulated cat-
egory which, in the terminology of [BIK11b], is noetherian and stratified by the
action of a graded-noetherian ring R. Then the BIK space of supports suppR(T)
is homeomorphic to Spc(Tc) and the BIK notion of support in suppR(T) coincides
with the Balmer–Favi notion of support in Spc(Tc).

Proof. It is established in [BIK08, Sections 5–6] that the BIK notion of support
satisfies axioms (b), (c), and (d) of Definition 7.1. Moreover, their restriction to
suppR(T) rather than using the whole space Spec(R) ensures that axiom (a) holds.
Since the functors Γp are smashing, it follows that axiom (e) holds. Also by [BIK08,
Theorem 5.5], the space of supports suppR(T) = SuppBIK(1) is a closed subspace
of Spec(R), hence is itself a noetherian spectral space. The claim then follows from
Theorem 7.6 and [BIK11b, Theorem 6.1]. �

7.12. Example (BIK-stratified categories). Given Corollary 7.11, we can restate all
the BIK stratification results in the literature in terms of stratification via the
Balmer–Favi notion of support. For example, the stable module category StModkG
of a finite group G over a field k is stratified by the Balmer–Favi notion of
support [BIK11a]. More generally, this holds when G is a finite group scheme
over k [BIKP18]. There are many more examples, such as module categories of
cochain algebras [BCHV19a, BCHV19b] or affine weakly regular tensor-triangulated
categories [DS16].

7.13. Remark. Theorem 7.6 and Corollary 7.11 are related to results of
Dell’Ambrogio [Del10, Theorem 3.1 and Theorem 3.14]. From one perspective,
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our results establish that (under weak hypotheses) a stratifying support theory
automatically satisfies the remainder of the hypotheses used in the cited theorems.

7.14. Corollary. Let u ∈ T be a ⊗-invertible object such that the associated graded-
commutative ring R•u := HomT(1, u⊗•) is graded-noetherian. If T is noetherian and
stratified by the canonical action of R•u in the sense of [BIK11b] then the comparison
map ρ•u : Spc(Tc)→ Spec(R•u) is a homeomorphism.

Proof. Let R := R•u for notational simplicity and write suppR := SuppBIK for
the BIK support (Remark 7.10) for the canonical action of R on T. We refer to
[Bal10a] for the construction of the comparison map ρ•u. By Corollary 7.11, the
canonical continuous map suppR(T) → Spc(Tc) is a homeomorphism. Moreover,
the comparison map ρ : Spc(Tc)→ Spec(R) is surjective by [Bal10a, Theorem 7.3].

The composite map suppR(T)
∼−→ Spc(Tc) � Spec(R) sends p ∈ suppR(T) to the

homogeneous prime ideal
{
f ∈ R

∣∣ p ∈ suppR(cone(f))
}
∈ Spec(R). By [BIK11b,

Lemma 2.6],

suppR(cone(f)) = V (f) ∩ suppR(1) = V (f) ∩ suppR(T),

where V (f) =
{
p ∈ Spec(R)

∣∣ f ∈ p
}

. Hence for any p ∈ suppR(T) we have{
f ∈ R

∣∣ p ∈ suppR(cone(f))
}

=
{
f ∈ R

∣∣ p ∈ V (f) ∩ suppR(T)
}

=
{
f ∈ R

∣∣ p ∈ V (f)
}

= p.

It follows that the comparison map Spc(Tc)→ Spec(R) is injective, hence a continu-
ous bijection. It is then automatically a homeomorphism by [DS16, Lemma 2.2]. �

7.15. Example (Noetherian schemes). Recall that the derived category Dqc(X) of
a noetherian scheme X is stratified by the Balmer–Favi notion of support (Corol-
lary 5.10). This also follows from Theorem 7.6 and [ATJLSS04]. Indeed, it is proved
in [ATJLSS04, Corollary 4.13] that the usual cohomological support

σ(E) :=
{
x ∈ X

∣∣E ⊗L
OX

k(x) 6= 0 in D(k(x))
}

provides a stratifying support theory for Dqc(X) taking values in X, and the re-
maining hypotheses of Theorem 7.6 are well-known (see [Tho97, Lemma 3.3 and
Lemma 3.4]). Note that Dqc(X) is an example of a stratified category which is not,
in general, stratified in the sense of BIK.

7.16. Remark. Throughout the rest of this paper when we say that a category T

is stratified we mean in the sense of Definition 4.4. In other words, it means that
Spc(Tc) is weakly noetherian and T is stratified by the Balmer–Favi notion of
support. It is a property of the category T.

8. The tensor product formula and Bousfield classes

We now mention a couple of known consequences of stratification. Further con-
sequences will be given in Section 9 and the companion paper [BHS21].

8.1. Remark. Recall from Lemma 2.18 that the Balmer–Favi notion of support
satisfies a “half tensor-product theorem”:

Supp(t⊗ x) = Supp(t) ∩ supp(x)

for any t ∈ T and compact x ∈ Tc. In the presence of stratification, this can be
improved to a full tensor-product theorem:
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8.2. Theorem. Let T be a rigidly-compactly generated tt-category with Spc(Tc)
weakly noetherian. If T is stratified then

Supp(t1 ⊗ t2) = Supp(t1) ∩ Supp(t2)

for any t1, t2 ∈ T.

Proof. The inclusion Supp(t1⊗ t2) ⊆ Supp(t1)∩Supp(t2) is a basic property of the
support (Remark 2.12). For the reverse inclusion, first note that when stratification
holds, P ∈ Supp(t) implies that g(P) ∈ Loc⊗〈g(P) ⊗ t〉 (Remark 4.5). Thus, if
P ∈ Supp(t1) then g(P) ∈ Loc⊗〈g(P) ⊗ t1〉. Applying Lemma 3.6 we then have
g(P) ⊗ t2 ∈ Loc⊗〈g(P) ⊗ t1 ⊗ t2〉. Therefore, if P ∈ Supp(t2) as well, then g(P) ∈
Loc⊗〈g(P)⊗t2〉 so that g(P) ∈ Loc⊗〈g(P)⊗t1⊗t2〉. It follows that g(P)⊗t1⊗t2 6= 0,
and that P ∈ Supp(t1 ⊗ t2) as required. �

8.3. Remark. Without the stratification condition, the tensor-product theorem does
not hold in general, even when Spc(Tc) is noetherian. For example, in the derived
category D(R) of the ring considered by Neeman (Example 4.6), there exists a
nonzero object I with I ⊗ I = 0 [DP08, Theorem C]. Since the detection property
holds in this example, the existence of such an I implies that the tensor-product
theorem cannot hold in D(R).

8.4. Definition (Bousfield classes). For a fixed t ∈ T, recall that an object s ∈ T

is t-acyclic if s ⊗ t = 0. The Bousfield class of t is the collection of all t-acyclic
objects:

A(t) :=
{
s ∈ T

∣∣ s⊗ t = 0
}
.

Note that A(t) is a localizing ⊗-ideal of T.

8.5. Remark. By a theorem of Iyengar and Krause [IK13, Theorem 3.1], if T is
compactly generated, then there is only a set of Bousfield classes, which we denote

A(T) :=
{
A(t)

∣∣ t ∈ T
}
.

8.6. Remark. There is a partial order on the set A(T) of Bousfield classes given by

A(s) ≤ A(t) when A(s) ⊇ A(t).

Moreover, for any set of objects {ti}, we define the join of the set {A(ti)} by∨
i

A(ti) := A(
∐
i

ti).

The set A(T) of Bousfield classes is then a partially ordered set in which every
subset has a greatest lower bound. By taking the join of all the lower bounds,
we can define a meet operation ∧ on A(T). Under these operations A(T) forms a
complete lattice called the Bousfield lattice of T. It was originally studied (for T

the category of spectra) by Bousfield [Bou79a].

8.7. Remark. In general, it is difficult to describe the meet operation on the Bous-
field lattice A(T). However, if T is stratified, then the following theorem gives a
complete description of A(T) and hence also a description of the meet operation.
For categories stratified in the sense of BIK (Remark 7.10), an analogous result was
established in [IK13, Section 4].
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8.8. Theorem. Let T be a stratified rigidly-compactly generated tt-category. The
Bousfield lattice of T is isomorphic to the lattice of subsets of Spc(Tc) via the map
which sends a Bousfield class A(t) to Supp(t). In particular,

A(s) ∧A(t) = A(s⊗ t)

for any s, t ∈ T.

Proof. By the local-to-global principle, we have

Loc⊗〈t〉 = Loc⊗〈t⊗ g(P) | P ∈ Supp(t)〉.

It follows that

A(t) =
∨

P∈Supp(t)

A(g(P)⊗ t).

