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Abstract

Behind many production function estimators lies a crucial assumption that the firm’s choice of intermediate inputs depends only on observed choices of other inputs and on unobserved productivity. This assumption fails when market frictions distort the firm’s input choices. I
derive a test for the assumption, which is rejected in several industries. I
show, using weak identification asymptotics, that when the assumption
fails a simplified dynamic panel estimator can be used instead of choicebased methods because it requires choices to be distorted. I propose criteria for choosing between estimators, which in simulations yields lower
error than either estimator alone. (JEL Codes: C52, D24)
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Introduction

Central though it is to any model of the economy, the production function is one
of the hardest primatives to estimate. A more productive firm—one that gets aboveaverage output from each worker it hires and each machine it installs—is expected to
use more of both inputs. Productivity also, by definition, raises output even holding
inputs fixed. But the researcher does not observe and cannot control for productivity, making any attempt to estimate the causal effect of using more labor or capital
vulnerable to omitted variable bias.
Starting with the work of Olley and Pakes (1996), a host of new methods have
addressed this problem by exploiting the information contained in the firm’s choice
of inputs. Proxy methods like that of Ackerberg et al. (2015) use the choices of the
firm to infer its productivity. They assume that, conditional on its labor and capital
(which may or may not be chosen optimally), a more productive firm always uses
more intermediate inputs. These inputs are a proxy for productivity, which is no
longer an omitted variable.1 Meanwhile first-order methods such as Gandhi et al.
(2017b) assume the firm chooses its level of intermediates optimally. By combining
the production function with the first-order condition for intermediates, Gandhi et
al. (2017b) derive an estimating equation that does not contain productivity. Though
powerful, these choice-based methods rely on equally powerful assumptions.
I show that these assumptions need not hold when a firm’s choice of intermediates is distorted by market frictions—for example, a credit constraint. Proxy methods require a one-for-one relation between productivity and the choice of intermediates. If some firms lack credit or cannot find suppliers, two otherwise identical
firms may use different levels of intermediates. First-order methods require the
choice of intermediates to be optimal, meaning the marginal product equals the
price. That need not hold if a firm is constrained.
Unfortunately, constraints and other market frictions are widespread in industries across the world. According to the 2006 World Bank Enterprise Survey, 32 percent of Central American firms and 37 percent of Chilean firms find getting electricity to be a serious or very serious obstacle. Nearly 60 percent of Zimbabwean firms
have idle production capacity because inputs are unavailable. Half suffer power failures and 80 percent lack financing. According to the Economics Research Forum’s
1

Olley and Pakes (1996), Levinsohn and Petrin (2003), and Wooldridge (2009) are other examples
of proxy methods. The points I raise about Ackerberg et al. (2015) generally apply to these other proxy
methods as well.
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survey of firms, 25 percent of Egyptian firms and 26 percent of Tunisian firms say
that getting raw materials is a severe constraint. The World Bank Enterprise Panel
Survey finds that some two-thirds of Central American firms must pay for their raw
materials before they receive any payment for their output. Most of these firms report resolving the mismatched cash flow with retained earnings. An unprofitable
year might leave them without the funds they need to make an unconstrained choice
of intermediates in the subsequent year. A 2014 World Bank Enterprise Survey of formal firms in India finds that nearly 40 percent report having to pay “gifts or informal
payments” for an electrical connection.
This paper proposes a multi-step approach to estimating the production function in the presence of such distortions. I first show why constraints and other distortions may create identification problems for choice-based methods. To be clear,
the issue is not whether the choices of capital or labor are distorted—no method
discussed in this paper requires either to be chosen optimally. It is whether, conditional on capital and labor, the choice of intermediates is distorted. Any distortion
undermines what Ackerberg et al. (2015) call the Scalar Unobservable assumption,
which states that the choice of intermediates is a function of only capital, labor, and
productivity. A distorted choice will depend on not only these but on the cause of
the distortion. As some version of the Scalar Unobservable assumption is crucial to
all choice-based methods, its failure may render them inconsistent.
Based on this insight I propose a general specification test for the key assumptions required for a broad set of choice-based estimators.2 These assumptions—in
particular, the Scalar Unobservable assumption—imply that the cost of intermediates as a share of the firm’s output is a function of only the choices of capital, labor,
and intermediates used in production. After controlling for a nonparametric function of these inputs no other variable known to the firm in year t − 1 or earlier should
be informative. But if the firm is constrained or its choice is otherwise distorted, lags
of these inputs may be informative about the constraint, which in turn is informative
about the cost share of intermediates. Testing for whether these lags are informative
is in effect a test of the minimal assumptions required for a choice-based estimator. I apply this test to the sample of manufacturing firms in Chile and Colombia
studied by Gandhi et al. (2017b). The test rejects in many industries, suggesting the
2

These include proxy estimators like Olley and Pakes (1996); Levinsohn and Petrin (2003);
Wooldridge (2009); Ackerberg et al. (2015); De Loecker and Warzynski (2012) and De Loecker et al.
(2016), and first-order methods like Gandhi et al. (2017b) and Doraszelski and Jaumandreu (2013,
2018) to name a few.
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assumptions cannot be taken for granted. Though in its most basic form the test is
a general warning that one or more assumptions fail, it can specifically be informative about constraints and market frictions in a dataset that contains correlates of
these distortions. I show that in Chilean manufacturing and in a sample of Thai rice
farmers where Shenoy (2017) finds production misallocation, measures of market
distortions and access to finance also predict rejections of the test. These rejections
imply the presence of distortions that undermine the Scalar Unobservable assumption.
But there is another class of estimators that does not require this assumption.
Prior work (see, for example, Ackerberg et al., 2015) has shown that if productivity is
autoregressive rather than an arbitrary Markov process, it is possible to estimate the
production function using a simplified dynamic panel estimator. I extend this work
by proving that, when used to estimate a gross production function, the estimator
is only well-identified when the Scalar Unobservable assumption fails (this condition is not necessary when estimating a value-added production function). When
the assumption holds, the firm’s choice of intermediates has no exogenous variation
independent of its choices of the other inputs. But if the assumption fails because
market frictions distort the choice of intermediates, those distortions induce variation that can be used for identification. Then as the distortions become more severe,
choice-based methods become more biased while the autoregressive estimator becomes less biased, implying the methods are complementary.
I show that standard weak instruments statistics reflect these distortions and
thus implicitly can guide whether Gandhi-Navarro-Rivers or the autoregressive estimator is less biased in any situation. I first show that despite being estimated by
nonlinear GMM, the autoregressive estimator has a close connection to two-stage
least squares. This connection justifies using weak instruments statistics to measure
how well it is identified. I show that a key weak instruments statistic for the autoregressive method is bounded above by an expression that captures how informative
the instruments are about the distortions. Finally, I show that the bias of Gandhi et
al. (2017b) is strictly increasing in the severity of these distortions. Taken together
these results imply that when the weak instruments statistic is large, the autoregressive estimator is well-identified while Gandhi-Navarro-Rivers is inconsistent.
Using these statistics I propose a selection criterion to help applied researchers
choose between the two estimators without prior knowledge of whether the choices

ESTIMATING THE PRODUCTION FUNCTION UNDER INPUT MARKET FRICTIONS

5

of firms are distorted.3 The criterion states that the autoregressive estimator should
be chosen over Gandhi-Navarro-Rivers if and only if 1) the specification test rejects,
and 2) the rk-statistic of Kleibergen and Paap (2006) exceeds a critical value. I show
how to construct this statistic, and prove that it is consistent and asymptotically pivotal even when the production function is weakly identified. Finally, I show that a
parametric bootstrap procedure can compute the critical value. The rk-statistic is
crucial to the method. Among the manufacturing industries that fail the specification test, the criterion nevertheless chooses Gandhi-Navarro-Rivers in half. Simulations suggest that using this criterion to choose between Gandhi-Navarro-Rivers
and the autoregressive estimator achieves lower error than either method alone.4
The key contribution of this paper is to derive a method for selecting between
estimators in contexts where it is possible but not definitively known whether the
choices of firms are distorted. It is based on the insight that distortions induce complementarity between choice-based and autoregressive estimators that can be leveraged to yield an estimate that combines the strengths of both. This selection approach can be applied even if the researcher is unsure whether firms are constrained
or markets are otherwise distorted. The procedure will detect distortions and, based
on their severity, suggest an error-minimizing estimator.

2

The Problem of Identification under Constraints

2.1

Review of Choice-Based Methods

Consider a firm that produces output at time t by combining capital Kt , labor Lt , and
real expenditure on intermediate inputs Mt using a gross production function F . (I
consider a value-added production function below.) I assume output depends on
real expenditures of intermediates denoted in units of the output good.5 Firms differ
3

See https://people.ucsc.edu/∼azshenoy/criteria.html for code to assist in computing the criterion.
4
Gandhi et al. (2017b) also use simulations to test how their estimator fares when the assumptions
are violated. They find that a simulated adjustment cost has relatively little impact. My simulations
assume there is a persistent constraint on the choice of intermediates. The difference in results suggests the extent of the bias depends on the nature of the friction that causes the violation.
5
Like capital, the term “intermediate inputs” is a catch-all for many different inputs (e.g. fuel,
electricity, and raw materials), meaning there is no unambiguous definition for the “level” of intermediate inputs. If the researcher is willing to somehow define a price of intermediates, it would imply
a level of intermediates. The researcher might further assume that output depends on this implied
level of intermediates rather than expenditures. I show in Online Appendix D.2 that in this case the

6

SHENOY

in their productivity, which most choice-based methods assume is Hicks neutral.
Assumption 1 (Hicks Neutrality) The productivity of the firm is Hicks neutral and
has two parts: ωt , which is persistent, and εt , which is unknown when inputs are
chosen and is independent across time and firms. Gross output is
Yt = eωt +εt F (Kt , Lt , Mt )

(1)

Since all the methods discussed in this paper are nonparametric it is necessary
to assume the production function is smooth. I also assume it is increasing and
concave, which ensures the optimal choice of M is well-defined and increasing in
K, L and ω. Though only smoothness is necessary for my main results, as I explain
below the other conditions on F are useful in tying together the assumptions needed
for first-order methods like Gandhi et al. (2017b) and proxy methods like Ackerberg
et al. (2015).
Assumption 2 (Production) The production function F is smooth. It is also concave
and increasing in each of its arguments.
It is also standard to make some assumption about timing. I follow Gandhi et al.
(2017b) and Ackerberg et al. (2015) and assume there are several quasi-fixed inputs
that are chosen before intermediates. Throughout the paper I assume these inputs
are capital and labor, though it is straightforward to allow for other inputs. It is not
necessary to make any assumptions about whether capital and labor are chosen optimally as long as the choice is made using only information known to the firm. But
it is necessary to assume neither choice is perfectly flexible:
Assumption 3 (Dynamic Capital and Labor) Kt and Lt are at least partly determined
at t − 1 or earlier.
In their empirical application, Gandhi et al. (2017b) assume that both capital and
labor are completely determined at t − 1. This stronger assumption is useful, though
in fact unnecessary for their method (or any other method discussed in this paper).
As long as capital and labor are at least somewhat dynamic—if there is an adjustment cost or time to build—their lags are informative about their current levels,
making the Gandhi et al. (2017b) approach viable. But for consistency I make the
main results of the paper require little or no modification.
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same assumption as Gandhi et al. (2017b) in my simulations; the assumption actually favors their method and is thus conservative (see Section 4).
The firm then chooses its expenditure on intermediate inputs Mt . Though not
crucial for the autoregressive method derived in Section 4, this timing is crucial for
the choice-based methods:
Assumption 4 (Timing) Mt is chosen no sooner than the other inputs at a time when
ωt is known but εt is still unknown.
The method of Gandhi et al. (2017b) assumes the firm’s choice of intermediates
is optimal, meaning the firm solves
max Eεt [eωt +εt F (Kt , Lt , Mt ) − Mt ]
Mt

(2)

by setting the expected marginal product of intermediate expenditure equal to
the price. Here I assume for simplicity that Mt is defined as expenditures on intermediates, meaning the price is normalized to 1 (I show how to relax this assumption
in Online Appendix D.2). Then the method assumes
Assumption 5 (Optimal Choices) Firms choose Mt to satisfy
1 = E[eεt ]eωt FM (Kt , Lt , Mt )

(3)

To reiterate, the method makes no assumptions about whether capital and labor or
any other inputs are chosen optimally. But conditional on however much capital
and labor the firm has, its choice of intermediates must be optimal.
Gandhi et al. (2017b) then exploit the assumption of Hicks Neutrality, which implies that productivity enters both the production function and the righthand side
of the first-order condition multiplicatively. Dividing (3) by realized output (1) and
multiplying by Mt gives
Mt
FM (Kt , Lt , Mt )Mt
=
E[eεt ]e−εt
Yt
F (Kt , Lt , Mt )

(4)

The left-hand side is simply the cost share of intermediates, which is observable.6
Gandhi et al. nonparametrically estimate this “share regression” in logs to recover
6

I show in Online Appendix D.2 that allowing a price for intermediates and output leaves the main
results unchanged.
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the right-hand side of (4), which is the elasticity of output with respect to intermediate inputs M , and a nuisance term E[eεt ]. Since ωt has been purged from (4) the
estimate is consistent. Then the residual ε̂t is a consistent estimate of the shock εt .
Divide the predicted value from the share regression by M and the sample average
(Kt ,Lt ,Mt )
of eε̂t to isolate FFM(K
. Integrate this ratio with respect to M to recover (the log
t ,Lt ,Mt )
of ) the production function F up to a constant of integration C (Kt , Lt ). Though the
integral is now known, the production function cannot be extracted from it unless
C (Kt , Lt ) is known.
Let It denote the integral and define Yt = yt − It − εt , where yt = log Yt . Since
yt − log F (Kt , Lt , Mt ) = ωt + εt

(5)

the known part of productivity can be written as
ωt = Yt + C (Kt , Lt )

(6)

Now Gandhi et al. (2017b) make another assumption common in this literature:
Assumption 6 (Markov Productivity) The known shock follows a first-order Markov
process. For some function Ψ, productivity at t can be written as ωt = Ψ(ωt−1 ) + ηt ,
where ηt is unknown before time t.
Then
Yt + C (Kt , Lt ) = Ψ(Yt−1 + C (Kt−1 , Lt−1 )) + ηt

(7)

