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1 Introduction

Walsh (2004) demonstrated that the robustly optimal targeting rule of Giannoni
and Woodford (2003a, 2003b) and the targeting rule of a policy maker concerned
with robustness in the sense of Hansen and Sargent (2004) were identical in a
purely forward-looking new Keynesian model. In this note, I first show that
the equivalence result extends to a new Keynesian model with inflation inertia
(Woodford 2003). Then, this equivalence is shown to apply in a wide class of
models.

2 Basic model
The foundations of the benchmark new Keynesian model have been discussed
extensively; I draw heavily on the formulation of Woodford (2003) to which the

reader is referred.! The two equations of the model are an expectational IS
curve given by (1) and an inflation adjustment equation given by (2):

1\ . .
xy = Fyrypq — (;) (i — Eympyr —1f') (1)

where z; is the output gap, i; is the nominal rate of interest, 7,1 is the inflation
rate from ¢ to ¢t 4+ 1, and r} is the natural real rate of interest, and

T —YTi—1 = B (Eymeq1 — Y7e) + Kxg + ey, (2)
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to the literature.



where e; is a cost shock that captures any factors that alter the relationship
between real marginal costs and the output gap. I follow Woodford (2003) in
assuming that with probability 1 — « firms optimally adjust their price and with
probability « they simply index their price by a fraction -y of the most recent rate
of inflation. For simplicity, assume the exogenous disturbances evolve according
to

T? = prrl?fl + Ut, 0 S Pr <1 (3)

er = peet—1+¢e¢, 0< p, < 1. (4)

where the innovations v and e are white noise.

When v = 0, one obtains the purely forward-looking model used in Walsh
(2004). When ~ # 0, lagged inflation becomes an endogenous state variable.
The next section shows that the results in Walsh (2004) extend to this case.

3 Robustly optimal targeting rules

Svensson and Woodford (2004) and Giannoni and Woodford (2003a, 2003b)
have analyzed a class of policy rules that represent robustly optimal implicit
instrument rules.? The Giannoni-Woodford rules are optimal in that the rule
supports the equilibrium consistent with an optimal commitment policy when
evaluated from the timeless perspective (Woodford 2003), and they are robust
in that the coefficients in the policy rule are independent of the parameters that
characterize the behavior of the exogenous, stochastic disturbances.

Assume the central bank’s objective is to minimize a loss function that de-
pends on the variation of inflation, the output gap, and the nominal interest
rate: -

1 ; . .
(§> E, Z B[22 + Aaips + Nilieg — 1), (5)
i=0
where z; = m — ym—1. Woodford (2003) discussions the conditions under
which (5) can be viewed as a second order approximation to the utility of the
representative agent.

Under commitment, the Lagrangian for the policy maker’s decision problem
is

=B ZB% { (§> [224i + Aats + Niliags — 1))
i=0

S1t+1+14 (Zt+i - th+1+i — RZ¢44 — et+i)
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where s1, So, and s3 denote Lagrangian multipliers. The necessary first order
conditions include (1) - (4) and the following four equations:

2These policy rules are also called targeting rules. See Woodford and Svensson (2004).



2t + Eys1441 — s1¢ + Eisgip1 = 0, (6)

1
Aoy — KEis1441 + Eysopyr — <B> s2¢ =0, (7)
1
- (@) Sot — Fysgiy1 + ByEissiio =0, (8)
. . 1
)\i(Zt —1 ) + <;> Eisorr = 0. (9)

Assume the optimal commitment policy from a timeless perspective (Wood-
ford 2003) has been in place since at least ¢ — 2. This assumption allows one
to use (9) to eliminate so;41 and sy from (7) and (8), obtaining an equilibrium
expression for the nominal interest rate:

A(L)Eyity 1 = <5_F;) it — <%> [a: — BYE:iqe41] (10)

where

A(L) =By — (1 +~+ By L+ [1+7+% (1+§)} L2 (%) 3
and ¢ = 2 + (%) Azy = zt + (1/¢)Ax; and A denotes the first difference
operator.