Arguing as in [IK13, Theorem 4.4], the tensor-product theorem for support (The-
orem 8.2), which holds whenever T is stratified, implies that A(g(P)) is a mini-
mal nonzero object of A(T). We deduce that A(g(P)) = A(g(P) ⊗ t) whenever
P ∈ Supp(t), so that

A(t) =
∨

P∈Supp(t)

A(g(P)).

It follows that Supp(A(t)) = Supp(t)c for any t ∈ T. This implies that A(t) 7→
Supp(t) is a well-defined order-preserving bijection

A(T) =
{

Bousfield classes of T
} '−→ {

subsets of Spc(Tc)
}

with order-preserving inverse U 7→ A(
∐

P∈U g(P)). �

8.9. Remark. Note that under the bijection of Theorem 8.8, a Bousfield class A ∈
A(T) corresponds to the complement of Supp(A) ⊆ Spc(Tc).

8.10. Remark. Theorem 8.8 implies that if T is stratified then there is no difference
between localizing ⊗-ideals and Bousfield classes: Every localizing ⊗-ideal is a
Bousfield class.

9. The general telescope conjecture

The goal of this section is to study the telescope conjecture for a rigidly-
compactly generated tt-category T in the presence of stratification. We provide
a point-set topological condition on the spectrum Spc(Tc) which ensures that the
telescope conjecture holds (in the presence of stratification), generalizing previous
work of Stevenson [Ste13, Ste14].

9.1. Definition. Let T be a rigidly-compactly generated tt-category. We say that T

satisfies the telescope conjecture if every smashing ⊗-ideal of T is compactly gen-
erated. In other words, if every smashing localization of T is a finite localization.
(Recall Remark 1.5, Remark 1.22, and Remark 1.23.)

9.2. Remark. If T is a stratified rigidly-compactly generated tt-category, then the
telescope conjecture for T is equivalent to the statement that the support Supp(L)
of any smashing ⊗-ideal L ⊆ T is a Thomason subset of Spc(Tc). Indeed, the
support of a compactly generated localizing ⊗-ideal is Thomason, and the converse
holds when we have stratification (cf. Theorem 7.6 applied to σ = Supp).
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9.3. Remark. The telescope conjecture was originally stated for the stable homo-
topy category SH by Ravenel [Rav84] and is a notorious open problem. There are
several equivalent formulations (see [Bar20] and [Wol15], for example) but the one
given by Bousfield [Bou79b, Conjecture 3.4] can be stated for an arbitrary tensor-
triangulated category T as given in Definition 9.1. Despite the word “conjecture,”
it is rather a property that the category T might or might not have, just as the
category T might or might not have stratification. The “telescope” in the name is
also no longer meaningful at this level of generality, and the “telescope conjecture”
for T is sometimes referred to as the “smashing conjecture” for T. However, this
should not be confused with Ravenel’s smashing conjecture introduced in the same
paper [Rav84] and mentioned in Remark 10.3. In any case, we will return to the
original T = SH case of the telescope conjecture in Section 11.

9.4. Remark. When T is stratified with noetherian spectrum and T arises as the
homotopy category of a monoidal model category, the telescope conjecture has been
shown to hold by Stevenson [Ste13, Theorem 7.15]. In fact, Stevenson considers
more generally the case when T is acted upon by another tensor-triangulated cate-
gory. We will give a generalization of Stevenson’s result (in the case where T acts
on itself) in Theorem 9.11 below. Tracing through Stevenson’s proof, one sees that
the assumption that T has a model is used (in Lemma 7.10 of [Ste13]) to ensure
that the local-to-global principle holds. This holds automatically in our situation
by Theorem 3.21. Therefore, for our purposes below, Stevenson’s hypothesis that T
has an underlying model will be unnecessary.

9.5. Definition. A topological space X is said to be generically noetherian if the
generalization closure gen(x) (Remark 1.21) of any point x ∈ X is noetherian.

9.6. Example. Every noetherian space is generically noetherian, because every sub-
space of a noetherian space is noetherian.

9.7. Example. Every T1 spectral space (a.k.a. profinite space) X is generically noe-
therian, because gen(x) = {x} is a singleton for every point x ∈ X.

9.8. Remark. It suffices to check the condition of Definition 9.5 for the closed points
of X. In particular, it follows that a local space is generically noetherian if and
only if it is noetherian.

9.9. Lemma. Let X be a spectral space. If X is generically noetherian, then it is
weakly noetherian.

Proof. A point x ∈ X is weakly visible if and only if x ∈ gen(x) is weakly visible; this
follows, for example, from [DST19, Corollary 4.5.13] applied to X∗. By assumption,
gen(x) is noetherian, so x ∈ gen(x) is visible and hence also weakly visible. �

9.10. Example. The converse to the statement of Lemma 9.9 does not hold. Indeed,
there exists a spectral space X = (N+). determined by the following two properties:

(a) The underlying constructible space of X is given by N+t{ω}, i.e., the space
obtained by adding a disjoint point ω to the one-point compactification of
the discrete space of natural numbers.

(b) The specialization order  on X is given by x  y for points x, y ∈ X if
and only if y = ω.
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On the one hand, this space is not noetherian, as N+ is not noetherian. In light of
Remark 9.8 and because X is local with unique closed point ω, it is not generically
noetherian either. On the other hand, X is weakly noetherian. Indeed, if x ∈ X is
different from ω, we have {x} = gen(x) by construction, so x ∈ X is weakly visible.
If x = ω, then ω is isolated in gen(ω) = X for the constructible topology, hence
weakly visible in X by [DST19, Corollary 4.5.19]. We refer to [BBG21] for further
details on this construction.

9.11. Theorem. Let T be a stratified rigidly-compactly generated tt-category with
generically noetherian spectrum. The telescope conjecture holds for T.

We start with a preparatory result, which might be of independent interest.

9.12. Lemma (Stevenson). Suppose T is a stratified rigidly-compactly generated
tt-category. The telescope conjecture holds for T if and only if the support Supp(L)
of any smashing ⊗-ideal L ⊆ T is specialization closed.

Proof. Let X := Spc(Tc). Bearing Remark 2.2 in mind, Stevenson proves in
[Ste14, Proposition 2.14] that the right orthogonal L⊥ has proconstructible sup-
port; that is, Supp(L⊥) is closed in the constructible topology. Note that if
e → 1 → f → Σe is the idempotent triangle associated to the smashing ⊗-
ideal L then Supp(L) = Supp(e) and Supp(L⊥) = Supp(f) (Remark 1.22).
Since T is stratified, the full tensor-product theorem (Theorem 8.2) implies that
Supp(L⊥) = Supp(L)c are complements. Thus, if Supp(L) is specialization closed
then Supp(L⊥) is generalization closed. By [DST19, Theorem 1.4.3], this means
Supp(L⊥) is specialization closed in the Hochster dual X∗. Recall that X and X∗

provide the same constructible topology. Hence [DST19, Theorem 1.5.4(i)] implies
that Supp(L⊥) is a closed subset of X∗. Thus the complement Supp(L) is an open
subset of X∗, that is, a Thomason subset of X. Since T is stratified, the localizing
⊗-ideal L must therefore be compactly generated, as desired (Remark 9.2). �

Proof of Theorem 9.11. Consider a smashing ⊗-ideal L ⊆ T with associated idem-
potent triangle e → 1 → f → Σe (Remark 1.22). By Lemma 9.12, it suffices to
prove that Supp(L) = Supp(e) is specialization closed in Spc(Tc). In other words,

we need to show that for any Q ∈ Supp(L) and any P ∈ {Q} we have P ∈ Supp(L).
To this end, consider the localization L : T → T/〈P〉 to the local category at P. Ap-
plying L to the idempotent triangle, we obtain an induced smashing localization on
T/〈P〉 with corresponding smashing ⊗-ideal L′ = ker(Lf⊗−) = Loc⊗〈Le〉 ⊆ T/〈P〉.
Identifying Spc((T/〈P〉)c) with gen(P) ⊆ Spc(Tc) (as in Definition 1.25), it follows
from Proposition 3.11(c) and Lemma 2.13 that

Supp(L′) = Supp(L) ∩ gen(P).

In particular, Q ∈ Supp(L′). Since Spc(Tc) is generically noetherian, gen(P) =
Spc((T/〈P〉)c) is noetherian. Moreover, since T is stratified, the localization T/〈P〉
is also stratified (Corollary 4.9). Thus, by the telescope conjecture for stratified
rigidly-compactly generated tt-categories having noetherian spectrum verified by
Stevenson [Ste13, Theorem 7.15] (recalling Remark 9.4), we conclude that Supp(L′)
is specialization closed as a subset of gen(P). Since Q ∈ Supp(L′), it follows that P

is contained in Supp(L′) and hence also in Supp(L). We conclude that Supp(L) is
specialization closed, as desired. �
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9.13. Example. Let G be a compact Lie group and write SHG,Q for the stable
homotopy category of rational G-spectra. It follows from the main theorem of
[Gre19] that the spectrum Spc(SHc

G,Q) is generically noetherian. The details of this
argument will be part of forthcoming work [BBG21]. Moreover, the category SHG,Q

is stratified (see Theorem 12.22 below) and hence satisfies the telescope conjecture
by Theorem 9.11. Note that, in general, Spc(SHc

G,Q) is neither noetherian nor
constructible (see also Remark 12.7), so this result is not covered by the existing
results on the telescope conjecture in the literature.