Since this is a Markov process the innovation in productivity ηt does not depend
on capital Kt−1 or labor Lt−1 . As Gandhi et al. (2017b) assume capital and labor were
chosen at t−1 before ηt is known, the converse is also true. Then capital and labor are
uncorrelated with ηt , making them valid instruments that can be used to estimate C
nonparametrically. Combined with the estimate of It this estimate of C gives the
production function.
An alternative to the first-order approach is the proxy variable approach of Ackerberg et al. (2015), who build on the work of Olley and Pakes (1996), Levinsohn and
Petrin (2003), and Wooldridge (2009). Ackerberg et al. estimate a value-added production function F̃ (Kt , Lt ) rather than a gross production function. Unlike Gandhi
et al. they need not assume the choice of intermediates is optimal, only that it is
strictly increasing in productivity and depends only on productivity, labor, capital,
and other observables. They drop Assumption 5 and instead assume:
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Assumption 7 (Monotonicity) Holding all else equal the choice of intermediates Mt
is strictly increasing in ωt .
Assumption 8 (Scalar Unobservable) The choice of intermediate inputs is Mt = M̄ (Kt , Lt , ωt )
for some smooth function M̄ (·).
Given our assumption that F is concave and increasing in its arguments, Optimal
Choices implies these two assumptions, but the converse need not hold. If either of
these two assumptions fails, Optimal Choices must also fail. It is the second of these
assumptions—the Scalar Unobservable assumption—that is the focus of this paper.
Under these assumptions productivity can be written as ωt = M̄ −1 (Kt , Lt , Mt ) for
some function M̄ −1 . After controlling for capital and labor, intermediates are a proxy
for productivity. Define f˜(kt , `t ) = log F̃ (ekt , e`t ) and m̄−1 (kt , `t , mt ) = M̄ −1 (ekt , e`t , emt )
where kt , `t , and mt are the logs of Kt , Lt , and Mt . The log of value-added output yt
can be written as
yt = f˜(kt , `t ) + m̄−1 (kt , `t , mt ) + εt
= Φ(kt , `t , mt ) + εt

(8)

The term Φ(kt , `t , mt ) can be estimated nonparametrically, giving a consistent estimate of log f˜(kt , `t ) + ωt . By the Markov Productivity assumption,

yt − f˜(kt , `t ) − Ψ Φ̂(kt−1 , `t−1 , mt−1 ) − f˜(kt−1 , `t−1 ) = ηt + εt

(9)

which is uncorrelated with (kt , `t , mt−1 , kt−1 , `t−1 , . . .). These variables are instruments
that can be used to estimate the value-added production function by the generalized
method of moments.

2.2

The Scalar Unobservable Assumption Fails When Firms Face
Market Imperfections

But suppose the firm’s choice of intermediate inputs is distorted. For example, suppose that each firm has a constraint Zt that puts an upper bound its choice of intermediates.7 The constraint may be a function of capital (which may be offered
7

The firm’s choices of capital and labor may or may not be constrained. Neither the choice-based
methods nor any of the other methods discussed in this paper require assumptions about how other
inputs are chosen.
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as collateral) and one or more other terms St1 , St2 , . . . , StI . These terms, some or all
of which may be unobserved, might comprise retained earnings, the wealth of the
entrepreneur, or her political connections to state-run banks.8
Append to the production function (1) and the firm’s optimization (2) the following conditions :

Mt ≤ Zt = Z̄(Kt , St1 , . . . , StI )
i
i
Sti = Γi (St−1
, St−2
, . . .) + vti

(10)
for all i = 1, . . . , I

(11)

where vti is a serially independent shock. Equation 11 states that the other components of the constraint follow stochastic processes that may or may not have the
Markov property but must have some persistence to induce persistent and independent variation in the constraint.
Let λ be the Lagrange multiplier on (10). The new first-order condition is
1 + λ(Kt , St1 , . . . , StI , . . .) = E[eεt ]eωt FM (Kt , Lt , Mt ).

(12)

It is immediately clear that Assumption 5 of Optimal Choices fails whenever λ >
0—that is, whenever any firms are constrained. Rearrange this expression and invert
FM for Mt to show that the level of intermediate inputs is now
Mt = Ṁ (Kt , Lt , ωt , λt ) = M̈ (Kt , Lt , ωt , St1 , . . . , StI )

(13)

which depends on more than one unobservable: productivity ωt and one or more
terms {Stj }. Assumption 8, the Scalar Unobservable assumption, also fails.9
One might be tempted to treat λt as a second unobservable and seek an additional flexible input, as proposed in Ackerberg et al. (2007). This approach uses a
bivariate proxy function to recover both productivity and the constraint. But even
assuming a second flexible input exists, the bivariate equivalent of the Monotonicity Assumption would fail. A firm that is constrained could not choose strictly higher
inputs for a higher level of productivity, and a firm that is unconstrained would not
choose higher inputs for higher levels of the constraint. The firm’s choices cannot
8

The constraint could also be a function of other observed terms like labor or last year’s output.
In the case of a hard constraint like (10) the Monotonicity assumption is also violated. Even if
the constraint were observed and controlled for, the firms for whom it is binding would not choose
higher levels of intermediates when their productivity increases.
9
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be used to recover productivity.

2.3

Frictions Other than Constraints

The example of the previous section, where the suboptimal choice is caused by a
constraint on the choice of inputs, is convenient for the exposition. But all of the
important results hold for any unobserved feature of the firm or the economy that
gives some firms easier access to intermediates.
To make this point more formally, let τt denote a market friction that may vary
across firms. The friction drives a wedge between the marginal products of firms
that appear similar. Then (12) is modified to
1 + τt = E[eεt ]eωt FM (Kt , Lt , Mt ).

(14)

As long as τ is a function of unobserved terms that cause the actual choice of mt to
deviate from the undistorted optimum, all of the important results that follow will
hold.10

3

A Specification Test: Does the Scalar Unobservable
Assumption Hold?

3.1

Approach

Using arguments similar to those used to derive Equation 8, it is easy to see that
Assumptions 1, 4, 7, and 8 imply that there exists a function ξ(kt , `t , mt ) such that
yt = ξ(kt , `t , mt ) + εt

(15)

where yt may be either gross output or value-added output depending on whether
the researcher is estimating a gross production function F or a value-added production function F̃ . Let sM
t = log(Mt /Yt ) denote the log of the share of intermediates in
10

The sole exception is the inequality in Equation 29 of Proposition 3. Though the expression for
the bias of the estimate is valid regardless of the source of the market friction, the sign of the bias may
or may not be negative.
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output. Multiply both sides of (15) by −1 and add mt to both sides:
¯
sM
t = ξ(kt , `t , mt ) − εt

(16)

¯ t , `t , mt ) = mt − ξ(kt , `t , mt ). Alternatively, if we assume Optimal Choices
where ξ(k
we could derive this expression directly by taking logs of Equation 4.
Equation 16 implies the systematic variation in the share of intermediates is a
function of only kt , `t , and mt . To be precise, after controlling for these inputs the
residual variation in the share is simply εt , which is uncorrelated with any variable
known before time t. But if markets are imperfect—say, if firms are constrained and
Equation 12 holds—then the cost share is also a function of the Lagrange multiplier.
Take logs of both sides of Equation 12, and define Λt = log(1 + λt ). Then instead of
Equation 16, the share would be
¯
sM
t = ξ(kt , `t , mt ) − Λt − εt

(17)

Let rt be a vector of “instruments” for Λt , meaning they are correlated with Λt
but determined before period t. The elements of rt need not all be from the same
period as long as they are all from t − 1 or earlier. Then conditional on Assumptions
4 and 7, one simple test of the Scalar Unobservable assumption is to estimate the
semiparametric regression
¯
sM
t = ξ(kt , `t , mt ) + rt % − εt

(18)

and test the hypothesis % = 0. (In practice it may be useful to control for variables
¯ such as year dummies.) If the Scalar Unbeyond just the nonparametric term ξ(·)
observable assumption holds, then Equation 16 holds, implying the true % is zero.
But if firms are constrained or face other market frictions, then Equation 17 implies
% captures the partial correlation between rt and Λt after controlling for kt , `t , mt .
Any rejection of the hypothesis % = 0 has consequences for choice-based methods. They are especially clear for the method of Gandhi et al. (2017b). Equation
18 is similar to the log share regression used to estimate the elasticity of intermediates, and as I show in Section 5.2 the bias of this estimate can be written directly
as a function of moments and conditional moments of Λt . But a rejection also has
consequences for the method of Ackerberg et al. (2015) and other proxy methods.
Equation 18 was derived from Equation 8, which is the first stage of a proxy estima-
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tor. As I show in Online Appendix D.1 the constraint can be thought of as inducing
non-classical measurement error in the choice of intermediates, in that the actual
mt deviates from the optimal m∗t . A rejection of the test serves as warning that the
assumptions of these methods are violated.
The credibility of that warning hinges on a good choice of instruments. Though
there is no hard and fast rule about how to choose rt , one natural choice is the set
of lags of kt , `t , mt that would be used as instruments in the GMM stage of a choicebased estimator. By Assumption 4 these must be independent of the error term if
Λt = 0. But if firms are constrained then from Equation 12
1
I
Λt = 1 + λ(Kt , St1 , . . . , StI , . . .) = 1 + λ̃(Kt , St−j
, . . . , St−j
, . . .) for j ≥ 0

where the second equality follows from Equation 11 for some function λ̃. Equation
1
I
13 implies mt−j = log M̈ (Kt−j , Lt−j , ωt−j , St−j
, . . . , St−j
), implying that lags of mt are
informative about Λt because they reflect prior constraints, which are informative
about current constraints.
Though this logic requires constraints and other frictions to be persistent, that
fact is supported by the data. The World Bank Enterprise panel survey of Central
America for 2003 and 2006 suggests some two-thirds of firms must pay for inputs
before receiving any payments for their output, implying they need working capital
to operate. Most of these firms report that at least 75% of their working capital comes
from retained earnings. One year of bad profits would leave their choice of inputs
constrained the next year, which in turn keeps profits and working capital below
average the following year. The persistence of any negative shock to working capital
implies a persistence of constraints. Even firms with unconstrained working capital
may face other persistent market distortions, as alluded to in Section 2.3. The same
survey implies firms that suffered power outages in 2003 were 10 percentage points
more likely than the average firm to face them in 2006.
Given that distortions are persistent, lagged inputs become attractive instruments.
They appear in any dataset where it is possible to estimate the production function with the methods of Section 2.1, making it possible to compare testing statistics
across datasets. And since they would form the instruments used to identify an autoregressive estimator, they must be informative about current choices for the autoregressive estimator to be well-identified (see below). These lags should thus be
taken as the default instruments for the test.
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Interpreting the test depends on whether the auxiliary assumptions 1, 4, and 7
hold. Then a rejection of % = 0 suggests the Scalar Unobservable assumption fails,
as would be expected if constraints or market frictions distort the choices of firms. In
practice it may be unknown whether Assumptions 1, 4, and 7 hold, in which case the
test is in effect a joint test of these as well as the Scalar Unobservable assumption.11
If the researcher directly observes access to inputs—for example, retained earnings,
liquid assets, or market frictions—she could run additional tests that use these direct
measures as instruments in lieu of lagged inputs. These tests would show whether
access to inputs is correlated with the part of (17) not explained by production capacity and flexible inputs. Rejecting such tests would suggest (in)access to inputs is
one of the “unobservables” that could violate Assumption 8.
But as a rule the test is at its strongest when the researcher is willing to take the
auxiliary assumptions as given but is mainly concerned that firms may face constraints or other frictions. Sections 4—6 lay out a template for estimating the production function under that scenario. The test is only the first step.

3.2

Extensions: Measurement Error, The Price of Intermediates,
and Imperfections Other than Constraints

One potential concern with this test is that measurement error in kt , `t , mt will bias
estimates of ξ. Then ξ would inadequately control for the productive capacity of
the firm, potentially causing rt to be informative about sM
t because it is informative
about the true values of kt , `t , mt . But measurement error in the inputs would immediately imply that the Scalar Unobservable assumption fails. Recall that (18) was
derived from what is essentially the first stage of Ackerberg-Caves-Frazer, which is
based on the idea that observed mt is invertible in kt , `t , ωt . Invertibility fails if firms
that make different choices of intermediates appear to make the same choice because of measurement error. In other words, if the test rejects it is still the case that
the assumptions of the choice-based methods fails even though market frictions are
not what cause the rejection.12 Nevertheless, I show in Online Appendix D.3 how the
11

Several recent studies have probed failures of these auxiliary assumptions such as heterogeneity
in the production function (Li and Sasaki, 2017), non-neutral productivity (Doraszelski and Jaumandreu, 2018), or multi-product firms (De Loecker et al., 2016).
12
Collard-Wexler and De Loecker (2016), Kim et al. (2016), and Hu et al. (2017) all explore how to
adapt the proxy methods to work in the presence of actual measurement error—that is, as long as the
firm’s choices are not distorted by constraints and other frictions.
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test can be adapted not to reject when there is white noise measurement error, and
how to adapt the autoregressive estimator of Section 4 and the selection procedure
of Section 6 in this case.
Throughout the main text I assume firms choose real expenditures of intermediates rather than levels of the intermediate, and that the price of output is normalized
to 1. In some situations it might make more sense to define a price for intermediates, which would imply a level of intermediates, and assume the firm chooses this
level rather than expenditures. I show in Online Appendix D.2 that in this case the
main results of the paper require little or no modification.
Finally, as implied in Section 2.3 everything derived here still holds if the suboptimal choice arises through a friction other than a constraint. Define Λt = log(1 + τt )
and (17) follows from Equation 14.