Equation (10) is the Giannoni-Woodford robustly optimal, implicit instru-
ment Tule. As they emphasize, the coeflicients in (10) do not depend on either
the serial correlation coefficients p, and p, or on the variances of the innovations
to the disturbances.

The equilibrium under the optimal (timeless perspective) commitment policy
is given by the rational expectations solution to equations (1) - (4) and (10).

3.1 Hansen and Sargent robust control

Hansen and Sargent, together with coauthors, have explored robust control
approaches to the decision problem faced by agents who face model uncertainty
(Hansen and Sargent 2003, 2004). In their approach, the central bank views its
model as an approximation to the true model of the economy, knowing only that
the true model is in a neighborhood around its approximating model.? Robust
policies, in the sense of Hansen and Sargent, are min-max policies, designed
to perform well in worst-case scenarios. Hansen and Sargent (2004, Chapter
15) apply their robust control methodology to Woodford’s forward-looking new
Keynesian model, and Giordani and Séderlind (2003) report some simulations

3 Alternative approaches have been explored by Stock (1999), Giannoni (2002), Onatski
and Stock (2002), and Onatski and Williams (2003).



of the Clarida, Gali, and Gertler (1999) new Keynesian model under robust
min-max policies.*

As Hansen and Sargent (2004) explain, the policy maker’s problem can be
represented as a game between the policy maker who attempts to minimize the
loss function (5) and nature (or an evil agent) who tries to maximize the same
loss function. They show how this game can be represented in what they label
the multiplier version of the robust Stackelberg problem. If the policy maker’s
approximating model is given by (1) and (2), this problem takes the form

min max E; ZBZ Ki) [Zt2+z + )‘zx?+i + X (e — Z*)Q]
i=0

Z,X,1 W1, W2
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The new variables wit4; and wasy; represent the model mis-specifications that
enter into the dynamics of the state variables. The new parameter 0 reflects the
policy maker’s desire for robustness, with 0 < # < co. The standard rational
expectations policy problem arises when § = co. The superscript rc on the ex-
pectations operator reflects the assumption that private agents share the policy
maker’s approximating model and degree of robustness; this will affect the way
in which expectations are formed.

Again assuming a timeless perspective, the first order conditions for this
problem include equations (6) - (9) and

1
—31t+1 —|— peS4t+1 — (E) S4t = 0, (11)
1 1
<;> Sot41 + PrS5t41 — <E> sst =0, (12)
—Owit41 + Sary1 =0, (13)
—911}275_;,_1 + 55041 = 0. (14)

Note that the first order conditions (6) - (9) from the standard control prob-
lem are also necessary conditions for the robust control problem. Thus, proceed-
ing as before, the Lagrangian multipliers s1, s2, and s3 can be eliminated to yield
an implicit instrument, or targeting,rule for the nominal rate of interest that is
identical to (10). Thus, the implicit instrument or targeting rule that supports
the optimal commitment policy from a timeless perspective is identical, except

4Some policy implications of this approach are discussed in Walsh (2003b).



for the manner in which expectations are formed, to the policy rule that would
be adopted by a policy maker with a desire for robustness in the sense of Hansen
and Sargent. Note that the coefficients in this resulting instrument rule are in-
dependent of 0, the policy maker’s desired degree of robustness. The economy
behaves differently under the two model specifications, however. This differ-
ence arises from the way in which expectations are formed. In the standard
approach, expectations are based on the true processes governing the distur-
bance processes. In the robust control environment, expectations are based on
distorted versions of the disturbance processes, where these distortions reflect
the roles of wy and ws.”