9.14. Remark. In general, the assumption in Theorem 9.11 that T is stratified cannot
be dropped. Indeed, Keller’s example [Kel94] of a derived category of a commuta-
tive ring for which the telescope conjecture fails is rigidly-compactly generated and
has spectrum consisting of only two points. See also [BHS21, Example 5.7].

Part IV. Applications: Chromatic homotopy theory

We now turn to applications and examples of stratification in chromatic homo-
topy theory. We prove that the category of E(n)-local spectra is stratified, establish
further connections between stratification and the telescope conjecture, and prove
that the category of rational G-spectra is stratified for all compact Lie groups G.

10. Stratification of the E(n)-local category

10.1. Notation. Fix a prime number p and let S := SH(p) denote the p-local stable
homotopy category. For 0 ≤ n ≤ ∞, let K(n) denote the p-local Morava K-
theory and, for n <∞, let E(n) denote the p-local Johnson–Wilson spectrum. We
assume the reader has some familiarity with the basic properties of these spectra,
as discussed in [HS99], for example. Ravenel’s book [Rav92a] is also instructive.

10.2. Remark. We follow the usual conventions in homotopy theory where K(0)
denotes rational homology and K(∞) denotes mod p homology.

10.3. Remark. Let Ln : S → S denote Bousfield localization with respect to E(n).
This is a smashing localization, as conjectured by Ravenel [Rav84, Section 10.6] and
proved by Hopkins–Ravenel [Rav92a, Theorem 7.5.6]. It follows that the E(n)-local
stable homotopy category SE(n) is rigidly-compactly generated (Terminology 1.1).

In fact, it is generated by its compact monoidal unit 1 = LnS
0 (cf. Remark 1.3).

10.4. Remark. The localizing ⊗-ideals of SE(n) have been classified by Hovey–
Strickland [HS99]. Our present goal is to formulate this result in terms of stratifica-
tion and the Balmer spectrum. See Theorem 10.10 and Theorem 10.14 below. These
results will serve as the nonequivariant base case for Corollary 15.11 in Part V which
stratifies E(n)-local spectral Mackey functors. We start by reviewing the Balmer
spectrum of the stable homotopy category of compact p-local spectra Sc.

10.5. Notation. For each 0 ≤ n ≤ ∞, let Cn :=
{
x ∈ Sc

∣∣K(n)∗(x) = 0
}

. Beware
that some authors use a slightly different choice of indexing.

10.6. Remark. Since the coefficient ring K(n)∗ is a graded field, Morava K-theory
satisfies a Künneth formula and Cn is a prime thick ⊗-ideal of Sc. In other words, Cn
is a point in the Balmer spectrum Spc(Sc). The Thick Subcategory Theorem of
Hopkins–Smith [HS98], as interpreted by Balmer [Bal10a, Corollary 9.5], provides
a complete description of this space:
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10.7. Theorem (Hopkins–Smith). The spectrum

Spc(Sc) = C∞ − · · · − Cn+1 − Cn − · · · − C1 − C0

is an infinite tower of connected points, where closure goes to the left: {Cn} ={
Ck
∣∣n ≤ k ≤ ∞

}
. In particular, the space is local and irreducible with generic

point C0 = SHc
tor and unique closed point C∞ = (0).

10.8. Remark. A compact p-local spectrum x ∈ Sc has type n if K(n)∗(x) 6= 0
but K(m)∗(x) = 0 for m < n. Every nonzero compact p-local spectrum has a
well-defined type. Indeed x has type n if and only if x ∈ Cn−1 \ Cn if and only if

supp(x) = {Cn} if and only if the codimension of supp(x) is n. (Here we interpret
C−1 := Sc to be the whole category of compact p-local spectra.)

10.9. Notation. For each 0 ≤ h ≤ n, we define

Ph :=
{
x ∈ ScE(n)

∣∣K(h)∗(x) = 0
}
,

a prime ⊗-ideal of ScE(n). Equivalently, by [HS99, Proposition 6.8],

Ph =
{
x ∈ ScE(n)

∣∣K(i)∗(x) = 0 for all 0 ≤ i ≤ h
}
.

10.10. Theorem (Hovey–Strickland). The spectrum

Spc(ScE(n)) = Pn − · · · − P1 − P0

is a local irreducible space consisting of n+ 1 points, where closure goes to the left:
{Ph} =

{
Pk
∣∣h ≤ k ≤ n}.

Proof. This was established in [HS99, Theorem 6.9] and reinterpreted in tt-
geometric language in [BHN20, Proposition 3.5]. �

10.11. Remark. Our goal is to establish stratification for the E(n)-local category.
First observe that (in the notation of Definition 1.25 and Remark 1.21)

YPk
=
{
Pi ∈ Spc(ScE(n))

∣∣Pk 6⊆ Pi
}

=
{
Pk+1,Pk+2, . . . ,Pn

}
for any 0 ≤ k ≤ n. Moreover, finite localization on SE(n) away from LnF (k + 1)
is equivalent to Lk. This follows from [HS99, Corollary 6.10], which only uses the
thick subcategory theorem. (Here F (k + 1) ∈ Sc denotes a type k + 1 spectrum;
recall Remark 10.8.) This implies that fYPk

' LkS0. It follows that eYPk
'Mk,nS

0

where Mk,nS
0 denotes the fiber of the natural map LnS

0 → LkS
0. For k ≥ 1, we

have {Pk} = YPk−1
and hence e{Pk} ' Mk−1,nS

0. This is also true for k = 0 with

the interpretation that L−1S
0 = 0 and M−1,nS

0 = LnS
0.

Recall that for each Pk ∈ Spc(ScE(n)), we have the Balmer–Favi idempotent

g(Pk) := e{Pk} ⊗ fYPk
.

The calculations above show that g(Pk) 'Mk−1,nS
0⊗LkS0 ' LkMk−1,nS

0 where
the last equivalence uses the fact that both functors are smashing. The fiber se-
quence

LkMk−1,nS
0 → LkLnS

0 → LkLk−1S
0

along with the fact that LiLj ' Lmin(i,j) shows that LkMk−1,nS
0 ' Mk−1,kS

0

which is usually denoted in the literature as MkS
0. To summarize, we have estab-

lished the following:



STRATIFICATION IN TENSOR TRIANGULAR GEOMETRY 43

10.12. Proposition. For each 0 ≤ k ≤ n, the Balmer–Favi idempotent g(Pk) is
given by g(Pk) 'MkS

0. The support of X ∈ SE(n) is

Supp(X) =
{
Pk ∈ Spc(ScE(n))

∣∣ g(Pk)⊗X 6= 0
}

=
{
k ∈ {0, . . . , n}

∣∣MkS
0 ⊗X 6= 0

}
.

10.13. Remark. By [HS99, Proposition 5.3], K(k) ⊗ X 6= 0 if and only if
MkS

0 ⊗X 6= 0. The Balmer–Favi notion of support thus coincides with the usual
notion of chromatic support defined using Morava K-theories.

10.14. Theorem (Hovey–Strickland). The E(n)-local stable homotopy cate-
gory SE(n) is stratified.

Proof. The space Spc(ScE(n)) was described in Theorem 10.10. It is noetherian

since it has finitely many points. It therefore satisfies the local-to-global principle
by Theorem 3.21. In fact, it is easy to give a direct verification: For any X ∈ SE(n)

we have a tower of cofiber sequences

MnS
0 ⊗X Mn−1S

0 ⊗X M1S
0 ⊗X M0S

0 ⊗X

X Ln−1X · · · L1X L0X 0

and hence X ∈ Loc⊗〈MkS
0 ⊗X | k ∈ Supp(X)〉, so that

(10.15) Loc⊗〈X〉 ⊆ Loc⊗〈MkS
0 ⊗X | k ∈ Supp(X)〉.

The converse holds automatically, so (10.15) is an equality. We note in passing that
a closely related result is obtained in [HS99, Proposition 6.18].