3.3

Evidence of Imperfections

I run the test on samples constructed from the Chilean and Colombian censuses of
manufacturers, as well as a sample of rice farmers in Thailand:
Chilean Manufacturing: I use exactly the same dataset as Gandhi et al. (2017b),
which is an extended version of the Chilean manufacturing census used in Ackerberg et al. (2006).
Colombian Manufacturing: I use exactly the same dataset as Gandhi et al. (2017b),
which is the Colombian manufacturing census.13
Thai Rice Farming: I use the Townsend Thai annual panel of households from
1997 to 2009. I construct the factors of production—land, labor, and capital—exactly
as done in Shenoy (2017) except that I keep expenditure on intermediate inputs
(seeds, fertilizer, etc.) separate from capital. Capital is defined as what remains:
the value of structures, machinery, and vehicles used in production.
I first run tests on the Chilean and Colombian data for each industry studied
in Gandhi et al. (2017b). I approximate ξ(kt , `t , mt ) with a log-sieve polynomial of
degree 4, though I show in Online Appendix B.1 that the results are unchanged for
higher-order polynomials.14 For the initial tests I use lags of the inputs, including
13

I am grateful to Salvador Navarro for giving me the files and code needed to reproduce the data
for both Chile and Colombia.
14
As Gandhi et al. (2017b) measure physical output and rescale the level of intermediates by a price
index, I define sM = PtM Mt /(PtY Yt ) as they do. In addition to the terms in Equation 18, I also control
for year dummies. This is a simple way to deal with potential measurement error in the price of inter-
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kt−1 , `t−1 , mt−1 , kt−2 , mt−2 , kt−2 × mt−2 in rt . Table 1 shows that all of the tests reject
at the 5 percent level in all five of Chile’s industries. The results are similar for all but
one of Colombia’s industries. But given that this is a general specification test, it is
better to hold it to the higher 1 percent standard. By this standard the test still rejects
in all of Chile’s industries, but not in Colombia’s apparel or food products industries.
This pattern suggests the Scalar Unobservable assumption should neither be taken
for granted nor assumed to always fail.
Though Section 3.1 gave evidence for why a test based on lags is informative
about constraints, in the case of Chile these tests can be supplemented with independent tests for whether access to financing predicts a rejection. I measure access
to financing as the firm’s short-term assets—the value of cash and other liquid assets
recorded at the end of the previous year—which often must be used to pay for inputs.
The new tests define rt as the inverse-hyperbolic sine of the quantity of short-term
assets and a dummy for whether the firm has a positive level of short-term assets
(to account for the large number who report none). Table 1 shows that this test rejects at the 5 percent level in all industries, and at the 1 percent level in all but one.
These rejections are suggestive evidence that the firm’s choice of intermediates may
depend on its working capital.
The Colombian data do not contain a similar measure of short-term assets. Instead I turn to the data on Thai rice farmers, a context where Shenoy (2017) finds evidence of production misallocation. I apply the test assuming land is an additional
quasi-fixed input. The standard test using lagged inputs as instruments rejects at
the 1 percent level. I then check for rejections using three measures of market frictions, two of which Shenoy (2017) shows are significant predictors of misallocation
and one of which (emergency funds) is new:
Risk Aversion: as measured through responses to two hypothetical questions
Input Constraints: the farmer’s report of whether the farm could be profitably
expanded but isn’t because the farmer cannot hire enough workers or acquire enough
capital (for example, for lack of finance). Though these questions do not specifically
mention intermediate inputs (seeds, fertilizer, etc.) these measures are informative
about whether markets are imperfect.
Emergency Funds: the farmer’s response to questions about where he or she
could find the money to handle an emergency. I define dummies for whether the
mediates, which would otherwise be negatively correlated with the choice of intermediates. Running
the test without year dummies makes little difference.
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farmer could draw on savings or borrow money from relatives
Table 1 shows that the test rejects using all of these measures of frictions, suggesting the test rejections arise either from the market frictions or something correlated
with their presence.

4

When Choice Assumptions Fail the Autoregressive
Estimator Becomes Viable

Ackerberg et al. (2015) noted that if productivity follows a simple autoregressive process (as made formal below) there is a link between their method and the linear dynamic panel estimator (for example, Arellano and Bond, 1991; Blundell and Bond,
1998). To be precise, assume
Assumption 9 (Autoregressive Productivity) The known shock follows a first-order
autoregressive process. For some parameters (ω̄, ρ), productivity at t can be written as
ωt = ω̄ + ρωt−1 + ηt , where ηt is unknown before time t.
This assumption is stronger than Markov Productivity (Assumption 6) and is hard
to test independently of the Scalar Unobservable assumption. It rules out the possibility that, for example, lagged productivity predicts current productivity with sharply
diminishing returns or with a non-monotone pattern. But it may be a reasonable approximation, and it finds at least some support in the industries studied in Gandhi
et al. (2017b)(see Appendix B.2).
Let f (kt , `t , mt ) = log F (ekt , e`t , emt ) denote the log of the gross production function. Under Autoregressive Productivity, gross output may be rewritten as
yt = f (kt , `t , mt ) + ωt + εt
= f (kt , `t , mt ) + ω̄ + ρωt−1 + ηt + εt
= f (kt , `t , mt ) + ω̄ + ρ(yt−1 − f (kt−1 , `t−1 , mt−1 )) + ηt − ρεt−1 + εt
|
{z
}

(19)

νt

where the second line follows from substituting Assumption 9. A near-identical
derivation gives a similar estimating equation (see below) for the value-added production function f˜(kt , `t , mt ) = f˜(kt , `t ).
Given a vector of instruments rt , Equation 19 can be estimated using the generalized method of moments. If εt is only measurement error, under the timing assump-
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Table 1
The Test Rejects in Most Industries

Industry
Country
Instruments
Food Prod. Textiles Apparel Wood Prod. Fab. Metals Rice Farming
Chile
Lagged Inputs
0.000
0.000
0.000
0.000
0.000
Short-Term Assets
0.027
0.004
0.000
0.000
0.000
Colombia Lagged Inputs
0.048
0.009
0.044
0.920
0.008
Thailand Lagged Inputs
0.000
Risk-Aversion
0.028
Input Constraints
0.000
Emergency Funds
0.000
All Imperfections
0.000
Note: Each cell reports the p-value from applying the test in the indicated country and industry using the specified variables as rt . See text for description of each variable. Tests for Thailand are derived assuming land is an
additional input into production. All tests additionally control for year dummies. Inference is clustered within
firm.
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tions of Section 2.1 any function of (kt , `t , kt−1 , `t−1 , mt−1 , . . .) is uncorrelated with the
combined error term νt . If εt is not measurement error but a true shock to revenue
it might affect investment and hiring. Then ρεt−1 may be correlated with kt and `t ,
ruling these out as instruments. Since mt may be correlated with ηt , and yt−1 is correlated with ρεt−1 , neither is an instrument. As noted in Online Appendix D.3, if there
is reason to expect substantial (white noise) measurement error in the observed inputs then the list of instruments should include only lags of degree 2 or higher. As
noted above, this estimator is simply a linear dynamic panel estimator that assumes
there are no firm-level fixed effects. Throughout this paper I refer to it as the “autoregressive estimator” to reflect that productivity is purely autoregressive with no
fixed-effects.

4.1

Estimating a Value-Added Production Function: There is No
Weak Identification Problem

When estimating a value-added production function (the focus of Ackerberg et al.,
2015; Wooldridge, 2009; Olley and Pakes, 1996) Equation 19 simplifies to
yt = f˜(kt , `t ) + ω̄ + ρ(yt−1 − f˜(kt−1 , `t−1 )) + νt

(20)

where yt is now value-added output. Now only lags of kt and `t are needed as instruments (though lags of mt may also be used to increase precision).
Under Assumptions 1—4 and Assumption 9, and assuming that lagged capital
and lagged labor induce variation in current capital and labor independent of each
other and lagged productivity, the value-added production function is identified.
In other words, though constraints will bias the Ackerberg-Caves-Frazer estimator
(see Appendix D.1), their absence does not bias the autoregressive estimator. Unlike
in the case of a gross production function—the subject of the rest of this paper—
there is no weak identification problem. Using simulations very similar to those
presented in Section 7, Appendix C.7 shows that the autoregressive estimator has an
error lower than or comparable to the Ackerberg-Caves-Frazer estimator even when
relatively few firms are constrained. That said, it is still good practice to only choose
the autoregressive estimator over Ackerberg-Caves-Frazer if the specification test of
Section 3 rejects, as Ackerberg-Caves-Frazer does not require Assumption 9 (Autoregressive Productivity).
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Estimating a Gross Production Function: The Autoregressive
Estimator Requires Choice Assumptions to Fail

Many industries do not satisfy the assumptions required for a value-added production function, making it necessary to estimate a gross production function.15 This
case is far more complicated than that of the previous section because the autoregressive estimator may be inconsistent when markets are relatively undistorted and
firms are generally unconstrained. The rest of the paper deals with the special challenge of estimating a gross production function when markets are potentially distorted.
The key to understanding the autoregressive estimator—and its complementarity to Gandhi-Navarro-Rivers—lies in the two identification assumptions required
by the generalized method of moments (GMM). It is easiest to see the role of these
assumptions when production is Cobb-Douglas and choices are optimal. Let
F (Kt , Lt , Mt ) = Ktπk Lπt ` Mtπm
and let rt = [rt1 , . . . , rtJ ]T be a vector of instruments like those proposed above. The
identification assumptions are
1. Exclusion Restriction: E[νt rtj ] = 0 for all j
2. Rank Condition: The Jacobian of the moment conditions ∇π E[νt rt ] is full rank
where νt is as defined in (19).
While the instruments given above will satisfy the exclusion restriction regardless
of whether the Scalar Unobservable assumption fails, the rank condition requires it
to fail. To see why, solve for the optimal choice of intermediates and de-mean:
mt =

1
[ωt + πk kt + π` `t ]
1 − πm

(21)

The rank condition holds only if a change in the value of πm induces changes in
the moment conditions E[νt rt1 ] = · · · = E[νt rtJ ] = 0 that are linearly independent
of those induced by changes in the other parameters πk , π` . (In an ordinary least
squares regression, this assumption is equivalent to saying the regressors are not
perfectly collinear.) A small change in πm changes the j-th moment condition by
15

See Gandhi et al. (2017a) for a review of the assumptions required for a value-added production
function.
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∂E[νt rtj ]
= E[rtj (ρmt−1 − mt )]
∂πm

o
1 n
j
= E rt
(ρωt−1 − ωt ) + πk (ρkt−1 − kt ) + π` (ρ`t−1 − `t )
1 − πm

o
1 n
j
− ηt + πk (ρkt−1 − kt ) + π` (ρ`t−1 − `t )
= E rt
1 − πm
=−

1
πk ∂E[νt rtj ]
π` ∂E[νt rtj ]
E[rtj ηt ] +
+
1 − πm
1 − πm ∂πk
1 − πm ∂π`

where, as before, all variables are de-meaned. The first line follows from solving (19)
for νt and taking the partial derivative with respect to πm , the second from (21), the
third from Assumption 9, and the last from logic similar to that used for the first line.
By the exclusion restriction rtj is uncorrelated with ηt , implying the first term is zero.
But then any change in the moment condition induced by πm is perfectly collinear
with those induced by πk and π` , implying πm is not identified.
As shown in Section 5.2, this result generalizes to any nonparametrically estimated production function. The intuition is similar to the functional dependence
critique raised in Ackerberg et al. (2015) and Gandhi et al. (2017b). The optimal
choice of intermediates is perfectly determined by the choices of other inputs and
productivity, which depends on its own lag and an unpredictable innovation. After controlling for this lag and the other inputs, the only remaining variation is the
innovation. Since this variation cannot be used for identification without violating
the exclusion restriction, there is no way to identify the effect of intermediates on
output.
But if firms are constrained the unobserved elements that determine the constraint St1 , St2 , . . . , StI will induce additional systematic variation in the choice of intermediates. As I show below, this fact creates an indirect complementarity between
Gandhi-Navarro-Rivers and the autoregressive estimator.
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Weak Instruments Statistics Can Measure the
Relative Bias of Autoregressive and Choice-Based
Estimators

Market frictions simultaneously invalidate the identification assumptions of choicebased estimators while creating useful variation to identify the autoregressive estimator. I prove this fact in 3 steps. The first 2 steps show that weak instruments
statistics from the literature on two-stage least squares can measure whether market frictions create enough useful variation to estimate the autoregressive estimator.
The final step shows that these same frictions bias Gandhi-Navarro-Rivers.

5.1

Step 1: Link to Two-Stage Least Squares

Despite being estimated by nonlinear GMM, the autoregressive estimator behaves
very much like two-stage least squares. To see why, consider the simple case where
the production function is Cobb-Douglas: F (Kt , Lt , Mt ) = Ktπk Lπt ` Mtπm . Suppose for
a moment that ρ is known, and define ∆ρ (x) = xt − ρxt−1 . Then (19) can be rewritten
as
yt = πk kt + π` `t + πm mt + ω̄ + ρ(yt−1 − πk kt−1 − π` `t−1 − πm mt−1 ) + νt
yt − ρyt−1 = ω̄ + πk (kt − ρkt−1 ) + π` (`t − ρ`t−1 ) + πm (mt − ρmt−1 ) + νt
∆ρ (y) = ω̄ + πk ∆ρ (k) + π` ∆ρ (`) + πm ∆ρ (m) + νt

(22)

These ∆ρ (·) terms are observed and thus can be treated as outcomes or regressors.
One could estimate πk , π` , πm by running two-stage least squares using rt to instrument for ∆ρ (k), ∆ρ (`), ∆ρ (m).
The GMM estimator does something similar to this. Suppose f is estimated using
a log sieve polynomial. Define Xt as a matrix where each column is one term of this
polynomial (kt , `t , mt , kt2 , kt `t , · · · ) and each row is an observation. Let π be the coefficients of the sieve polynomial. Let rnt be the vector of instruments for observation
T
n, and let Rt be the matrix where row n equals rnt
. Let yt be a vector of outcomes.
The GMM estimator solves
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iT
h
i
min yt − Xt π − ρ(yt−1 − Xt−1 π) Rt W RtT yt − Xt π − ρ(yt−1 − Xt−1 π)
π,ρ
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(23)

Solving the first-order condition for π gives


−1
π̂ = ∆ρ̂ (X)T Rt W RtT ∆ρ̂ (X) ∆ρ̂ (X)T Rt W RtT ∆ρ̂ (y)

(24)

while ρ̂ is estimated by solving the nonlinear equation
T

0 = (yt−1 − Xt−1 π̂)

Rt W RtT

h

yt − Xt π̂ − ρ̂(yt−1 − Xt−1 π̂)

i

(25)

after substituting (24) for π̂. If ρ were known and W = (RtT Rt )−1 then the expression
for π̂ would simply be the two-stage least squares estimator. What the GMM estimator effectively does is solve the nonlinear equation (25) for ρ̂ and plug this estimate
into (24).
If the GMM estimate of ρ is consistent then (24) would converge to the two-stage
least squares estimate. Stock and Wright (2000) lay out the conditions under which
certain parameters of a GMM estimator are consistent even under weak identification asymptotics (to be precise, when they follow a drifting process that assumes
identification is local to zero). The following proposition, which is proven in Online
Appendix A.1, shows that these conditions hold:
Proposition 1 Let N denote the sample size. Define the matrix
√
Ξ(z) =

PN
N

T
n=1 rnt zn
− E[rnt znT ]
N

!

and let
h
i
ΞN = Ξ(yt ) Ξ(xt ) Ξ(yt−1 ) Ξ(xt−1 )
be a block matrix.
Assume
d

1. ΞN → Ξ̄ ∼ N (0, ΣΞ )
2. E[rnt ωn,t−1 ] = Υ 6= 0
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Then under the weak identification asymptotics of Stock and Wright (2000), the
autoregressive estimate for ρ is consistent (regardless of whether the other parameters
are weakly identified).
The first assumption holds as long as the appropriate central limit theorem holds
for output and for the inputs of production. The second assumption holds as long as
the instruments—usually lagged choices of inputs—depend in some way on current
or past productivity (because ωt−1 depends on ωt−2 , and so on).16
The consistency of ρ implies there is a close connection between the autoregressive and two-stage least squares estimates of π.