3.2 A generalization

The equivalence results obtained in the new Keynesian model are actually quite
general. To see this, consider the following general Lagrangian version of the
robust Stackelberg problem (see Hansen and Sargent, Ch. 15):

o0
Ly = —-E Zﬁz {41 Quuyness + Yy iQu2y2e+i + Yo i Q21Y1e4i + Yoy i Q222044
i=0
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where the state vector y' = [y}, y5] has been decomposed into a k; x 1 vector of
exogenous disturbances y; and a kg x 1 vector of endogenous state and forward
looking variables y. The control (instrument) variable is u;; &; is a vector of
exogenous stochastic innovations, and W represents the model mis-specification.
The constraints in (15) are based on the transition equations

Y1t+1 Ay 0 Y1t 0 o
- 4% 16
[ Yott1 ] { Ay Ap ] [ Yot }+[ Bo }uﬁr[ Cy (et+1+ W), (16)

where the zeros on the right side of (16) reflect the assumption that the elements
of y; are exogenous processes. The first-order conditions with respect to yo and
u are

Q2y1t + Q21y1¢ + Q22y2e + Saur + LAY gy 1 — foy =0 (17)

and
Sty1e + Shyar + Ruy + BBhjig, 1 = 0. (18)

These conditions do not involve either W or © and are exactly the same as those
obtained for the standard optimal commitment problem studied by Giannoni
and Woodford. Thus, when the first order conditions are used to obtain a

5Walsh (2004) provides an example for the basic Clarida, Gali, and Gertler (1999) model
in which A\; =~ =0.



targeting rule, this rule will be the same under the robust control approach as
under the standard approach. In that sense, the policy maker concerned with
robustness would implement the same rule as a policy maker concerned only
with maximizing the expected value of the objective function.

Note, however, that (17) and (18) cannot in general be solved to obtain a
robustly optimal rule, that is, a rule for u that is independent of the exogenous y;
processes. Necessary conditions for doing so include @12 = Q27 = S; = 0. That
is, the exogenous disturbances cannot appear in the policy maker’s objective
function except in the form 7, ;Q11¥1¢44 since this is independent of any policy
choice. But these conditions hold for the standard monetary policy problem in
which the loss function depends on endogenous target variables and not directly
on the disturbance processes.

When Q12 = Q21 = S1 =0, (17) and (18) simplify to

Q22y2t + Souy + BAY gy — fiop =0 (19)

Ru; + BBéﬂth =0, (20)

and these ks +1 equations can be used to eliminate the ko Lagrangian multipliers
to obtain a robustly optimal rule for u;. Under the standard approach dealt with
by Giannoni and Woodford, these equations are solved jointly with the transition
equations in (16) with W = 0 to obtain the equilibrium, while the Hansen-
Sargent approach incorporates the first-order condition for the maximizing value
of W.5

Inspection of (19) and (20) reveals that Q12 = Q21 = S1 = 0 is necessary
but not sufficient for obtaining an implicit instrument rule for u;. Suppose
S5 = R = 0 so that the control instrument u; also does not directly enter the
objective function. Then, since u; appears in neither (19) nor (20), its behavior
must be obtained from one of the structural equations. But since these depend
on the exogenous disturbances, optimal policy cannot be described in terms
of a rule for the instrument that is robust to the behavior of the exogenous
disturbances. It is still possible, however, to obtain a robustly optimal targeting
rule from (19) and (20) that only involves the forward-looking variables ys.
Model specifications in which So = R = 0 are frequently employed in monetary
policy analysis in which the policy maker’s loss function depends on inflation
and output gap variability alone. This case corresponds to setting A; = 0 in (5)
so that the nominal rate of interest does not appear in the loss function. The
standard approach is to then treat the output gap as if it were the instrument,
and a robustly optimal targeting rule involving the gap and inflation can be
found. The behavior of the nominal interest rate is then obtained from (1)
and so the resulting rule for the interest rate depends on the exogenous process
governing the natural real rate .

6This first order condition takes the form 3OW;i11 — BC'u, = 0, where p is the stacked
vector of Lagrangian multipliers and C’ = [C1, C}].
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