To establish stratification it suffices by Theorem 4.1 and Proposition 10.12 to
show that Loc⊗〈g(Pk)〉 = Loc⊗〈MkS

0〉 is a minimal localizing subcategory of SE(n).
Note that this is the monochromatic category Mk studied in [HS99, Section 6.3].
Using the equivalence of categories Mk

∼= SK(k) between the monochromatic cat-
egory and the K(k)-local category [HS99, Theorem 6.19] the claim follows from
[HS99, Theorem 7.5]. �

10.16. Remark. Because Spc(ScE(n)) is noetherian, Theorem 10.14 and Theorem 9.11

imply that the telescope conjecture holds in SE(n). This was previously shown
by Hovey and Strickland [HS99, Corollary 6.10] using only the thick subcategory
theorem (equivalently, the computation of Spc(ScE(n))). In fact, we have already

used this result to determine g(Pk) in Remark 10.11.

10.17. Remark. The stratification of the category of E(n)-local spectra provided
by Theorem 10.14 is of particular interest because it is an example of a tt-category
which is not canonically BIK-stratified (recall Remark 7.10).

11. The chromatic telescope conjecture

In this section, we’ll reformulate the classical telescope conjecture in stable ho-
motopy theory in terms of stratification.

11.1. Notation. For each 0 ≤ n <∞, let

en → 1→ fn → Σen
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denote the idempotent triangle in S := SH(p) corresponding to the thick ⊗-ideal Cn
(Remark 1.23 and Remark 10.6), so that Ker(fn⊗−) = Loc⊗〈en〉 = Loc〈Cn〉. Thus
fn ⊗ − : S → S is the finite localization whose subcategory of compact acyclics is
precisely Cn. It corresponds to the Thomason subset

Yn :=
⋃
x∈Cn

supp(x) = {Cn+1}

whose complement is the open subset

Un := Spc(Sc) \ Yn = {Cn,Cn−1, · · · ,C0}.

We could also consider the n = ∞ case, but this is just the trivial localization
(e∞ = 0) corresponding to the empty Thomason subset.

11.2. Remark. As explained in Remark 1.23, the finite localization

S→ Sn := S(Un) := S/Loc⊗〈en〉 = S/Loc〈Cn〉 ∼= fn ⊗ S

excises the closed set {Cn+1}:

(11.3) Spc(Scn) ∼= Un = {Cn,Cn−1, . . . ,C0} ⊂ Spc(Sc).

11.4. Remark. A result due to Ravenel [Rav84, Theorem 2.1] provides a decompo-
sition of the Bousfield class of E(n) in terms of the Morava K-theories:

〈E(n)〉 = 〈K(0)〉 ∨ 〈K(1)〉 ∨ · · · ∨ 〈K(n)〉.

Moreover, since Ln is smashing (recall Remark 10.3), we also have 〈E(n)〉 = 〈LnS0〉.
These results of Ravenel and Hopkins–Ravenel establish that a p-local spectrum
t ∈ S is E(n)-acyclic if and only if it is K(i)-acyclic for each 0 ≤ i ≤ n. However,
if a compact p-local spectrum is K(i+ 1)-acyclic then it is necessarily K(i)-acyclic.
This amounts to the inclusion Ci+1 ⊆ Ci (cf. Theorem 10.7) and was proved in
[Rav84, Theorem 2.11]. Thus{

x ∈ Sc
∣∣E(n)∗(x) = 0

}
=
{
x ∈ Sc

∣∣K(n)∗(x) = 0
}

= Cn.

In other words, Ln has the same finite acyclics as LK(n), namely Cn. Thus the finite

localization Lfn associated to Ln is the localization fn ⊗− from Notation 11.1. We
use the notation Sn for the finitely localized category (as has already appeared in
Remark 11.2). We can now state Ravenel’s Telescope Conjecture:

11.5. Conjecture (The Telescope Conjecture). Let p be a prime number. For any
integer n ≥ 0, E(n)-localization on the p-local stable homotopy category coincides

with its associated finite localization: Lfn
∼−→ Ln.

11.6. Remark. As explained in [Bar20, Section 4], this is equivalent to the telescope
conjecture of Definition 9.1 for the p-local stable homotopy category S = SH(p).
In other words, the statement that every smashing localization on SH(p) is finite
reduces to the case of the particular smashing localizations Ln, n ≥ 0.

11.7. Remark. For each 0 ≤ n <∞, the smashing localization S→ SE(n) induces a
smashing localization

(11.8) Sn → SE(n)
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which has no finite acyclics, and which the Telescope Conjecture asserts is an equiv-
alence. From Theorem 10.10 and Remark 11.2, we see that the smashing localiza-
tion (11.8) induces a homeomorphism

Spc(ScE(n))
∼=−→ Spc(Scn)

between Balmer spectra.

11.9. Proposition. Let T be a stratified rigidly-compactly generated tt-category. If
a smashing localization T → L induces a homeomorphism

ϕ : Spc(Lc)
∼=−→ Spc(Tc)

then the localization must be trivial.

Proof. A smashing localization L of a rigidly-compactly generated category T is
again rigidly-compactly generated. Thus we can apply Proposition 3.11 to the
localization functor L : T → L. We claim that Supp(Ker(L))∩im(ϕ) = ∅. Indeed, if
ϕ(Q) ∈ Supp(t) then g(ϕ(Q)) ∈ Loc⊗〈t〉 (Remark 4.5). Hence g(Q) ∼= L(g(ϕ(Q))) ∈
Loc⊗〈L(t)〉 which is a contradiction if L(t) = 0. In particular, the left idempotent e
of the smashing localization (Remark 1.22) is in the kernel. Since ϕ is surjective
by assumption, we conclude that Supp(e) = ∅ so that e = 0. �

11.10. Corollary. Let n ≥ 0 be an integer and p a prime number. The Telescope
Conjecture holds at height n and prime p if and only if the finite localization Sn :=
S/〈Cn〉 of the p-local stable homotopy category S := SH(p) is stratified.

Proof. Recall from Remark 11.7 that the induced smashing localization Sn → SE(n)

induces a homeomorphism Spc(ScE(n))
∼= Spc(Scn). Thus, if Sn is stratified then

Proposition 11.9 implies that this induced smashing localization is trivial. In other
words, E(n)-localization coincides with its associated finite localization, which is
the Telescope Conjecture at height n. Alternatively, Theorem 9.11 implies that if Sn
is stratified then every smashing localization on Sn is finite. The induced smashing
localization Sn → SE(n) has no nonzero compact acyclics by construction hence
must be trivial. Conversely, if the Telescope Conjecture holds at height n then
Sn → SE(n) is an equivalence of tensor-triangulated categories, and Theorem 10.14
establishes that SE(n) is stratified. �

11.11. Remark. The spectrum of S := SH(p) is unfortunately not weakly noetherian.
The problem is that the closed point C∞ is not “weakly visible” in the sense of
Remark 2.2. All the other primes are visible, however, and one can still consider
the Balmer–Favi support

Supp<∞(t) :=
{
Ci
∣∣ 0 ≤ i <∞, g(Ci)⊗ t 6= 0

}
.

As shown in [BHS21, Remark 5.13], we have

Supp<∞(t) =
{
i ∈ N

∣∣T (i)⊗ t 6= 0
}

where T (i) is the telescope of a finite type i spectrum. However, this notion of
support doesn’t satisfy the local-to-global principle nor even the detection property.
For example, dissonant spectra will have empty support. In fact, even if we extend
this notion of support to the closed point C∞ by defining C∞ ∈ Supp(t) iff HFp⊗t 6=
0, there are still nonzero objects in SH(p) with empty support. Indeed, an example
is given by the p-local Brown–Comenetz dual of the sphere spectrum (see [HS99,
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Corollary B.12] and [HP99, Lemma 7.1(d)]). Nevertheless, Supp<∞ allows us to
make the following statement:

11.12. Corollary. Let p be a prime number. The telescope conjecture for SH(p) is
equivalent to the statement that the surjective map{

localizing ⊗-ideals of SH(p) which
contain a nonzero compact object

}
→
{

subsets of Spc(SHc
(p)) which

contain a nonempty closed subset

}
defined by L 7→

{
C∞
}
∪ Supp<∞(L) is injective (and hence a bijection).

Proof. For any t ∈ S := SH(p) and Thomason subset Y ⊆ Spc(Sc), we have
Supp<∞(t ⊗ eY ) = Supp<∞(t) ∩ Y as in the proof of Lemma 2.13. In particu-
lar, Supp<∞(eY ) = Y \ {C∞} and, as in the proof of Lemma 2.18, Supp<∞(x) =
supp(x)\{C∞} for any compact x ∈ Sc. Define Supp(t) := Supp<∞(t)∪{C∞}. Note
that a subset of Spc(Sc) contains a nonempty closed subset if and only if it contains
the closed point C∞. The map in the statement of the Corollary is thus surjective
by (the proof of) Lemma 3.4. Now, for any 0 ≤ n < ∞, let Lfn : S → Sn be the
corresponding finite localization of Remark 11.2 and let ϕn : Spc(Scn) ↪→ Spc(Sc)
be the induced map on spectra. We claim that the following diagram commutes:

(11.13)

{
localizing ⊗-ideals of S

which contain en

} {
subsets of Spc(Sc)

which contain {Cn+1}

}

{
localizing ⊗-ideals of Sn

} {
subsets of Spc(Scn)

}
.