5.2

Step 2: Constraints Affect Weak Instruments Statistics

Formalize the notion of constraints by modifying Assumption 5 as follows:
Assumption 10 (Constrained Optimal Choices) Define Λt = log(1 + λt ), where λt is
a Lagrange multiplier that gives the shadow cost to the firm of being unable to choose
Mt optimally. Then the choice of the firm satisfies
Λt = ωt + log E[eεt ] + log FM (Kt , Lt , Mt )

(26)

As noted earlier, the market friction need not be a constraint. It could be some
other friction τt that drives a wedge between the marginal products of firms. Redefine Λt = log(1 + τt ) and all of the following results (except the sign of the bias in
Proposition 3) still hold.
Assume that log F (Kt , Lt , Mt ) and log FM (Kt , Lt , Mt ) each has a polynomial sieve
approximation in logs:
log F (Kt , Lt , Mt ) =

X

a0 a0

a0

a1 a1

a1

A0a0 ,a0 ,a0 kt 1 `t 2 mt 3
1

2

3

a01 ,a02 ,a03

log FM (Kt , Lt , Mt ) =

X

A1a1 ,a1 ,a1 kt 1 `t 2 mt 3
1

2

3

(27)

a11 ,a12 ,a13
16

The assumption behind weak identification asymptotics—that the moment conditions follow a
drifting process that makes them local to zero—can never be proven but is standard in the literature.
Much as any proof of consistency uses a thought experiment in which “N goes to infinity,” the drifting
assumption is a useful approximation.
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Let xt be a vector of the terms of the sieve approximation, and let ẋt be a vector
of the terms in xt excluding mt . As in Section 5.1, assume for now that ρ is known
and denote ∆ρ (x) = xt − ρxt−1 . Consider the two-stage least squares regression that
instruments ∆ρ (x) with rt . One measure of the joint strength of the instruments is
the Cragg-Donald statistic, which is analogous to the first-stage F-statistic but may
be used when there are multiple endogenous regressors. The following proposition,
proven in Online Appendix A.2, links the Cragg-Donald statistic to the log-Lagrange
multiplier Λt :
Proposition 2 Let V be the matrix of residuals from a regression of ∆ρ (x) on the mab and ∆ρ (Λ)
b be the
trix of instruments, and let ΣV be the variance matrix. Let ∆ρ (ẋ)
predicted values from a regression of ∆ρ (ẋ) and ∆ρ (Λ) on the instruments (as would
be generated in the first stage of two-stage least squares). Let β be the vector of cob
b on
efficients and [SSR]∆ρ (Λ) the sum of squared residuals from a regression of ∆ρ (Λ)
b Let q0 = [A1 ... (Ȧ1 − β)T ]T . Then under Assumptions 9 and 10 the Cragg∆ρ (ẋ).
0,0,1

Donald Statistic is asymptotically bounded above by
[SSR]∆ρ (Λ)
q0T ΣV q0
b

(28)

The numerator of (28) measures the extent to which the instruments induce independent variation in the (differenced) Lagrange multiplier—to be precise, independent of that induced in the (differenced) terms of the sieve approximation other
than ∆ρ (m). The denominator is a rough measure of the fraction of the unexplained
variation in ∆ρ (m) that is independent of the unexplained variation in the other
terms. In short, (28) is almost like a partial F-statistic.
If firms are unconstrained then Λt = Λt−1 = 0, which implies ∆ρ (Λ) = 0 and
thus (28) is zero. Then Proposition 2 implies the autoregressive estimator is underidentified, generalizing the result from Section 4.2 to a nonparametric estimator. If
firms are only slightly constrained, meaning constraints explain only a small part
of their choice of intermediates, (28) will be small and the estimator is at best only
weakly identified. Since the autoregressive estimate converges to that of two-stage
least squares (see Section 5.1), it shares the problem of weak identification. And I
prove in Appendices A.5.1 and A.4 that a similar proof holds for the rk-statistic and
the global GMM identification condition.
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Step 3: The Bias of Gandhi-Navarro-Rivers Increases with
Constraints

The following proposition, which is proven in Online Appendix A.3, shows that GandhiNavarro-Rivers grows more biased as constraints tighten:
Proposition 3 Let Λ̈t = Λt − E[Λt | kt , `t , mt ]. Then the bias of the Gandhi-NavarroRivers estimate of the average elasticity of intermediates is
− (E[Λt ] + log E[eΛ̈t ])

(29)

In the special case where Λ̈t ∼ N (0, σΛ2 ) the bias is simply −(E[Λt ] + σΛ2 /2).
Finally, if the market friction is caused by constraints like that shown in the constrained optimization (12), then the bias is less than or equal to zero (with equality
holding if and only if firms are unconstrained).
The proposition implies that an increase in either the mean of Λt or the variability
of Λ̈t , the residual from a nonparametric regression of Λt on (kt , `t , mt ), increases the
absolute value of the bias. If the distortion is a constraint (as opposed to a more general market friction), the bias is always downward. Constraints make output appear
less responsive to intermediates than in truth. Since the second stage of GandhiNavarro-Rivers relies on a consistent estimate of the elasticity of intermediates, the
other parameters—in particular, the elasticities of capital and labor—will also be biased.

6

Choosing Between Estimators: A Selection Criterion

Given that the two estimators are complementary, in an ideal world one would choose
whichever has lower error. For some statistic of interest—say, φX , the elasticity of
output with respect to input X—consider an (infeasible) estimator that sets
φ̂X
Inf =


φ̂X

X
X
X
if |φ̂X
GN R − φ | < |φ̂AR − φ |

φ̂X

otherwise

GN R

AR

(30)

This estimator is infeasible because it requires knowing the true elasticity φX (or at
least which estimator has higher error). It cannot be used in practice but serves as a
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best case scenario for any feasible estimator designed to choose between φ̂X
GN R and
X
φ̂AR .
Such a selection criterion can be constructed using the results of Section 5. A
standard weak instruments statistic grows with the severity of constraints and other
frictions—or rather, with the usable variation they produce. Measuring the size of
such a statistic, along with the p-value of the specification test of Section 3, can be
informative about which estimator is less biased. Though Section 5.2 was proven
for the Cragg-Donald statistic, it is better to use the rk-statistic of Kleibergen and
Paap (2006) to allow for a non-i.i.d error term in the first-stage estimation. I show in
Online Appendix A.5 that a similar result holds for the rk-statistic.
Calculating the rk-statistic for the actual two-stage least squares estimator requires regressing ∆ρ (x) on the instruments used for the autoregressive estimator.
Since ρ is unknown, ∆ρ (x) is unobservable. But as proven in Section 5.1, the autoregressive estimate of ρ is consistent even if the other parameters are only weakly
identified. The autoregressive estimate ρ̂ can be used to construct ∆ρ̂ (xt ) = xt −
ρ̂xt−1 , which can be used with the vector of instruments rt to compute a feasible rkstatistic. I show in Online Appendix A.5 that this statistic, despite being a function
of ρ̂, is still the quadratic form of an asymptotically normal random variable (though
the asymptotic variance would be affected by the variance of ρ̂).
One could calculate the adjusted asymptotic variance to form a chi-square random variable with the expected degrees of freedom. But in practice ρ̂ can be noisy
in small samples, making a bootstrap more reliable in practice. Given that the rkstatistic is a continuous function of an asymptotically normal estimator, a re-centered
bootstrap can be used to calculate critical values. I propose the following procedure:
1. Estimate ρ̂ using the autoregressive estimator on the original data
2. Construct ∆ρ̂ (xt ) and estimate the first-stage regression ∆ρ̂ (xt ) = Rt Ω + v
3. Compute the rk-statistic H from ∆ρ̂ (xt ) and Rt
4. Generate a bootstrapped distribution of H under the null hyopthesis:
(a) Draw a (clustered) bootstrap sample b with replacement
(b) Estimate ρ̂b using the autoregressive estimator
fρ̂ (xbt ) = xbt − ρ̂b xbt−1 − Rtb Ω̂
(c) Compute a “null” set of regressors ∆
e b from ∆
fρ̂ (xb ) and Rb
(d) Compute the rk-statistic H
t
t
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e b}
5. Compare H to the 90th, 95th, etc. percentiles of {H
The null distribution simulated by this procedure is for a case where the instruments are completely uninformative about all the endogenous regressors. Comparing the rk-statistic to its percentiles is effectively a test for the size of the smallest
singular value of the matrix of first-stage coefficients when the true coefficients are
all zero. Given percentiles H̄ 90 , H̄ 95 , . . . define the selection criterion as

φ̂X
F eas =





φ̂X

AR




φ̂X

GN R

if

1. Specification test rejects at 0.01 level, and
2. Feasible rk-statistic > H̄ p

(31)

otherwise

I show in the simulations below that both p = 90 and p = 95 yield an average im17
provement over φ̂X
GN R alone.
The second part of the criterion is crucial. Table 2 calculates the rk-statistic
for the Chilean and Colombian manufacturing industries considered in Section 3.3.
Though the specification test rejects in all but one of the industries, the rk-statistic
meets the p = 90 cutoff in only the 5 Chilean industries, and the p = 95 cutoff in
only 1 of these 5. Although a market friction may cause the specification test to be
rejected in the other industries, it does not create enough useful variation for the
autoregressive estimator.

7

Simulations

I assume the production function is
M

Yt = eωt +εt X(Kt , Lt )Mtθ

h
−1 iσ −1
−1
L
K


. This production function gives a closed
where X(Kt , Lt ) = θ Kt + θ Lt
form solution for the (constrained) optimal choice of Mt even though the production
function is not Cobb-Douglas. Avoiding Cobb-Douglas tests whether the secondorder log sieve specifications can approximate a non-nested production function,
revealing whether the procedure is truly nonparametric. I fix  = 5 and calibrate
σ, θK , θL and θM to match Chile’s Industry 311 as described in Online Appendix C.2.
17

For the sake of guiding the interested reader I have posted some example code for computing
these criteria at https://people.ucsc.edu/∼azshenoy/criteria.html.
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Table 2
The Selection Criterion Is Met in Some but
Not All Industries Where the Test of Section 3 Rejects
Country
Chile

Industry
Food Prod.
Textiles
Apparel
Wood Prod.
Fab. Metals

rk-Statistic
16.37**
21.09*
28.92*
21.12*
20.38*

Colombia

Food Prod.
Textiles
Apparel
Wood Prod.
Fab. Metals

0.50
0.93
162.10
14.81
0.31

Bootstrapped Critical Value
10%
5%
1%
6.53
13.46
25.61
8.36
27.92
59.51
24.60
43.57
68.89
19.44
33.30
57.44
5.34
29.69
67.08
22.49
17.76
312.68
38.96
12.27

29.73
25.86
377.72
52.24
44.30

127.14
51.55
480.42
125.47
93.47

Note: The table reports the rk-statistic and the critical values H̄ p for p = 90, 95, 99 for
the manufacturing industries where I apply the specification test of Section 3.3.
I assume the firm chooses Mt optimally subject to a constraint that is a function
of its capital stock and an exogenous parameter “wealth” Wt that evolves according
to a stochastic process described in Online Appendix C.1. The constraint is

Mt ≤ ζ

Kt
K̄

 21 

Wt
W̄

 21

where K̄ and W̄ are the average levels of capital and wealth.18 This functional form
roughly follows the prediction of a model of moral hazard in lending (e.g. Aghion et
al., 1999, 2005), where ζ rises with the quality of financial institutions.19 The persistence of Kt and and Wt imply that the level of a particular firm’s constraint is itself
persistent. The constrained optimal choice of Mt is
(

 1
Mt∗ = min θM eωt E[eεt ]X(Kt , Lt ) 1−θM
18


, ζ

Kt
K̄

 12 

Wt
W̄

 21 )
(32)

I rescale capital and wealth in the constraint to reduce the range over which I must vary ζ to
constrain the targeted number of firms. Rescaling has no substantive effect on the simulations.
19
I discuss in Appendix C.8 how the results change when the breadth and intensity of the constraint
are allowed to vary independently.
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For each specification I choose levels of ζ that on average make the constraint
bind for 1, 10, 20, . . ., 80 percent of choices.20 For each level of constraint I simulate
682 datasets. I assume capital and labor follow stochastic processes described in
Online Appendix C.1. In my baseline specification I assume productivity is autoregressive, but in other specifications I allow it to follow a cubic polynomial calibrated
to match the estimates of Gandhi et al. (2017b). All functional forms and stochastic
processes are described in more detail in Online Appendix C.1.
Figure 1 shows the mean absolute error of the infeasible estimator (30) alongside
that of Gandhi-Navarro-Rivers in the baseline specification. The error of the two estimators is nearly identical when firms are unconstrained. In these conditions the
infeasible estimator uses Gandhi-Navarro-Rivers. But as constraints tighten the estimators diverge. The mean absolute error of Gandhi-Navarro-Rivers rises with the
severity of the constraints, whereas that of the infeasible estimator stays below 20
percent. The divergence is especially stark for the elasticity of capital, but all three
elasticities are estimated more accurately by the infeasible estimator. By switching
to the autoregressive estimator when firms are increasingly constrained, the infeasible estimator achieves uniformly lower error.
I plot two versions of the feasible estimator (31). “Feasible90” uses H̄ 90 for the
critical value of the rk-statistic, while “Feasible95” uses H̄ 95 . Figure 1 shows that both
achieve much of the improvement made by the infeasible estimator over GandhiNavarro-Rivers alone. As expected, switching to the autoregressive estimator only
when the rk-statistic exceeds the 95th percentile of the null distribution yields an
estimator more weighted towards Gandhi-Navarro-Rivers. It achieves lower error
when firms are relatively unconstrained but higher error when they are heavily constrained. Using the 90th percentile achieves lower error when firms are constrained,
but at the cost of slightly higher error when they are unconstrained. In practice it
may make sense to use H̄ 90 in a setting where the researcher’s prior belief is that
many firms to be constrained or markets to be heavily distorted, while opting for the
higher H̄ 95 cutoff in a less distorted setting.
What happens when the key assumption of the autoregressive estimator—Autoregressive
Productivity—fails? Online Appendix C.6 shows that the estimator is not robust to
severe violations of the assumption; but the method still works for a level of noninearity calibrated to Chile’s Industry 311 (as per Gandhi et al., 2017a, estimates).
Finally, Online Appendix C.5 tests the selection criterion under extreme data gener20

Each firm makes one choice of intermediates each year.
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Note: For each estimator e I compute |φ̂X
e −φ | and take the mean across all 682 simulations in the baseline simulation.
I plot the mean for each level of constraints. “GNR” is Gandhi-Navarro-Rivers alone. “Infeasible” is the infeasible
estimator (30). “Feasible90” and “Feasible95” are the feasible estimator (31) using the 90th and 95th percentile of the
bootstrapped null distribution of the rk-statistic.
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Figure 1
The Selection Criterion Reduces Error
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ating processes—those that deviate heavily from my calibration to Industry 311 from
Chile. The feasible estimators based on H̄ 90 and H̄ 95 still generally perform well.

8

Discussion and Conclusion

This paper joins a set of recent papers that aim to detect and circumvent violations
of the standard assumptions required for production function estimation. Levinsohn and Petrin (2003) argue that the investment proxy used by Olley and Pakes
(1996) may fail the monotonicity assumption if investments are lumpy and infrequent. Their solution was to instead use intermediates as the proxy. Ackerberg et al.
(2015) and Gandhi et al. (2017b) propose estimators (one for the value-added production function, the other for the gross production function) to address a similar
problem of functional dependence that can confound estimates of the elasticities
of flexible inputs. Other work has sought to estimate the production function when
productivity is endogenous (De Loecker, 2013; Doraszelski and Jaumandreu, 2013)
or non-neutral (Doraszelski and Jaumandreu, 2018), when inputs or outputs are differentiated (De Loecker et al., 2016), when there is measurement error in the proxy
(Hu et al., 2017) or capital (Collard-Wexler and De Loecker, 2016), or when the parameters of the production function are endogenous to productivity (Li and Sasaki,
2017).
This paper adds to the prior literature by considering a case where the technology of production is relatively standard (as in Ackerberg et al. (2015) or Gandhi et al.
(2017b)), but the choices of firms may be distorted by constraints or market frictions.
The approach proposed here may thus be of special value in estimating production
functions in data from developing countries, where input markets are often dysfunctional, or in contexts where firms are especially likely to be constrained (small firms,
or studies of production misallocation).
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Theoretical Appendix (For Online Publication)

A.1

Proof of Proposition 1

The weak identification asymptotics used by Stock and Wright (2000) are comparable to weak instruments asymptotics—they assume the moment conditions that
identify the model are local to zero. Aside from that unprovable assumption, Theorem 1 of Stock and Wright (2000) makes two further assumptions that ensure ρ̂ is
consistent. The first is that
o
 PN n
√
n=1 rnt νn (π̂, ρ̂) − E[rnt νn (π̂, ρ̂)]

N
(33)
N
converges to a Gaussian stochastic process in (π̂, ρ̂).
Let
 
1
 
−π̂ 

v(π̂, ρ̂) = 
 −ρ̂ 
 
ρ̂π̂
Recall that
νn (π̂, ρ̂) = ynt − xnt π̂ − ρ̂(yn,t−1 − xn,t−1 π̂)
which implies (33) can be written as
d

ΞN v(π̂, ρ̂) → Ξ̄v(π̂, ρ̂) ∼ N (0, v(π̂, ρ̂)T ΣΞ v(π̂, ρ̂))

(34)

where convergence holds by the Cramér-Wold Theorem. This expression is a Gaussian stochastic process in (π̂, ρ̂).
The second condition is phrased in terms of the decomposition
PN

n=1

PN

rnt νn (π, ρ)
N
!
PN
PN
r
ν
(
π̂,
ρ̂)
r
ν
(π,
ρ̂)
nt
n
nt
n
n=1
+
− n=1
N
N
|
{z
}

rnt νn (π̂, ρ̂)
=
N

n=1

gπ (π̂,ρ̂)
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PN
+
|

n=1 rnt νn (π, ρ̂)
−
N
{z

PN

n=1 rnt νn (π, ρ)
N

!

}

gρ (ρ̂)

The condition is that gρ (ρ̂) →p 0 for ρ̂ = ρ and gρ (ρ̂) →p ḡ 6= 0 otherwise. Note
that
N

1 X 
gρ (ρ̂) =
rnt νn (π, ρ̂) − νn (π, ρ)
N n=1
N

1 X 
= (ρ̂ − ρ) ·
rnt yn,t−1 − xn,t−1 π
N n=1
N

1 X 
rnt ωn,t−1 + εn,t−1
= (ρ̂ − ρ) ·
N n=1

→p (ρ̂ − ρ)Υ
which is zero if and only if ρ̂ = ρ because Υ 6= 0 by assumption.
Finally, note that in this context the drifting assumption proposed by Stock and
Wright (2000) (which is the basis for their weak identification asymptotics) is that
gπ (π̂, ρ̂) can be approximated by
π
(π̂, ρ̂)
ḡN
√
N
π
where ḡN
(π̂, ρ̂) converges uniformly to a continuous and bounded function ḡ π (π̂, ρ̂).
This is the nonlinear GMM analog of the usual drifting assumption used by the literature on weak instruments in two-stage least squares. As noted earlier, this assumption cannot be tested or proven.

A.2

Proof of Proposition 2

Part 1
Let
xTt

h
= x1t x2t · · ·

i

h

xpt = mt kt `t

m2t

mt kt · · ·

i

denote a vector of the terms in the polynomial used to approximate the production
function. Then the sieve approximations can be written as
log F (Kt , Lt , Mt ) = xTt A0
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(35)

where A0 = [A00,0,1 , A01,0,0 · · · ]T and A1 = [A10,0,1 , A11,0,0 · · · ]T .
Without loss of generality assume x1t = mt . Let ẋ = [x2t , · · · , xpt ]T be a vector that
contains all the other elements of x, and let Ȧ1 be all the other elements of A1 (recall
that A10,0,1 is the element that corresponds to mt ). Let ε̄ = log E[eεt ]. By Assumption
10,
Λt = ωt + ε̄ + xTt A1
= ωt + ε̄ + ẋTt Ȧ1 + A10,0,1 mt
= ω̄ + ρωt−1 + ηt + ε̄ + ẋTt Ȧ1 + A10,0,1 mt
= ω̄ + ρ(Λt−1 − ε̄ − ẋTt−1 Ȧ1 − A10,0,1 mt−1 ) + ηt + ε̄ + ẋTt Ȧ1 + A10,0,1 mt

(36)

where the last line follows from taking the lag of the second line, solving for ωt−1 , and
back-substituting. Demean (36) and collect terms. (I abuse notation by assuming all
variables subsequently denote their demeaned transformations.) Then
−A10,0,1 (mt − ρmt−1 ) = (ẋt − ρẋt−1 )T Ȧ1 − (Λt − ρΛt−1 ) + ηt
⇒ −A10,0,1 ∆ρ (m) = ∆ρ (ẋ)T Ȧ1 − ∆ρ (Λ) + ηt

(37)

Part 2
Multiply both sides of Equation 37 by PRt , the orthogonal projection matrix for
the instruments:
−A10,0,1 PRt ∆ρ (m) = PRt ∆ρ (ẋ)T Ȧ1 − PRt ∆ρ (Λ) + PRt ηt
p
b T Ȧ1 − ∆ρ (Λ)
b
→ ∆ρ (ẋ)

(38)

b is the orthogonal projection of ∆ρ (ẋ) onto the instruments, and the last
where ∆ρ (ẋ)
line follows because PRt ηt is asymptotically 0 by the validity of the instruments.
b
Let P∆ρ (ẋ)
b be the orthogonal orthogonal projection matrix for ∆ρ (ẋ). Multiplying
(38) by P∆ρ (ẋ)
b and its corresponding annihilator matrix gives
b Ȧ1 − β)
−A10,0,1 P∆ρ (ẋ)
b = ∆ρ (ẋ)(
b ∆ρ (m)

(39)
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and
b
b = −(I − P∆ρ (ẋ)
−A10,0,1 (I − P∆ρ (ẋ)
b )∆ρ (m)
b )∆ρ (Λ)

(40)

Sub (39) and (40) into the identity
−A10,0,1 ∆ρ (m)
b = −A10,0,1 P∆ρ (ẋ)
b + (−A10,0,1 )(I − P∆ρ (ẋ)
b
b ∆ρ (m)
b )∆ρ (m)
b Ȧ1 − β) − (I − P b )∆ρ (Λ)
b
= ∆ρ (ẋ)(
∆ρ (ẋ)
"
#
h
i A1
0,0,1
b
b
⇒ (I − P∆ρ (ẋ)
b ∆ρ (ẋ)
b )∆ρ (Λ) = ∆ρ (m)
Ȧ1 − β

(41)

.
b for a
Let ∆ρ̂ (X̂) be a matrix in which each row equals ∆ρ̂ (x̂) = [∆ρ (m)
b .. ∆ρ (ẋ)]
single observation. Then ∆ρ̂ (X̂) is the regressor matrix in the second stage of twostage least squares. Following Staiger and Stock (1997, p.563) define
−1/2 T

G = (ΣV

−1/2

) ∆ρ̂ (X̂)T ∆ρ̂ (X̂)ΣV

which, as noted in Stock and Yogo (2005, p. 84) can be divided by the number of
instruments to form a matrix analog of the first-stage F-statistic. The Cragg-Donald
statistic is the smallest eigenvalue of G. Since G is positive definite its smallest eigenvalue can be written as
−1/2 T

mineig(G) = min

v T (ΣV

v

−1/2

) ∆ρ̂ (X̂)T ∆ρ̂ (X̂)ΣV
vT v

v
(42)

−1/2

Since ΣV is clearly invertible we can re-parameterize the minimization in terms
−1/2
of q = ΣV v:
q T ∆ρ̂ (X̂)T ∆ρ̂ (X̂)q
mineig(G) = min
q
q T ΣV q
(43)
1/2

The denominator follows because ΣV , the square root of a symmetric positive definite matrix, is itself symmetric.21
21

1/2

1/2

1/2

ΣV is the unique positive definite square root of ΣV . But ΣV ΣV

1/2

1/2

= ΣV = ΣTV = (ΣV ΣV )T =
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.
Let q0 = [A10,0,1 .. (Ȧ1 − β)T ]T . Then

min
q

q T ∆ρ̂ (X̂)T ∆ρ̂ (X̂)q
q0T ∆ρ̂ (X̂)T ∆ρ̂ (X̂)q0
≤
q T ΣV q
q0T ΣV q0
P
b T
b
[(I − P∆ρ (ẋ)
b )∆ρ (Λ)] [(I − P∆ρ (ẋ)
b )∆ρ (Λ)]
=
q0T ΣV q0

(44)

where the equality follows from (41), and the summation is over all observations.
b on
The numerator is the sum of squared residuals from the regression of ∆ρ (Λ)
b
∆ρ (ẋ).


A.3

Proof of Proposition 3

εt
M
Add sM
denote
t = mt − yt to both sides of Equation 26, let ε̄ = log E[e ], and let φ
the elasticity of F with respect to intermediates. The first stage nonparametrically
estimates
M
sM
t = ε̄ + log φ (kt , `t , mt ) − εt − Λt

which is consistent for
M
E[sM
t | kt , `t , mt ] = ε̄ + log φ (kt , `t , mt ) − E[Λt | kt , `t , mt ]

Let Λ̈t = Λt − E[Λt | kt , `t , mt ]. As per the method, the point-wise log elasticity of
intermediates is estimated as

 X
1
M
M
M
M
\
exp(Ê[st | kt , `t , mt ] − st )
log φ (kt , `t , mt ) = Ê[st | kt , `t , mt ] − log
N
where the summations are over the sample and N is the sample size. This expression
is consistent for
M
M
E[sM
t | kt , `t , mt ] − log E[exp(E[st | kt , `t , mt ] − st )]

= ε̄ + log φM (kt , `t , mt ) − E[Λt | kt , `t , mt ] − log E[eεt +Λ̈t ]
1/2

1/2

1/2

1/2

1/2

(ΣV )T (ΣV )T , implying (ΣV )T is also a square root of ΣV . (ΣV )T is positive definite because ΣV
1/2
1/2
is positive definite. By uniqueness it must be that (ΣV )T = ΣV .
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= log φM (kt , `t , mt ) − (E[Λt | kt , `t , mt ] + log E[eΛ̈t ])
where the last equality follows because εt is independent of Λt , kt , `t , mt , implying
E[eεt +Λ̈t ] = E[eεt ]E[eΛ̈t ].
If the friction is caused by constraints then Λt = log(1 + λt ) ≥ 0 because λt equals
the firm’s willingness to pay to relax the constraint, which is positive if the firm is
constrained and 0 otherwise. Then E[Λt | kt , `t , mt ] ≥ 0. And by Jensen’s Inequality,
log E[eΛ̈t ] ≥ E[log eΛ̈t ] = 0 because Λ̈t has a mean of 0 by construction. Together these
imply that
\
log
φM (kt , `t , mt ) ≤ log φM (kt , `t , mt )

for all kt , `t , mt

with equality holding if and only if Λt = 0.
The estimator for the average elasticity is simply
1 X \
\
log φM (kt , `t , mt )
log
φM =
N
implying the bias converges to
\
log
φM − log φM = −(E[Λt ] + log E[eΛ̈t ])
In the special case where Λ̈t ∼ N (0, σΛ2 ) the function eΛ̈t has a log-normal distribution, implying the bias is simply −(E[Λt ] + σΛ2 /2).