Supp

(†1)

ϕ−1
n

∼=(Lf
n)−1 ∼=

Supp

(†2)

Although S does not have weakly noetherian spectrum, the proof of Proposi-
tion 3.11(c) still establishes that Supp<∞(Un(t)) = ϕn(Supp(t)) for any t ∈ Sn.
Here Un : Sn → S is the right adjoint of Lfn : S → Sn. Since ϕn is injective and
C∞ 6∈ imϕn, it follows that ϕ−1

n (Supp(Un(t))) = Supp(t) for all t ∈ Sn. More-

over, note that ϕ−1
n (Supp(en)) = ϕ−1

n ({Cn+1}) = ∅. The commutativity of (11.13)
then follows from the definitions, Lemma 3.15, and Remark 11.2. The vertical
maps are bijections. Hence the injectivity of (†1) is equivalent to the injectivity
of (†2), which by Theorem 4.1 and Corollary 11.10 is equivalent to the Telescope
Conjecture at height n. The injectivity of the map in the corollary evidently im-
plies the injectivity of (†1) for each n and hence implies the Telescope Conjecture.
Conversely, suppose L1 and L2 are localizing ⊗-ideals of S which contain nonzero
compact objects, say x1 and x2, respectively. Then x1 ⊗ x2 is a nonzero compact
object (since S is local) which is common to both localizing ⊗-ideals, and we have

supp(x1 ⊗ x2) = {Cn+1} for some 0 ≤ n < ∞. Hence both L1 and L2 contain en.
Thus, if Supp(L1) = Supp(L2), then the injectivity of (†1) for this particular n
(which we have established is equivalent to the Telescope Conjecture at height n)
implies that L1 = L2. �

11.14. Remark. There is some evidence that the Telescope Conjecture at height n
may be false (see [Rav92b, MRS01]) for n > 1. Nevertheless, Corollary 11.12
clarifies that in order to disprove the Telescope Conjecture (say at height n = 2),
it would suffice to find any two distinct localizing ⊗-ideals which contain nonzero
compact objects, and demonstrate that they have the same Balmer–Favi supports.
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12. Rational equivariant spectra

Let G be a compact Lie group and let SHG,Q denote the category of rational
equivariant G-spectra. In this section, we review the results of Greenlees [Gre19]
and show that his work can be interpreted as the statement that SHG,Q is stratified.
As we shall see, this is an example of stratification where the Balmer spectrum
Spc(SHc

G,Q) is weakly noetherian, but not noetherian in general.

12.1. Remark. The category SHG,Q is a rigidly-compactly generated tt-category,
with a set of compact-rigid generators {Σ∞GG/H+ ⊗ Q} with H running through
the set of closed subgroups of G. For legibility, we will omit the rationalization and
G-suspension spectrum from our notation.

12.2. Remark. The Balmer spectrum of SHc
G,Q is determined, for any compact Lie

group G, by Greenlees [Gre19, Theorem 1.3]. In fact, he first determines the local-
izing ⊗-ideals of SHG,Q and uses this to deduce the classification of thick ⊗-ideals
of SHc

G,Q. This is the opposite of how we will proceed. We also note that an inde-
pendent calculation of the spectrum of SHc

G,Q can be deduced from the description
of the Balmer spectrum of the whole G-equivariant stable homotopy category SHc

G

obtained by Barthel, Greenlees, and Hausmann; see [BGH20, Remark 1.5].

12.3. Remark. We recall that there exist tt-functors ΦH : SHG,Q → SHQ, one for
each closed subgroup H ≤ G, and that these “geometric fixed point” functors are
jointly conservative (see [Sch18, Proposition 3.3.10]). The geometric isotropy of
X ∈ SHG,Q is defined as {

H ≤ G
∣∣ΦH(X) 6= 0

}
.

12.4. Definition. For each closed subgroup H ≤ G, let pH denote the prime ideal

pH :=
{
x ∈ SHc

G,Q

∣∣ΦH(x) = 0
}
∈ Spc(SHc

G,Q).

Note that it only depends on the G-conjugacy class of H.

12.5. Remark. For the following result, recall that, by definition, L is cotoral in K
if L is a normal subgroup of K and K/L is a torus.

12.6. Theorem (Greenlees). Let G be a compact Lie group. Then

Spc(SHc
G,Q) =

{
pH
∣∣H ≤ G is a closed subgroup

}
.

The specialization order is determined by cotoral inclusions:

pK ⊆ pH if and only if K is conjugate to a subgroup cotoral in H.

The topology on Spc(SHc
G,Q) is the “Zariski topology on the f -topology” of [Gre98a].

Under this identification, the support of an object x ∈ SHc
G,Q corresponds to its

geometric isotropy:

supp(x) =
{
pH
∣∣ΦH(x) 6= 0

}
.

12.7. Remark. If G is finite, then Spc(SHc
G,Q) is a finite space and is thus noetherian,

but this does not hold in general for a compact Lie group. For example, it follows
from [Gre98b, Bar17] that the Balmer spectrum of the dihedral part of SHO(2),Q is
homeomorphic to the one-point compactification of the set of natural numbers. In
particular, Spc(SHc

O(2),Q) is not noetherian. However, Spc(SHc
G,Q) is always weakly

noetherian, as we show in Lemma 12.12.
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12.8. Remark. Let F be a family of closed subgroups of G, that is, a collection of
closed subgroups which is closed under subconjugation ≤G. As in [BS17, Exam-
ple 5.14], we have a thick ⊗-ideal of SHc

G,Q defined by CF := thick⊗〈G/H+ | H ∈ F〉
with associated Thomason subset YF :=

⋃
H∈F supp(G/H+). It follows from The-

orem 12.6 that

(12.9) YF =
{
pH
∣∣H ∈ F }

since ΦK(G/H+) 6= 0 if and only if K ≤G H. For this, see the proofs of [BS17,
Lemma 4.10] and [BGH20, Lemma 3.12]. Finite localization with respect to the
thick ⊗-ideal CF has an associated idempotent triangle

eF → 1→ fF → ΣeF

which recovers the usual isotropy cofiber sequence: eF ' EF+ and fF ' ẼF .

12.10. Remark. For any closed subgroup H ≤ G, consider the family F≤H consisting
of all closed subgroups conjugate to a subgroup of H and the family F<H consisting
of all closed subgroups conjugate to a proper subgroup of H. By (12.9), we have

(12.11) {pH} = YF≤H
∩ (YF<H

)c

which shows that pH is weakly visible.

12.12. Lemma. For any compact Lie group G, Spc(SHc
G,Q) is weakly noetherian.

Proof. By Theorem 12.6, every prime is of the form pH for some closed subgroup
H ≤ G, and these are weakly visible by Remark 12.10. �

12.13. Lemma. The Balmer–Favi idempotent for the prime pH ∈ Spc(SHc
G,Q) is

g(pH) = (EF≤H)+ ∧ ẼF<H .

Proof. This is immediate from (12.11). �

12.14. Remark. The idempotent g(pH) has the property that

(12.15) ΦK(g(pH)) =

{
S0 if K ∼G H

0 otherwise.

In other words, the geometric isotropy of g(pH) consists precisely of those subgroups
of G conjugate to H. This follows from Lemma 12.13 because

ΦK(EF+) =

{
0 if K 6∈ F
S0 if K ∈ F

and

ΦK(ẼF) =

{
0 if K ∈ F
S0 if K 6∈ F .

12.16. Remark. By smashing the cofiber sequence

(EF<H)+ → 1→ ẼF<H → Σ(EF<H)+

with the idempotent (EF≤H)+, we see that g(pH) fits in a cofiber sequence

(12.17) (EF<H)+ → (EF≤H)+ → g(pH)→ Σ(EF<H)+.

This shows that g(pH) is the G-suspension spectrum of the space denoted E〈(H)G〉
in [Gre19, Definition 2.1].
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12.18. Remark. Since Spc(SHc
G,Q) is not noetherian in general, the local-to-global

principle for SHG,Q is not a consequence of Theorem 3.21. Nevertheless, it does
always hold:

12.19. Proposition (Greenlees). The local-to-global principle holds for SHG,Q.

Proof. By [Gre19, Lemma 2.2], we have

SHG,Q = Loc⊗〈E〈(H)G〉 | H ≤ G〉 = Loc⊗〈g(pH) | H ≤ G〉.

In particular, 1 ∈ Loc⊗〈g(pH) | H ≤ G〉. The local-to-global principle then follows
from Lemma 3.6. �

12.20. Definition. We let SHG,〈H〉,Q denote the full subcategory of SHG,Q consisting
of those rational G-spectra which are either contractible or have geometric isotropy
conjugate to H. This category is denoted G-spectra〈H〉 in [Gre19].

12.21. Proposition. For any closed subgroup H ≤ G, we have

Loc⊗〈g(pH)〉 = SHG,〈H〉,Q

as full subcategories of SHG,Q.

Proof. Because geometric fixed points form a coproduct-preserving tt-functor, it
follows from (12.15) that Loc⊗〈g(pH)〉 ⊆ SpG,〈H〉,Q. Conversely, suppose that X ∈
SHG,〈H〉,Q. By (12.17), there is a natural map (EF≤H)+ ∧ X → g(pH) ∧ X and
there is also a natural map (EF≤H)+ ∧X → X. Using the joint conservativity of
geometric fixed points (Remark 12.3), both these maps are equivalences:

X
∼←− (EF≤H)+ ∧X

∼−→ g(pH) ∧X.

In particular, X ∈ Loc⊗〈g(pH)〉, as required. �

12.22. Theorem (Greenlees). For any compact Lie group G, the category of rational
G-equivariant spectra SHG,Q is stratified.

Proof. By Theorem 4.1, along with Lemma 12.12 and Proposition 12.19, we are
reduced to showing that Loc⊗〈g(pH)〉 is a minimal localizing ⊗-ideal of SHG,Q.
By Proposition 12.21, Loc⊗〈g(pH)〉 = SHG,〈H〉,Q and minimality then follows from
[Gre19, Corollary 4.7]. �

12.23. Remark. As noted in Example 9.13, the space Spc(SHc
G,Q) is generically

noetherian, and so Theorem 12.22 along with Theorem 9.11 show that the telescope
conjecture holds for SHG,Q.

12.24. Remark. One can also use Theorem 7.6 to show that the notion of support
used by Greenlees coincides with the Balmer–Favi support. Indeed, the notion of
support used by Greenlees is the geometric isotropy of X ∈ SHG,Q (Remark 12.3).
It follows directly from the definitions and properties of geometric fixed points that
axioms (a) to (e) of Definition 7.1 hold, and Greenlees shows that this notion of
support stratifies SHG,Q. Moreover, [Gre19, Remark 1.4 and Theorem 8.4] verify
that the equivalent conditions of Theorem 7.6 are satisfied. Therefore, Theorem 7.6
implies that the support defined by geometric isotropy agrees with the support
defined by Balmer–Favi.
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Part V. Applications: Spectral Mackey functors

Our final objective is to study spectral Mackey functors [Bar17] with coefficients
in a commutative ring spectrum. We will build on the work of [PSW21] which
studies HZ-valued spectral Mackey functors (a.k.a. derived Mackey functors). Our
main goal is to prove that the category of spectral Mackey functors valued in
E-modules is stratified whenever the category of E-modules is stratified. This is the
content of Theorem 15.1. For example, it establishes stratification for HZ-valued
spectral Mackey functors (Corollary 15.9), as well as E(n)-local spectral Mackey
functors (Corollary 15.11). Throughout, G is a finite group.

13. Derived categories of ring spectra with trivial G-action

Spectral Mackey functors can be identified with modules over certain equivari-
ant ring spectra. In this section, we study the Balmer spectrum of these module
categories. Their connection with spectral Mackey functors will be explained in
Section 14. Our present goal is to show that the method used in [PSW21] to
compute the Balmer spectrum of the category of HZ-valued spectral Mackey func-
tors D(HZG) actually holds in much greater generality, replacing HZG := trivG(HZ)
with trivG(E) for a general commutative ring spectrum E ∈ CAlg(Sp).

13.1. Remark. Here trivG : Sp → SpG denotes the essentially unique colimit-
preserving symmetric monoidal functor from the ∞-category of spectra to the
∞-category of G-spectra. It can be identified with the inflation functor inflGG/G
under an equivalence Sp ' SpG/G. See [PSW21, Section 3].

13.2. Definition. Let E ∈ CAlg(Sp) be a commutative algebra in the symmetric
monoidal stable ∞-category of spectra Sp. For any finite group G, define EG :=
trivG(E) ∈ CAlg(SpG) and let D(EG) := Ho(EG - ModSpG

).

13.3. Example. Taking E := S0 to be the sphere spectrum, we obtain the equivariant
stable homotopy category SHG := Ho(SpG) = D(EG).

13.4. Remark. With the symbol HZ replaced with E, the arguments in [PSW21, Sec-
tion 3] go through verbatim. In particular, the tensor-triangulated categories D(EG)
satisfy Properties (A) through (I) listed at the start of [PSW21, Section 2]. For
example, there is an adjunction

FG : SHG � D(EG) : UG

where the left adjoint (given by extension-of-scalars) is a tt-functor, and D(EG) is
rigidly-compactly generated by

{
FG(G/H+)

∣∣H ≤ G}. The categories D(EG) also
satisfy the key property (F) that for a normal subgroup N �G, the composite

D(EG/N )
inflG

G/N−−−−−→ D(EG)→ D(EG)/Loc⊗〈FG(G/H+) | H 6⊇ N〉

is an equivalence (see [PSW21, §2(F) and Proposition 3.22]) and we define

Φ̃N,G : D(EG)→ D(EG/N )

to be the finite localization

D(EG)→ D(EG)/Loc⊗〈FG(G/H+) | H 6⊇ N〉 ∼= D(EG/N ).
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For any subgroup H ≤ G, we then define the (absolute) geometric H-fixed point
functor ΦH,G : D(EG)→ D(E) as the composite

(13.5) D(EG)
resGH−−−→ D(EH)

Φ̃H,H

−−−→ D(EH/H) ∼= D(E).

It only depends (up to natural isomorphism) on the conjugacy class of H; see
[PSW21, §2(H)]. Note that the base category which serves as the target for the
absolute geometric fixed point functors is the nonequivariant derived category
D(E) := Ho(E - ModSp). It follows from the definitions and property (F) that ΦH,G

is split by trivG : D(E)→ D(EG):

(13.6) ΦH,G ◦ trivG ' IdD(E) .

Finally observe that for H = G, the restriction functor in (13.5) is the identity
and the geometric fixed point functor ΦG := ΦG,G : D(EG) → D(E) is just a finite
localization.

13.7. Definition. Because ΦH,G : D(EG) → D(E) is a tt-functor between rigidly-
compactly generated tt-categories there is an induced map

Spc(ΦH,G) : Spc(D(E)c)→ Spc(D(EG)c)

on Balmer spectra. For each prime p ∈ Spc(D(E)c) and subgroup H ≤ G we define
the prime PG(H, p) ∈ Spc(D(EG)c) by

PG(H, p) := Spc(ΦH,G)(p) =
{
x ∈ D(EG)c

∣∣ΦH,G(x) ∈ p
}
∈ Spc(D(EG)c).

13.8. Proposition. Every prime of Spc(D(EG)c) is of the form PG(H, p) for some
subgroup H ≤ G and p ∈ Spc(D(E)c).

Proof. For any subgroup H ≤ G, the restriction functor D(EG) → D(EH) has a
left adjoint [PSW21, Remark 3.16], hence the proof of [PSW21, Proposition 2.13]
also holds, showing that the image on Balmer spectra of restriction is precisely
supp(FG(G/H+)). With this in hand, and the fact that ΦG is the usual finite
localization (Remark 13.4), the inductive argument in [PSW21, Theorem 2.22] goes
through verbatim. �

13.9. Lemma. Let ϕG : Spc(D(EG)c) → Spc(SHc
G) be the map induced by the

extension-of-scalars functor FG : SHG → D(EG). Also write ϕ : Spc(D(E)c) →
Spc(SHc) for the G = 1 case. Then

ϕG(PG(H, p)) = PG(H,ϕ(p)) ∈ Spc(SHc
G)

for any H ≤ G and p ∈ Spc(D(E)c).