A.4

Bounds on the Smallest Singular Value of the Jacobian Matrix
of the AR Moment Conditions

This appendix derives bounds for the smallest singular value of the Jacobian of the
moment conditions, and for the smallest eigenvalue of the quadratic form of the
Jacobian and the weighting matrix.
Proposition 4 Assume the sieve approximation for f (kt , `t , mt ) has p terms, and thus
p parameters {A0a0 ,a0 ,a0 } to estimate. Assume there is a vector of valid instruments rt
1 2 3
of length J ≥ p. Assume all variables are demeaned, and that Assumptions 9 and 10
hold.
Let ẋt be a (p − 1)-length vector of the terms of the sieve approximation excluding
mt . Let β be the vector of coefficients from an ordinary least squares regression of the
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.
J × 1 vector E[rt ∆ρ (Λ)] on the J × p − 1 matrix E[rt ∆ρ (ẋ)T ], define q0 = [A10,0,1 .. (Ȧ1 −
β)T ]T , and let [SSR]Λ denote the sum of squared residuals. Then the smallest singular
value of the Jacobian is bounded above by
s

[SSR]Λ
q0T q0

Suppose W is the GMM weighting matrix, and J the Jacobian. Let βW be the coefficients and [SSR]ΛW be the sum of squared residuals from the generalized least squares
regression using the weighting matrix W applied to the same regressors and regres.
sand used to estimate β and [SSR]Λ . Define q̃0 = [A1 .. (Ȧ1 − βW )T ]T . Then the
0,0,1

smallest eigenvalue of the quadratic form J W J is bounded above by
[SSR]ΛW
q̃0T q̃0

Let
h
xTt = x1t x2t · · ·

i
i h
xpt = mt kt `t m2t mt kt · · ·

denote a vector of the (demeaned) terms in the polynomial used to approximate the
production function. Then the sieve approximations can be written as
log F (Kt , Lt , Mt ) = xTt A0
log FM (Kt , Lt , Mt ) = xTt A1

(45)

The residual of the estimating equation is
νt = yt − xTt A0 − ρ yt−1 − xTt−1 A0



and the Jacobian of the moment conditions is the sample analog of
J = E[rt · (∇[A0

T
ρ] νt ) ]

where
(∇[A0

T

ρ] νt )

h

= −[xt − ρxt−1 ]

T

−[yt−1 −

xTt−1 A0 ]

iT

Without loss of generality assume x1t = mt be Let ẋ = [x2t , · · · , xpt ] be a vector
that contains all the other elements of x. By a logic parallel to Part 1 of the proof of
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Proposition 2, there is a vector of coefficients Ȧ1 such that
−A10,0,1 (mt − ρmt−1 ) = (ẋt − ρẋt−1 )T Ȧ1 − (Λt − ρΛt−1 ) + ηt
−A10,0,1 E[rt (mt − ρmt−1 )] = E[rt · (ẋt − ρẋt−1 )T ]Ȧ1 − E[rt (Λt − ρΛt−1 )]

(46)

where the second line follows because rt is a vector of valid instruments and thus
uncorrelated with ηt . Let Pẋ be the orthogonal projector for the matrix E[rt · (ẋt −
ρẋt−1 )T ]. Equation 46 implies that (I −Pẋ )(A10,0,1 )E[rt (mt −ρmt−1 )] = (I −Pẋ )E[rt (Λt −
ρΛt−1 )]. Let βẋ = [βx2 , · · · , βxN ]T be the coefficient vector associated with the ordinary least squares regression of E[rt (Λt − ρΛt−1 )] on E[rt · (ẋt − ρẋt−1 )T ], and define
v0 =

h

A10,0,1

1

T

(Ȧ − βẋ )

i
0

(47)

where the final 0 is in the same position in the vector of coefficients [A0 ρ] being
estimated as the autoregressive coefficient ρ.
The smallest singular value of the Jacobian is equal to
r
minSV (J ) =

n
o p
min mineig(J T J ), mineig(J J T ) ≤ mineig(J T J )

where mineig denotes the smallest eigenvalue. Since J T J is a quadratic form (and
thus positive semidefinite),
vT J T J v
v
vT v
T
T
v J J v0
≤ 0 T
v0 v0
n
oT n
o
(I − Pẋ )E[rt (Λt − ρΛt−1 )]
(I − Pẋ )E[rt (Λt − ρΛt−1 )]
=
q0T q0

mineig(J T J ) = min

(48)

The numerator of (48) is simply the residual sum of squares from a regression of
E[rt (Λt − ρΛt−1 )] on the columns of E[rt · (ẋt − ρẋt−1 )T ]. The denominator follows
from v0T v0 = q0T q0 + 0.
A similar argument shows that the smallest eigenvalue of the weighted Jacobian
JW J is bounded above by the rescaled residual of a generalized least squares regression with weighting matrix W −1 .
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Results Related to the rk-Statistic
Relationship to Constraints and Distortions

Let Ω̂ be the estimated first-stage coefficients that arise from regressing ∆ρ (X) on
the instruments Rt . From Equations 16, 21, and 22 of Kleibergen and Paap (2006)
the rk-statistic is a quadratic form constructed from a linear transformation of Ω̂
that isolates and re-centers the smallest singular value.
I will show that the smallest singular value of Ω̂ has an upper bound that increases
with the correlation between the instruments and the Lagrange multiplier Λt . By
definition
Ω̂ = (RtT Rt )−1 RtT ∆ρ (X)
which implies the smallest singular value is bounded above by
r
minSV (Ω̂) =

n
o q
T
T
min mineig(Ω̂ Ω̂), mineig(Ω̂Ω̂ ) ≤ mineig(Ω̂Ω̂T )

Since Ω̂Ω̂T is a quadratic form it is positive definite, implying
T


v T (RtT Rt )−1 RtT ∆ρ (X) RtT ∆ρ (X) (RtT Rt )−1 v
mineig(Ω̂Ω̂ ) = min
v
vT v
T

Since (RtT Rt )−1 is positive definite the solution to this problem is the same as the
solution to a re-parameterized problem


T
q T RtT ∆ρ (X) RtT ∆ρ (X) q
min
q
q T (RtT Rt )2 q
The inner term RtT ∆ρ (X) is the sample analog of E[rt · ∆ρ (x)T ] which is simply a
submatrix of the Jacobian of the moment conditions for the autoregressive estimator. This is the submatrix that excludes the column E[(∇ρ νt )T ]. Thus the argument
in Online Appendix A.4 applies when the definition of (47) is adjusted to
h
i
q = A10,0,1 (Ȧ1 − βẋ )T

(49)

The numerator of the resulting expression is consistent for the numerator of (48).

44
A.5.2

SHENOY

Asymptotic Distribution

Kleibergen and Paap (2006) prove that their rk-statistic is asymptotically chi-squared
under two assumptions about the matrix of first-stage coefficients Ω̂. The first is a
technical assumption that a rescaled version of the covariance matrix is non-singular.
This assumption is testable and will usually hold as long as none of the instruments
are collinear. The other assumption is that the matrix of coefficients is asymptotically normal, which I prove below:
Proposition 5 Let ∆ρ̂ (X) be the “constructed” endogenous regressors using the GMM
estimate of ρ̂. Let N denote the sample size, and let Ω̂ denote the matrix of first-stage
coefficients from regressing ∆ρ̂ (X) on Rt . Assume that the “true” first-stage regression
(if ρ were known) is
∆ρ (X) = Rt Ω + U
and that

√  T
d
N (Rt Rt )−1 RtT U − E[(RtT Rt )−1 RtT U ] → N (0, VRt U )

√  T
d
N (Rt Rt )−1 RtT X − E[(RtT Rt )−1 RtT X] → N (0, VRt X )

(50)
(51)

Then Ω̂ is asymptotically normal.
We can write
∆ρ̂ (X) = ∆ρ (X) + (ρ − ρ̂)X

(52)

Then
Ω̂ = (RtT Rt )−1 RtT ∆ρ̂ (X)

(53)

= (RtT Rt )−1 RtT ∆ρ (X) + (ρ − ρ̂)(RtT Rt )−1 RtT X

(54)

= Ω + (RtT Rt )−1 RtT U + (ρ − ρ̂)(RtT Rt )−1 RtT X

(55)

which implies that
 √
√
√ 
N Ω̂ − Ω = N (RtT Rt )−1 RtT U +(ρ − ρ̂) · N (RtT Rt )−1 RtT X
|
{z
}
|
{z
}
1

2

p

Since 1 and 2 are asymptotically normal, and (ρ − ρ̂) → 0, by the Slutsky theorem
the entire expression is asymptotically normal. 2

ESTIMATING THE PRODUCTION FUNCTION UNDER INPUT MARKET FRICTIONS

B

45

Empirical Appendix (For Online Publication)

This appendix shows additional empirical results referenced in the text.

B.1

Higher-Order Polynomial Control Functions

Figure 2 shows that the results are not sensitive to the order of the polynomial control function. I approximate ξ(kt , `t , mt ) with a log-sieve polynomial of degree 2,3,. . . ,8.
The figure shows how p-values compare to the case of degree 4 shown in the text.
The p-values are little changed in any specification.

B.2

Autoregressive Assumption

There is no bulletproof means of testing Assumption 9, but one informative (if imperfect) approach is to plot the estimates of Ψ(ωt−1 ) from Gandhi et al. (2017b). Since
the estimate need not be valid if the estimator is biased, these plots must be taken
with caution. But they give some sense of how the Gandhi-Navarro-Rivers estimator
itself assesses the nonlinearity of the Markov process.
Figure 3 makes such plots for the Chilean industries after re-centering Ψ̂(ωt−1 )
vertically and horizontally by the mean of ω̂t . The domain is restricted to slightly
more than two standard deviations of the estimated distribution of productivity for
the most volatile of the five industries. Each plot graphs the estimated function
(solid line) against the best-fitting linear approximation (dashed line). In all cases
the estimate is close to linear. The most nonlinear of the five industries is 311, Food
Products. I thus take the Markov process for Industry 311 as a test case for how the
selection procedure of Section 6 handles a violation of Assumption 9.

C
C.1
C.1.1

Simulation Appendix (For Online Publication)
Setup
Functional Forms and Stochastic Processes

I assume the production function is
Yt = eωt +εt X(Kt , Lt )Mtθ

M
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Figure 2
Firms are Constrained in Many Chilean and Colombian Industries

.2

0.01
0.05

.6
p-value

Colombia

.4

.8

Note: I run the test on each industry studied in Gandhi et al. (2017b), approximating ξ(kt , `t , mt ) with a log-sieve polynomial of degree 2,3,. . . ,8. This figure reports the
p-values for each test. The top row of the dot plot is the degree 2 test, and each subsequent row raises the degree by 1. All tests are based on standard errors clustered
by plant, and additionally control for year dummies.
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Figure 3
Estimates of the Markov Process for Productivity
for Chilean Industries from Gandhi et al. (2017b)
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Note: The estimates are re-centered vertically and horizontally by the mean of ω̂t . Gandhi et al. (2017b) approximate the Markov process as a third-order polynomial in ωt−1 .

h

K

−1


L

−1



iσ −1

where X(Kt , Lt ) = θ Kt + θ Lt
. This production function gives a closed
form solution for the (constrained) optimal choice of Mt even though the production
function is not Cobb-Douglas. Avoiding Cobb-Douglas tests whether the secondorder log sieve specifications can approximate a non-nested production function,
revealing whether the procedure is truly nonparametric. I fix  = 5 and calibrate
σ, θK , θL and θM to match Chile’s Industry 311 as described in Online Appendix C.2.
Known productivity ωt evolves according to
ωt+1 = Ψ(ωt ) + ηt+1

(56)
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where
Baseline

(57)

Non-Autoregressive

(58)

Ψ(ωt ) = ρωt
Ψ(ωt ) = ρ0 + ρ1 ωt + ρ2 ωt2 + ρ3 ωt3

where the non-autoregressive functional form is set to mimic that assumed by Gandhi
et al. (2017b).
The initial distributions of log capital k and log labor ` are normal and evolve
according to
kt+1 = α0k + α1k kt + α2k ηt + α3k ηt−1
`t+1 = α0` + α1` `t + α2` ηt + α3` ηt−1
which allows one-year and two-year adjustment lags.
The firm chooses its intermediate inputs subject to a credit constraint. The constraint depends on the firm’s capital and its wealth Wt , which has two unobserved
components St1 and St2 and takes the form
Wt = exp

√

ϕSt1 + (1 −

√

ϕ)St2



with ϕ = 12 . Both St1 and St2 evolve according to
i
i
Sti = α0S + α1S St−1
+ α2S St−2
+ vti

for i = 1, 2

where {vt1 , vt2 } are independent and normally distributed white noise.22 The secondorder lag mimics the potentially non-Markov form of Equation 11 and is used to
form extreme data-generating processes in Appendix C.5.
Let K̄, W̄ be the average level of capital and wealth in the sample. The firm’s
problem is
M
max E[eωt +εt X(Kt , Lt )Mtθ ] − Mt
Mt

22

The standard deviation of vt1 and vt2 are both calibrated to match the log of short-term assets in
Chile’s Industry 311. As a result, SDev(St ) = SDev(St2 ) in expectation. This implies that Wt will have
the same mean and variance regardless of the value chosen for ϕ.
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subject to

Mt ≤ ζ

Kt
K̄

 21 

Wt
W̄

 21

The multiplier ζ gives the credit limit of a firm with the average level of capital and
wealth. In a country with a strong financial market ζ is large, letting even a relatively
poor firm borrow as much as it needs. In the simulations I vary this parameter to
change the fraction of firms that are constrained.23
The constrained optimal choice of intermediates is
(

 1
Mt∗ = min θM eωt E[eεt ]X(Kt , Lt ) 1−θM


, ζ

Kt
K̄

 12 

Wt
W̄

 21 )
(59)

As described in Online Appendix C.2, all of the parameters and the moments of
each distribution are calibrated to match industry 311 from Gandhi et al. (2017b).
The only exception is that I center log productivity around zero. This assumption,
which only affects the average level of intermediates chosen, is not important because the constraint ζ is chosen to ensure the desired fraction of firms is constrained.24
I set the number of firms to 2613, the number of unique firms in industry 311, and
the length of the panel to 7, roughly the average number of years per firm.
C.1.2

Estimation

I estimate Gandhi-Navarro-Rivers using code written by the authors.25 I make only
one change: in any simulation where the true Markov process for productivity is autoregressive, I impose this assumption. By doing so I avoid favoring the autoregressive method, which by construction imposes the (true) autoregressive assumption.
In one set of simulations I let productivity be a third-order polynomial, as assumed
by Gandhi et al. (2017b). In these simulations I estimate Gandhi-Navarro-Rivers
assuming productivity takes this form, again to avoid penalizing Gandhi-Navarro23

I rescale capital and wealth in the constraint solely to tighten the range over which I must vary ζ
to constrain the targeted number of firms. Rescaling has no substantive effect on the simulations.
24
The constraint effectively scales up or down with average productivity. However, centering productivity around zero reduces the grid space over which I must search to find the ζ that constrains
the desired number of firms.
25
Special thanks to Salvador Navarro for the code.
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Rivers.
I apply the autoregressive estimator to a second-order polynomial in logs. I first
demean every variable to remove the constant in the autoregressive process. (In
the true process the constant is zero, but in a real application the researcher would
not know that.) I then estimate the equation using as instruments the one-period
lags of every term in the second-order polynomial, and also the two-period lags of
intermediates, capital, and their product. By using only lags of capital and labor as
instruments I avoid the unrealistic assumption that the unanticipated shock ε is only
measurement error.
I estimate rk-statistic using the user-written ivreg2 command (Baum et al., 2002)
and bootstrap the percentiles of the null distribution as described in Section 6.

C.2

Calibration

Using the same code as Gandhi et al. (2017b) I reconstruct their estimates of productivity ωt . I regress ωt on a third-order polynomial in ωt−1 , which is the functional
form assumed for Ψ in Gandhi et al. (2017b). I take the residual as ηt . I then regress
yt on a third-order polynomial of kt , `t , mt as well as on ωt , and take the residual from
this equation as εt .
Table 3 shows the parameters of the stochastic processes. I regress ωt on just
ωt−1 to estimate ρ. I take the estimates from the earlier third-order polynomial as
ρ0 , ρ1 , ρ2 , ρ3 . I take the mean of ωt−1 as ω̄. I then regress kt on kt−1 , ηt−1 , and ηt−2 to
estimate the parameters of the capital process. I do the same for the labor process.
Finally, I regress the log of short-term assets on its first and second lag to estimate
the parameters of the observed wealth process.
Table 4 shows the standard deviations of the three shocks in the simulation. I set
each to equal the standard deviation of the shock estimated above, where I take v S
as the residual from the regression of short-term assets on its two lags.
Table 5 shows the parameters of the production function. I fix  = 5 and choose
the other parameters to produce average elasticities that match the elasticities Gandhi
et al. (2017b) estimate for Industry 311 in Chile.
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Table 3
Parameters: Stochastic Processes

Capital
-0.01
1.00
0.04
0.20

Labor
α0` 0.19
α1` 0.95
α2` 0.47
α3k 0.18

Productivity
ρ
0.77
ρ0
86.31
ρ1
-33.36
ρ2
4.57
ρ3
-0.20
ω̄
7.08

Wealth
α0S 1.94
α1S 0.49
α2S 0.32

α0k
α1k
α2k
α3k

Table 4
Parameters: Shocks

SD(η)
0.09
SD(ε)
0.25
SD(v S ) = SD(v χ ) 1.35

Table 5
Parameters: Production Function

θK
θL
θM
σ


0.015
0.95
0.67
0.39
5
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Simulations Showing that Constraints Induce
Complementarity

This appendix runs Monte Carlo simulations to show how the bias of choice-based
and autoregressive methods changes with the slackness of constraints. Throughout
I focus on estimating a gross production function, thus comparing the method of
Gandhi et al. (2017b) to the autoregressive method, because Section 5 shows that
this is the interesting case where there is complementarity. In Online Appendix C.7
I consider the case of a value-added production function.
For each level of constraint I estimate the production function using both GandhiNavarro-Rivers and the autoregressive method. I estimate the average elasticity of
output with respect to capital, labor, and intermediates by computing the elasticity
for each firm in each year and taking the average. Figure 4 plots the 10th, 50th, and
90th percentiles of the average elasticity for the Baseline Specification at each level
of constraint.
The estimates of Gandhi-Navarro-Rivers are far less noisy than those of the autoregressive method. For all three elasticities the difference between the 90th and
10th percentiles of the estimates is small. When firms are unconstrained, GandhiNavarro-Rivers gives precise and accurate estimates. But when firms are constrained
the estimates, though still precise, are severely biased. As implied by Proposition
3, the estimate of the elasticity of intermediates is biased downward. Though the
proposition does not make predictions about the elasticities of labor and capital,
the simulations suggest both are biased upward in the presence of constraints.
The pattern of the bias is worth noting, as ordinary least squares, fixed effects,
and other linear methods are often criticized as being biased in the opposite direction. For example, Ackerberg et al. (2015) write “one common finding [about the
fixed-effects estimator] is unreasonably low estimates of” the elasticity of output
with respect to capital (p. 3). In other words, the fact that linear methods give higher
estimates for intermediates and lower estimates for capital is taken as a sign that
they are biased. But Proposition 3 and Figure 4 suggest it could just as likely be a
sign that choice-based methods are biased.
By contrast, the autoregressive estimator is precise and accurate only when firms
are constrained. As firms become unconstrained the estimates grow noisy and biased. As noted in Section 5, this bias arises because the effect of intermediates on
output is only weakly identified. Figure 5 shows how the rk-statistic of Kleibergen
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Figure 4
Estimated Elasticities: Baseline Specification

Labor

.05

AR

.2

.3

.4

.1

True

0

.1

Estimates (Median, p10, p90)

.2
.15

GNR

0

Estimates (Median, p10, p90)

.25

Capital

0

20

40

60

80

Percentage of Firm-Years Constrained

0

20

40

60

Percentage of Firm-Years Constrained

80

.8
.6
.4

Estimates (Median, p10, p90)

1

Intermediates

0

20

40

60

Percentage of Firm-Years Constrained

80

Note: I estimate the elasticity of output with respect to each factor of production using both Gandhi-Navarro-Rivers (GNR)
and the autoregressive method (AR). I compute the average elasticity across all firms in each simulation. I then compute the
median (solid line) and 90th and 10th percentiles (dashed lines) of the average elasticity across all 682 simulations.

54

SHENOY

Figure 5
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Note: This figure shows the rk-statistic of Kleibergen and Paap (2006), one
measure of weak instruments. The statistic is computed in each of 682 simulations at each level of constraints using the true value of ρ (which is why
it is infeasible).

and Paap (2006) changes as constraints vary.26 This figure computes the statistic using the true value of ρ, making it infeasible. (I outline how to compute a feasible
rk-statistic below.) Nevertheless it is informative about the strength of identification. The figure shows that the average rk-statistic is close to zero when a negligible
fraction of firms is constrained. It remains low until 40 percent or more of firm-years
are constrained.
In short, constraints increase the bias of one estimator while decreasing the bias
of the other. This complementarity suggests that it is useful to have both a test for
whether firms are constrained and a measure for how severe are the constraints.

C.4

Simulations Showing that the Specification Test Successfully
Detects Constraints

This appendix runs Monte Carlo simulations to show the rejection rate of the specification test from Section 3.
Figure 6 shows the rejection rate of the test for constraints. When firms are essentially unconstrained (just 0.01 percent of firm-years constrained), the rejection
rate equals the size of the test. When even 1 percent of firms are constrained the
26

This statistic generalized the Cragg-Donald statistic to cases where the error terms are not independent and drawn from identical normal distributions.
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Figure 6
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Note: This figure shows the rejection rate of the specification test. The
test uses a degree-2 control function and tests for the significance of
kt−1 , `t−1 , mt−1 , kt−2 , mt−2 , kt−2 mt−2 . Inference is clustered within
firm.

rejection rate jumps to over 30 percent, and when at least 10 percent of firm-years
are constrained the test always rejects. In practice the power of the test will depend
not only on the level of constraints but the variance of the unanticipated shock and
the covariances of the other terms. But this figure suggests it has good power for
simulations calibrated to match an actual manufacturing industry.
Figure 6 suggests the test far more sensitive to constraints than the Gandhi-NavarroRivers estimator. Figure 4 shows that the bias of the estimator rises smoothly with
the severity of constraints, much as the bias of the autoregressive estimator decreases smoothly. The relatively jagged response of the test suggests that by itself it
is only a warning sign and not a definitive criterion for selecting between methods.
But Section 6 shows that it should be the first step when deciding which estimator
to choose.

C.5

Extreme Data Generating Processes

Section 7 shows that the selection criterion works well in a context similar to Industry 311 from Chile. Is it equally effective in all circumstances? This appendix runs a
test similar to that studied in the main text with a set of “extreme” data generating
processes. Each tweaks one parameter to differ drastically from the simulations in
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Table 6
Parameters Varied to Produce Figure 7

[+]
[-]
SD(Innovation)
SD(ηt ) = .185 SD(ηt ) = .046
SD(Shock)
SD(εt ) = .51
SD(εt ) = .13
AR Coef. on Prod
ρ = .92
ρ = .62
α1S = .29
AR(1) Coef. on S
α1S = .69
α2S = .25
AR(2) Coef. on S
α2S = .42

the main text while also varying the parameters of the production function in every
draw. To be precise, let u ∼ U [− 12 , 21 ] be a random variable drawn independently
across simulations. Then
σ = 0.39 + 0.4u
θK = 0.015 − 0.04(u − .4)
θL = 0.95 + u + .1
The “Basic” scenario varies only the production function. The other specifications
also vary one other parameter, as summarized in Table 6:
I compute the bias in each of the three elasticities for Gandhi-Navarro-Rivers and
the two versions of the feasible selection method considered in the main text. I compute the average reduction in bias achieved by using the selection method instead
of relying solely on Gandhi-Navarro-Rivers (a negative reduction implies using the
selection method is worse than Gandhi-Navarro-Rivers alone).
Figure 7 shows that the elasticities of capital and intermediates are estimated
with lower error by the selection method (using either H̄ 90 and H̄ 95 ) in every data
generating process. Using H̄ 95 improves the labor elasticity in all cases except the
scenario where the first-order autoregressive coefficient on St is reduced. This scenario is particularly extreme because it makes the first-order dependence of St smaller
than the second-order dependence. The less conservative H̄ 90 does worse in this
case and also worsens the labor elasticity in the case where the autoregressive coefficient on productivity is substantially increased. That suggests the selection criterion
is not infallible but in most circumstances chooses the estimator with lower error.
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Figure 7
The Procedure Improves Estimates Even Under Extreme Data Generating Processes
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Note: The height of each bar shows the reduction in the average absolute bias achieved by using the feasible selection method
rather than Gandhi-Navarro-Rivers alone. The exact definition of each scenario is in Table 6
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Table 7
Absolute Error of Each Estimator when Productivity
is Not Autoregressive
1% Constrained

j=0
j=2
j=4

C.6
C.6.1

20% Constrained

60% Constrained

GNR

AR

Feas.

GNR

AR

Feas.

GNR

AR

Feas.

2.1
2.9
6.2

96.9
144.9
228.7

3.0
4.3
8.5

8.8
6.9
97.4

46.9
104.3
180.1

11.5
104.3
180.1

63.9
88.1
109.3

22.8
156.5
140.4

39.2
156.5
140.4

Nonlinearity in the Markov Process for Productivity
Extreme Nonlinearity

This appendix pushes nonlinearity in the polynomial of Equation 58 to extremes
and measures the relative performance of each estimator. I start with a linear polynomial, then adjust the parameters to make the process increasingly nonlinear. I
set ρ0 = 0 and ρ1 to the same autoregressive parameter as in the baseline specification. I then set ρ2 = −1.1j and ρ3 = j for j = 0, 2, 4. The case j = 0 is just the
autoregressive case, but for higher values of j the polynomial grows more concave
in the neighborhood of 0. I form the autoregressive estimate as before but estimate
Gandhi-Navarro-Rivers assuming productivity is a third-order polynomial (that is,
imposing the true functional form). As before, the feasible and infeasible estimators
are built from these two estimators.
Table 7 shows the absolute bias of the capital elasticity for Gandhi-Navarro-Rivers,
the Autoregressive estimator, and the feasible estimator. When j = 2 the autoregressive estimator is already unreliable, yielding higher error than Gandhi-NavarroRivers at all levels of constraints. As a consequence the feasible estimator is also
biased. The feasible estimator chooses Gandhi-Navarro-Rivers when firms are unconstrained, but may erroneously choose the autoregressive estimator when constraints are present but not too serious (when 20% of firms are constrained).

C.6.2

Calibrated Nonlinearity

But it may be more instructive to compare estimators under a more realistic level
of nonlinearity. I calibrate the parameters of the nonlinear stochastic process to
match Industry 311 in the Chilean data (see Online Appendix C.2 for details). I form
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Figure 8
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Note: This figure is analogous to Figure 1, but using estimates from a simulation where the
stochastic process for productivity is set to be a third-order polynomial calibrated to match Industry 311 from Chile.
the autoregressive estimate as before but estimate Gandhi-Navarro-Rivers assuming
productivity is a third-order polynomial (that is, imposing the true functional form).
As before, the feasible and infeasible estimators are built from these two estimators.
Figure 8 is created analogously to Figure 1. It shows that the performance of the
feasible and infeasible estimators is little different from the baseline case. That may
be because the Markov processes from all of the Chilean industries are relatively
linear (see Appendix B.2). Figure 8 suggests that minor nonlinearity like that present
in these industries does not derail the feasible estimator.

C.7

Estimating the Value-Added Production Function when Firms
are Constrained

Suppose the researcher believes the true production function takes a value-added
form, meaning intermediate inputs are used in production but do not appear in the
production function. Then
Y = eω+ε F̃ (K, L)
Estimating the autoregressive method in this case is easy, as intermediates are
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excluded from the estimation entirely. Simply demean the log of output, capital,
and labor, then form the residual

yit − τk kit − τ` `it − τkk kit2 − τ`` `2it − τk` kit `it
2
− ρ(yi,t−1 − τk ki,t−1 − τ` `i,t−1 − τkk ki,t−1
− τ`` `2i,t−1 − τk` ki,t−1 `i,t−1 )

(60)

and estimate the coefficients by generalized method of moments using a constant and lags of k, `, k 2 , `2 , k` as instruments. (I find that also using the second lag of
capital as an instrument increases the precision.)
Since the flexible input m does not appear in the residual (60), there is no problem of weak identification. As I show below it works regardless of whether firms
are constrained. This is a major benefit of the value-added approach. Whether the
value-added approach is valid, however, depends on the production environment.27
For the simulations that follow I assume the firm sets the log of m equal to a
second-order polynomial in the logs of capital, labor, and known productivity. I calibrate the coefficients of the polynomial to match industry 311 in the Chilean data
(see Appendix C for details). I adjust the parameters of the production function to
give elasticities of capital and labor to match the value-added estimates of Gandhi
et al. (2017b). All other parameters are left as in the main text.
Figure 9 compares the error of Ackerberg-Caves-Frazer to that of the autoregressive method.28 I show only the autoregressive method rather than the feasible and
infeasible estimators because the main weakness of the autoregressive method—the
problem of under-identification—is absent when estimating a value-added production function. This is clear in the figure. The error of the autoregressive method
27

Ackerberg et al. (2015) assume there is a “structural value-added production function” in which
output is
Y = eε min{eω F̃ (K, L), θM M }.
(61)
Then the unconstrained firm sets θM M = eω F̃ (K, L). The Scalar Unobservable assumption is satisfied, and realized output is not a function of M .
Though theoretically appealing the structural value-added production function has one problem:
it is impossible to estimate if firms are constrained. A constrained firm sets M = Z < eω F̃ (K, L),
meaning Y = eε θM Z. The firm has spare capacity; two firms with different levels of labor and capital
have identical output. Since output is no longer a function of capital and labor it is uninformative
about the value-added part of production.
The test for the Scalar Unobservable assumption will work nevertheless, letting the researcher
know if firms might be constrained.
28
As the authors did not provide estimation code I wrote my own code for the “basic approach”
described in Section 4.1 of Ackerberg et al. (2015).
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Figure 9
The Autoregressive Method and Ackerberg-Caves-Frazer
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remains low regardless of how many firms are constrained.
By contrast, Ackerberg-Caves-Frazer only has low error when firms are unconstrained. When firms are constrained the estimates are inaccurate. The problem
is compounded when productivity is nonlinear. As in the main text, I assume that
the researcher using Ackerberg-Caves-Frazer knows the true functional form of the
Markov process for productivity. But though there is no specification error in the
nonlinearity, its presence aggravates the failure of the Scalar Unobservable assumption. The autoregressive estimator does not have this problem. Though it imposes
the incorrect assumption of a linear Markov process, it does not impose Scalar Unobservability, which is the more misleading assumption when over half of firms are
constrained.