Proof. The commutative diagram of tt-functors

SHG SH

D(EG) D(E)

FG

ΦH,G

F=F1

ΦH,G

(see [PSW21, Lemma 2.4 and Remark 2.6]) shows that ϕG(PG(H, p)) =
PG(H,ϕ(p)) in Spc(SHc

G). �

13.10. Proposition. Let H,K ≤ G and p, q ∈ Spc(D(E)c). Then PG(H, p) =
PG(K, q) in Spc(D(EG)c) if and only if H ∼G K and p = q as primes of D(E)c.
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Proof. If H ∼G K are conjugate subgroups then the geometric fixed point functors
ΦH,G,ΦK,G : SHG → SH are naturally isomorphic. The same is true of the induced
functors ΦH,G,ΦK,G : D(EG)→ D(E); see [PSW21, §2(H)]. Thus, if H ∼G K then
PG(H, p) = PG(K, p) in Spc(D(EG)c) for each p ∈ Spc(D(E)c). This gives the
(⇐) direction. On the other hand, if PG(H, p) = PG(K, q) in Spc(D(EG)c) then
PG(H,ϕ(p)) = PG(K,ϕ(q)) in Spc(SH(G)c) by Lemma 13.9. Hence, by [BS17,
Theorem 4.14], H ∼G K are G-conjugate. Thus, PG(H, p) = PG(K, q) = PG(H, q)
in Spc(D(EG)c). This implies p = q since ΦH,G ◦ trivG ' IdD(E) (Remark 13.4). �

13.11. Theorem. Let G be a finite group and let E ∈ CAlg(Sp) be a commutative
ring spectrum. As a set Spc(D(EG)c) consists of primes PG(H, p) for H ≤ G and
p ∈ Spc(D(E)c). Moreover:

(a) Two such primes PG(H, p) and PG(K, q) coincide precisely when the sub-
groups H and K are G-conjugate and p = q.

(b) For each conjugacy class of subgroups H ≤ G, the geometric fixed point
functor ΦH,G : D(EG)→ D(E) induces a homeomorphism

Spc(D(E)c)
∼=−→
{
PG(H, p)

∣∣ p ∈ Spc(D(E)c)
}
⊂ Spc(D(EG)c).

(c) If Spc(D(E)c) is a noetherian space, then so is Spc(D(EG)c).

Proof. Proposition 13.8 establishes that every prime is of the form PG(H, p) and
Proposition 13.10 characterizes when two such primes coincide. Since ΦH,G◦trivG '
IdD(E) (Remark 13.4), the composite

Spc(D(E)c)
Spc(ΦH,G)−−−−−−−→ Spc(D(EG)c)

Spc(trivG)−−−−−−−→ Spc(D(E)c)

is the identity. Thus, Spc(ΦH,G) embeds Spc(D(E)c) homeomorphically onto its
image in Spc(D(EG)c). This proves part (b). If Spc(D(E)c) is noetherian, then the
images of Spc(D(E)c) under the various geometric fixed point functors provide a
finite cover of Spc(D(EG)c) by noetherian spaces. Hence part (c) follows as in the
proof of [PSW21, Proposition 2.38]. �

13.12. Remark. We thus understand Spc(D(EG)c) completely as a set: It is covered
by disjoint copies of Spc(D(E)c), one for each conjugacy class of subgroups H ≤ G.
However, there could be topological interaction between the copies of Spc(D(E)c)
for different conjugacy classes of subgroups. For the case E = HZ, the topology has
been completely determined in [PSW21, Remark 2.39]. Note also that the above
statements specialize to basic results about Spc(SHc

G) from [BS17, Section 4] by
taking E = S0 to be the sphere spectrum. In this case, the topology is understood
for finite abelian groups [BHN+19] and extraspecial 2-groups [KL20], while we have
only partial information for general finite groups G.

13.13. Corollary. Let ϕG : Spc(D(EG)c) → Spc(SHc
G) be the map induced by

extension-of-scalars. Also write ϕ : Spc(D(E)c)→ Spc(SHc) for the G = 1 case.

(a) If ϕ is injective then ϕG is injective.
(b) If ϕ is surjective then ϕG is surjective.

Proof. This is a consequence of Lemma 13.9 by applying Theorem 13.11 both to
the given E and to the sphere spectrum S0. Indeed, every prime of D(EG)c is of
the form PG(H, p) and ϕG(PG(H, p)) = PG(H,ϕ(p)) by Lemma 13.9. Thus, if
ϕG(PG(H, p)) = ϕG(PG(K, q)) then we have an equality of primes PG(H,ϕ(p)) =
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PG(K,ϕ(q)) in Spc(SHc
G). Hence ϕ(p) = ϕ(q) in Spc(SHc) and the subgroups H

and K are G-conjugate. Thus, if ϕ is injective, then PG(H, p) = PG(K, q) in
Spc(D(EG)c). This establishes part (a). Part (b) is an immediate corollary of
Theorem 13.11 and Lemma 13.9. �

13.14. Remark. If ϕ : Spc(D(E)c) → Spc(SHc) is injective then
ϕG : Spc(D(EG)c)→ Spc(SHc

G) is a continuous bijection onto its image

im(ϕG) =
{
PG(H,ϕ(p))

∣∣H ≤ G, p ∈ Spc(D(E)c)
}
⊂ Spc(SHc

G).

However, we have not established that if ϕ is a homeomorphism onto its image,
then the same is true for ϕG. This point will be relevant for the following:

13.15. Example. Let E = LnS
0, so that D(E) := Ho(E - ModSp) ∼= SE(n) is the

E(n)-local stable homotopy category (see Remark 10.3). The spectrum of ScE(n)

was described in Theorem 10.10:

Spc(ScE(n)) = Pn − · · · − P1 − P0.

We let SpG,E(n) := EG - ModSpG
and SHG,E(n) := Ho(SpG,E(n)) = D(EG) for E =

LnS
0. Applying Theorem 13.11 we deduce that, as a set, Spc(SHc

G,E(n)) consists

of primes PG(H, k) for H ≤ G and 0 ≤ k ≤ n. Two such primes PG(H, k) and
PG(K, `) coincide precisely when the subgroups H and K are G-conjugate and
k = `. Moreover, as a consequence of Theorem 13.11 and Remark 13.14, the
following hold:

(a) For each conjugacy class of subgroups H ≤ G, the geometric fixed point
functor ΦH,G : SHc

G,E(n) → ScE(n) induces a homeomorphism of Spc(ScE(n))

onto the subspace{
PG(H, k)

∣∣ 0 ≤ k ≤ n} ⊂ Spc(SHc
G,E(n)).

(b) The map ϕG : Spc(SHc
G,E(n))→ Spc(SHc

G) induced by extension-of-scalars
is injective. It provides a continuous bijection onto{

PG(H, p, k)
∣∣H ≤ G, 0 ≤ k ≤ n} ⊂ Spc(SHc

G)

where p is the prime number implicit in our choice of E(n).

13.16. Remark. In other words, by part (b), the spectrum Spc(SHc
G,E(n)) bijects

onto the first n chromatic layers of the spectrum Spc(SHc
G,(p)) ⊂ Spc(SHc

G) of

the p-local equivariant stable homotopy category (recall [BS17, Corollary 5.25] and
Notation 10.5). However, we are unable to prove that this continuous bijection is
a homeomorphism.

13.17. Conjecture. For any finite group G, the continuous injective map

ϕG : Spc(SHc
G,E(n))→ Spc(SHc

G)

is a homeomorphism onto its image.

14. Equivalence of D(EG) with spectral Mackey functors

We now connect the equivariant module categories of the previous section with
categories of spectral Mackey functors. These results follow [PSW21, Section 4]
where we refer the reader for further details and discussion.
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14.1. Notation. We write Aeff
G for Barwick’s effective Burnside ∞-category [Bar17]

whose objects are finite G-sets and whose n-simplicies are n-fold spans of finite
G-sets. For an additive ∞-category C, we write Funadd(Aeff

G ,C) for the ∞-category
of additive functors from Aeff

G to C. This is a smashing localization of the func-
tor category Fun(Aeff

G ,C) and can be equipped with the localized Day convolution
product [BGS20, Section 3].

14.2. Definition. Let E ∈ CAlg(Sp) be a commutative algebra in the symmetric
monoidal stable ∞-category of spectra Sp. For any finite group G, we have the
∞-category

MackG(E) := Funadd(Aeff
G ,E - ModSp)

of spectral G-Mackey functors valued in E-module spectra (or with E-module coef-
ficients).

14.3. Proposition. For any finite group G and commutative algebra E ∈ CAlg(Sp),
there is an equivalence

MackG(E) ' EG - ModSpG

of presentably symmetric monoidal stable ∞-categories.

Proof. As explained in [PSW21, Remark 4.5], there are functors

L : Fun(Aeff
G ,Sp)→ Funadd(Aeff

G ,Sp)

and
F1 : Sp→ Fun(Aeff

G ,Sp)

given respectively as the localization and the adjoint to evaluation at G/G ∈ Aeff
G .

As in [PSW21, Remark 4.5 and Corollary 4.6], we have an equivalence of com-
mutative algebras EG ' LF1(E) which gives rise to an equivalence of symmetric
monoidal ∞-categories

EG - ModSpG
' LF1(E) - ModSpG

.

Replacing all instances of HZ with E, the argument in [PSW21, Proposition 4.9]
establishes an equivalence of symmetric monoidal ∞-categories

LF1(E) - ModSpG
' Funadd(Aeff

G ,E - ModSp)

and the latter is MackG(E). �

14.4. Example. We return to Example 13.15. By Proposition 14.3, there is an
equivalence of symmetric monoidal stable ∞-categories

SpG,E(n) = trivG(LnS
0) - ModSpG

' Funadd(Aeff
G , LnS

0 - ModSp)

' Funadd(Aeff
G , SE(n)).

Therefore, SpG,E(n) can alternatively be regarded as the category of spectral

Mackey functors with coefficients in E(n)-local spectra.

14.5. Remark. Since Bousfield localization at E(n) is smashing on Sp, it follows
from [Car20, Proposition 3.12] that Bousfield localization at E(n)G := trivG(E(n))
is smashing on SpG. Thus

LE(n)G SpG ' LE(n)G(S0) - ModSpG
.

Moreover, LE(n)G(S0) ' trivG(LnS
0) by [Car20, Proposition 3.2], so that

LE(n)G SpG ' SpG,E(n) .
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This gives a third interpretation of the category SpG,E(n) as the Bousfield local-

ization of SpG at E(n)G. This justifies calling SpG,E(n) the category of E(n)-local
spectral Mackey functors rather than the exhausting “spectral Mackey functors val-
ued in E(n)-local spectra.” In any case, one can see using [PR20, Proposition 3.3]
that when n = 1, this category agrees with the category studied by Patchkoria and
Roitzheim in [PR20].

15. Stratification for spectral Mackey functors

The goal of this section is to prove the following theorem, which shows that
the category of spectral Mackey functors with coefficients in a commutative ring
spectrum E is stratified provided the non-equivariant category of coefficients D(E)
is stratified and has a noetherian spectrum Spc(D(E)c).

15.1. Theorem. Let E ∈ CAlg(Sp) be a commutative ring spectrum such that
Spc(D(E)c) is noetherian. If D(E) is stratified, then D(EG) is stratified for any
finite group G.

15.2. Remark. In light of Proposition 14.3, we have stated the theorem with D(EG)
in place of the equivalent tt-category Ho(MackG(E)). Since the spectrum of D(EG)
is noetherian by Theorem 13.11(c), it remains (by Theorem 3.21 and Theorem 4.1)
to verify the minimality of the local categories for each prime ideal. These prime
ideals are of the form PG(H, p) for a (conjugacy class of) subgroup H ≤ G and a
prime ideal p ∈ Spc(D(E)c). The idea of the proof may then be outlined via the
following commutative diagram:

(15.3)

D(EG) D(EH) D(E)

D(EH)/〈PH(H, p)〉 D(E)/〈p〉,

resGH

ΦH,G

ΦH

∼

in which the vertical maps are given by the localization functors. Minimality at
PG(H, p) will then be a consequence of the following three claims:

(a) The functor resGH is finite étale (Definition 6.1) and the fiber over PG(H, p)
of the induced map on spectra is precisely {PH(H, p)}.

(b) The geometric fixed point functor ΦH induces an equivalence on localiza-

tions D(EH)/〈PH(H, p)〉 ∼−→ D(E)/〈p〉.
(c) The vertical functors preserve and reflect minimality at PH(H, p) and p,

respectively.

15.4. Lemma. For any subgroup H ≤ G, the restriction functor

resGH : D(EG) −→ D(EH)

is finite étale. Moreover, if ϕ : Spc(D(EH)c) → Spc(D(EG)c) denotes the induced
map on spectra, we have

ϕ−1(ϕ({PH(H, p)})) = {PH(H, p)}

for any p ∈ Spc(D(E)c).
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Proof. The restriction functor is finite étale by [San21, Example 5.8]. As in [PSW21,
Lemma 2.12], we can verify that ϕ(PH(K, q)) = PG(K, q) for any subgroup K ≤ H
and any prime q ∈ Spc(D(E)c). In particular, we compute

ϕ−1({ϕ(PH(H, p))}) = ϕ−1({PG(H, p)})
=
{
PH(K, q)

∣∣PG(K, q) = PG(H, p)
}
.

Theorem 13.11 implies that the last set consists only of the single prime PH(H, p)
since if K ≤ H is G-conjugate to H then K = H. �

15.5. Lemma. For any prime p ∈ Spc(D(E)c), there is a commutative diagram

D(EH) D(E)

D(EH)/〈PH(H, p)〉 D(E)/〈p〉

ΦH

∼

where the vertical arrows are the localization functors to the corresponding local
categories (Definition 1.25) and the bottom functor is an equivalence.

Proof. By construction, the geometric fixed point functor ΦH : D(EH) → D(E) is
a finite localization (Remark 13.4). Since PH(H, p) = (ΦH)−1(p) by definition, the
result is a special case of Proposition 1.32. �

Proof of Theorem 15.1. By assumption, the spectrum Spc(D(E)c) is noetherian,
hence so is Spc(D(EG)c) by Theorem 13.11(c). Therefore, the local-to-global prin-
ciple holds for D(EG) by Theorem 3.21. By Theorem 4.1, it remains to verify
minimality (in the sense of Definition 4.4) at all the primes of Spc(D(EG)c).

By Theorem 13.11, an arbitrary prime of Spc(D(EG)c) is of the form PG(H, p) =
(ΦH,G)−1(p) ∈ Spc(D(EG)c) for a subgroup H ≤ G and a prime p ∈ Spc(D(E)c).
Recall diagram (15.3). Since D(E) is stratified, it has minimality at p. It fol-
lows from Proposition 5.2 that the local category D(E)/〈p〉 satisfies minimality at
its unique closed point. By Lemma 15.5, this is equivalent to the local category
D(EH)/〈PH(H, p)〉 having minimality at its closed point. Using Proposition 5.2
again, we obtain minimality of D(EH) at the prime PH(H, p) ∈ Spc(D(EH)c).

Finally, by Lemma 15.4 we can invoke Theorem 6.4 to conclude that D(EG) has
minimality at PG(H, p) ∈ Spc(D(EG)c). �

15.6. Remark. The following converse to Theorem 15.1 also holds: If G is a finite
group and E is a commutative ring spectrum such that D(EG) is stratified with
(weakly) noetherian spectrum, then D(E) is also stratified with (weakly) noetherian
spectrum. Indeed, just apply Corollary 3.13, Proposition 5.2 and Theorem 4.1 to
the finite localization ΦG : D(EG)→ D(E).

15.7. Remark. If D(E) is a local category with unique closed point p ∈ Spc(D(E)c)
then the finite localization ΦG : D(EG) → D(E) is nothing but localization at the
point PG(G, p) ∈ Spc(D(EG)c). Indeed, this follows from Lemma 15.5. In particu-
lar, D(E) ∼= D(EG)/〈PG(G, p)〉 is the local category of D(EG) at the point PG(G, p).

15.8. Remark. It may be interesting to note that we have obtained the stratification
result of Theorem 15.1 for D(EG) without using (or even having) complete knowl-
edge of the topology of the Balmer spectrum Spc(D(EG)c). We note, moreover, that
understanding the (radical) thick tensor-ideals of compact objects in a category T
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is equivalent to understanding the topological space Spc(Tc) by Balmer’s classifi-
cation theorem [Bal05, Theorem 4.10]. On the other hand, when T is stratified the
classification of localizing ⊗-ideals only depends on Spc(Cc) as a set. In particu-
lar, Theorem 15.1 allows us to find examples (see Remark 15.12 below) where we
understand the localizing ⊗-ideals but not the thick ⊗-ideals of compact objects.

15.9. Corollary. For any finite group G, the category of derived Mackey functors
D(HZG) is stratified.

Proof. This is the special case of Theorem 15.1 corresponding to E = HZ. The
hypotheses on the base category D(HZ) ∼= D(Z) are provided by Neeman [Nee92a];
see Theorem 5.8 and Example 1.36, for example. �

15.10. Remark. More generally, the previous result applies to E = HR where R is
any discrete commutative noetherian ring.

15.11. Corollary. For any finite group G, prime number p, and 0 ≤ n < ∞, the
category of E(n)-local spectral Mackey functors SHG,E(n) is stratified.

Proof. Invoking Theorem 10.10 and Theorem 10.14, we can apply Theorem 15.1
with E = LnS

0. See Examples 13.15 and 14.4. �

15.12. Remark. When n > 1 we do not fully understanding the topology on
Spc(SHc

G,E(n)) and so this gives a concrete example of a category for which we
understand the localizing ⊗-ideals, but not the thick ⊗-ideals of compact objects.

15.13. Remark. The previous examples do not exhaust the cases for which The-
orem 15.1 applies. For example, if E is a commutative ring spectrum such that
π∗(E) is a regular noetherian ring concentrated in even degrees, then D(E) is also
stratified [DS16]. In particular, this applies to E = En, the n-th Morava E-theory.
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