C.8

The Intensive Versus Extensive Margin of Being Constrained

The simulations of Section 7 model constraints as a scalar multiple of a measure
of collateral (which is taken as the geometric average of wealth and capital). It is
meant to capture the essence of a model of moral hazard in lending (Aghion et al.,
1999, 2005, e.g.). The parameter ζ it represents the degree of investor protection in
the financial market (the appendix of Aghion et al., 2005, microfounds this idea).
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Figure 10
The Intensive and Extensive Margin of Constraints Rise Together in the Main Specification
Conditional
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Note: Among firms that are constrained I calculate M/M ∗ . The left-hand panel is unconditional (calculated for the entire
sample) while the right-hand panel is restricted to the subset of firms that are constrained. Each percentage is an average
across 100 datasets constructed using a simulation exactly like those used to construct Figure 1.

It is intuitively appealing to vary the severity of financial constraints by varying ζ
because it has a real-world analog that has been studied extensively in the literature
on institutions and economic development.
But this parameter is a blunt instrument for varying constraints because it increases both the fraction of firms likely to hit the constraints (the extensive margin
of constrained-ness) and the size of the distortion among the firms that are constrained (the intensive margin). Using the same setup as Section 7, Figure 10 shows
how the intensive margin changes as the extensive margin increases. The right-hand
panel shows that, conditional on being constrained, the fraction of choices that are
severely distorted (less than 20% of the optimal choice) increases with the fraction
of firms-years constrained (the horizontal axis). Since the extensive and intensive
margins increase in tandem, it is difficult to tell whether one margin has a bigger
impact on the estimators benchmarked in Section 7.
To disentangle these effects I run a separate set of simulations. First, I calculate
ζ90 and ζ45 , the values of ζ that would cause 90 and 45 percent of choices to be constrained. I then construct simulations where a fraction cζ are subjected to one of
these constraints, and the rest face no constraint (or rather, have ζ set so high as to
be irrelevant). I run one set of simulations where ζ = ζ45 and cζ = {20, 40, 60, 80, 100};
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Figure 11
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Note: See text for description of how the simulations were constructed. This figure plots the absolute of error in the elasticity
of capital against the expected fraction of constrained choices.

and another set where ζ = ζ90 and cζ = {10, 20, 30, 40, 50}. These simulations are constructed such that the actual fraction of choices that are constrained (the extensive
margin) is equal in expectation across both sets (because 0.90 × 10% = 0.45 × 20% =
9%, and so on). But the severity of the distortion (the intensive margin) is greater in
the simulations where ζ = ζ90 .
Figure 11 plots the average errors of all four estimates against the expected fraction of constrained choices (the extensive margin). The left-hand panel plots the
simulations where ζ = ζ90 and the right-hand panel those where ζ = ζ45 . The simulations show that the gains from applying the selection criterion are much higher
when the intensive margin of constraints is heavier (even holding fixed the extensive margin). Consider the case when 27% of choices are constrained. When the
intensive margin of constraints are heavy the error of the Feasible90 estimator is
half that of Gandhi-Navarro-Rivers. But when the intensive margin of constraints is
light, their performance is roughly equal.
Figure 11 suggests the difference driven partly by the performance of GandhiNavarro-Rivers—it has much lower error when the intensive margin of constraints is
light. But it is also true that the autoregressive estimator performs better when constraints are heavy. Figure 12 shows that the rk-statistic is far more likely to exceed
its 5% critical value when the intensive margin of constraints is heavy. That suggests
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Figure 12
The rk-Statistic Is Considerably Less Likely
to Reject when Firms Face Light Constraints
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Note: See text for description of how the simulation was constructed.

heavy constraints create more useful identifying variation for the autoregressive estimator. The feasible estimators detect this fact and select the autoregressive estimator accordingly. The converse is true as well. It is gratifying to note that the feasible
estimator usually detects when Gandhi-Navarro-Rivers has relatively low error, and
selects accordingly.

D
D.1

Miscellaneous Results (For Online Publication)
Ackerberg-Caves-Frazer is Biased in the Presence of
Constraints

As in the case of Gandhi-Navarro-Rivers, to say something concrete about the bias
requires assuming something about how intermediates are chosen in the presence
of constraints. To be precise, assume
Assumption 11 (Constrained Unobservable) The choice of intermediate inputs is Mt =
M̄ (Kt , Lt , ωt , Λt ) for some smooth function M̄ (·), with Mt∗ = M̄ (Kt , Lt , ωt , 0).
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Assumption 12 (Constrained Monotonicity) The derivatives satisfy M̄ω > 0 and M̄Λ <
0

These functions can be written in logs mt = m̄(kt , `t , ωt , Λt ).
The easiest way to characterize the bias of Ackerberg-Caves-Frazer (and proxy
methods more generally) is to think of constraints as inducing non-classical “measurement error” of sorts in the choice of intermediates. The econometrician would
like to observe m∗t because this optimal or desired choice is a function of only a scalar
unobservable. But mt , the constrained optimal choice, is all that is available. The
difference between them is
m∗t − mt = m̄(kt , `t , ωt , 0) − mt
= m̄(kt , `t , m̄−1 (kt , `t , mt , Λt ), 0) − mt
= µ(kt , `t , mt , Λt )
where µ(kt , `t , mt , 0) = 0 and µ4 > 0.
From Equation 8 the first-stage procedure is to get a nonparametric estimate of
yt = f˜(kt , `t ) + m̄−1 (kt , `t , m∗t ) + εt
= Φ(kt , `t , m∗t ) + εt
h
i
= Φ(kt , `t , mt ) + Φ(kt , `t , mt + µ(kt , `t , mt , Λt )) − Φ(kt , `t , mt ) +εt
{z
}
|

(62)

∆
Φ∆
t =Φ (kt ,`t ,mt ,Λt )

which is consistent for E[yt | kt , `t , mt ] = Φ(kt , `t , mt ) + E[Φ∆
t | kt , `t , mt ].
Define
∆
Ψ∆
t = Ψ (kt , `t , mt , Λt )



= Ψ Ê[yt | kt , `t , mt + µ(kt , `t , mt , Λt )] − f˜(kt , `t ) − Ψ Ê[yt | kt , `t , mt ] − f˜(kt , `t )
(63)
The second stage then estimates

yt − f˜(kt , `t ) = Ψ Ê[yt−1 | kt−1 , `t−1 , m∗t−1 ] − f˜(kt−1 , `t−1 ) + ηt + εt

= Ψ Ê[yt−1 | kt−1 , `t−1 , mt−1 ] − f˜(kt−1 , `t−1 ) + Ψ∆ + ηt + εt
t−1

(64)
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At the true f˜ the moment condition equals
∆
E[(Ψ∆
t−1 + ηt + εt )rt ] = E[Ψt−1 rt ]

(65)

which in general does not equal 0. In the neighborhood of Λt−1 = 0 the moment
condition in Equation 65 is approximately equal to
E[Ψ0 [m̄−1 (kt−1 , `t−1 , mt−1 , 0)]Φ3 (kt−1 , `t−1 , mt−1 )µ4 (kt−1 , `t−1 , mt−1 , 0)Λt−1 rt ]
h
i
0
−1
= E Ψ [ωt−1 ]m̄3 (kt−1 , `t−1 , mt−1 , 0)µ4 (kt−1 , `t−1 , mt−1 , 0)rt E[Λt−1 | rt ]
which is nonzero as long as E[Λt−1 | rt ] 6= 0.

D.2

Allowing for the Prices of Intermediates and Output

In the main text I assume the production function is a function of “real expenditures”
of intermediates, and that the price of output is normalized to 1. If the production
function is instead a function of “levels” of intermediates, meaning expenditures
divided by a price PtM , and that there is no normalization for the price of output PtY ,
it is straightforward to adapt the test for constraints.
Under the assumption of Constrained Optimal Choices no adjustment is necessary, though the Optimal Choice assumption must be modified to
Assumption 13 (Optimal Choices, Modified) Firms choose Mt to satisfy
PtM = PtY E[eεt ]eωt FM (Kt , Lt , Mt )

(66)

which implies the Constrained Optimal Choice assumption becomes
Assumption 14 (Constrained Optimal Choices, Modified) Define Λt = log(1+PtY λt /PtM ) =
log(1+ λ̃t ), where λ̃t is a Lagrange multiplier that gives the shadow cost to the firm (adjusted for the relative price of output and the intermediate input) of being unable to
Y
choose Mt optimally. Let pM
t and pt be the log of the price of intermediates and the
price of output. Then the choice of the firm satisfies
Y
εt
pM
t − pt + Λt = ωt + log E[e ] + log FM (Kt , Lt , Mt )

(67)

M
Y
Adding mt − yt to both sides and defining the cost share as sM
t = log[Pt Mt /(Pt Yt )]
yields an expression identical to that proposed in the main text.

ESTIMATING THE PRODUCTION FUNCTION UNDER INPUT MARKET FRICTIONS

67

Suppose there is reason to doubt that the firm makes optimal choices but it is still
plausible that the Scalar Unobservable assumption holds. This assumption must
now be modified, as it is hard to imagine the prices would not affect the firm’s choice
of intermediates.29
Assumption 15 (Scalar Unobservable, Modified) The choice of intermediate inputs
is Mt = M̄ (Kt , Lt , ωt , PtM , PtY ) for some smooth function M̄ (·).
This modified assumption implies the new testing equation would be
Y
M
¯
sM
t = ξ(kt , `t , mt , pt , pt ) + rt % − εt

(68)

This modification is only necessary if the researcher is unwilling to make Assumption 14 but is willing to make Assumption 15. Since optimal choices are necessary for Gandhi-Navarro-Rivers, I effectively take Assumption 14 as given in the
empirical application.

D.3

Adjusting the Test and Autoregressive Method for White Noise
Measurement Error

As noted in the main text, measurement error in the inputs would automatically violate the Scalar Unobservable assumption. However, it also creates problems for
the autoregressive methods because measurement error will cause certain instruments to no longer be valid. It will also cause the test to reject even if firms are
completely unconstrained, which may be a problem because the autoregressive estimator would be non-identified. Though in theory the rk-statistic should pick up the
lack of identification, in practice estimates of the rk-statistic may be unreliable when
the autoregressive estimator is completely non-identified because the estimate of ρ
is extremely noisy. This appendix gives a brief description of how to modify the approaches in the main text when there is good reason to believe the estimators suffer
from white noise measurement error.
For concreteness suppose (18) is estimated using a log-sieve approximation for
ξ(kt , `t , mt ). Let xt be the terms of the approximation. Then the test is applied by
estimating
sM
t = x t π + r t % − εt
29

Otherwise the test given in the text can be run without modification.

(69)
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by ordinary least squares and testing % = 0. Now suppose that there is classical
measurement error in xt for all t. Suppose observed inputs x̃t are
x̃t = xt + ϑt

(70)

where ϑt is independent of xt and all other variables as well as its own lags and leads.
Plugging (70) into (71) gives
sM
t = x̃t π + rt % − εt − ϑt

(71)

which implies the estimate of π will be biased towards zero. If π̂ does not converge
to π then x̃t π no longer approximates ξ(kt , `t , mt ) and estimates of % may diverge
from 0 even if the true value is 0.
To deal with this problem imagine partitioning the vector of instruments into
rt = (rt1 , rt2 ) where rt1 are instruments dated t − 1 and rt2 are instruments dated t − 2
and earlier. The set of instruments rt2 will now be used to test for constraints because
variables dated t − 1 must be used to instrument for x̃t . For this to work, assume x
can be written as
xt = xt−1 α + Υt
(72)
for some α > 0 and some Υt that is uncorrelated with xt−1 . (As long as xt−1 is informative about xt it is always possible to write this linear projection even if the true
relationship is not linear.) Then
x̃t = x̃t−1 α + Υt + ϑt − ϑt−1 α

(73)

The unanticipated shock εt is uncorrelated with everything dated t and earlier, as
is the measurement error ϑt by the white noise assumption. Then (73) implies x̃t−1
is a valid instrument for x̃t . But since rt1 may now be colinear with x̃t−1 , the modified
test estimates
2
sM
(74)
t = x̃t π + rt % − εt − ϑt
by two-stage least squares using x̃t−1 as a vector of instruments for x̃t .
Finally, the measurement error in xt−1 implies it is no longer a valid instrument
for the autoregressive estimating equation (19). Assuming (with some abuse of notation) that the log production function is approximated with f (kt , `t , mt ) = xt π,
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rewrite (19) as
yt = xt π + ω̄ + ρ(yt−1 − xt−1 π) + νt
= x̃t π + ω̄ + ρ(yt−1 − x̃t−1 π) + νt + (ρϑt−1 − ϑt )π
{z
}
|

(75)

ν̃t

If any elements of x̃t−1 are in rt they must be removed because the new error term
ν̃t is correlated with x̃t−1 . As in estimating (74), it is best to take rt2 as the instruments
for both estimating (75) and for computing the rk-statistic.

