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1 The efficient equilibrium

Using the assumed functional form of the matching function, the social planner’s problem can be

written as
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First order conditions are
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The second of these first order conditions implies
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We can write the fourth of these first order conditions as
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Rearranging this condition for efficiency and noting that 8% = ¢(6,) yields
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In the steady-state, this condition becomes
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But as ¢ = pN/V and 0 = V /U, we have
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Note that d; is the net consumption generated by one additional match (the match produces 1 unit,
but home production falls by w®, and to fill the march required posting 1/(dm/0v) = V /apN
vacancies at a cost x each).

Equations (11) and (12) imply that the job posting condition takes the form
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When prices are flexible, pu, = p > 1 for all . However, a tax-subsidy policy that offsets the

allocative effects of the steady-state markup is not sufficient to ensure that the resulting flex-price
equilibrium is efficient as is the case in the standard new Keynesian model. Inefficient job posting
can lead to an inefficient level of vacancies and unemployment. Efficiency requires p, = p =1
and by = 1 — a. This second condition is the familiar the Hosios condition for efficient vacancy

creation.! Letting a superscript e denote the efficient equilibrium, the job posting condition takes

1The Hosios condition requres that labor’s share of the surplus, b, equal the elasticity of matches with respect
to unemployment, 1 — a.



the form
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When linearized,and expressed in terms of the efficient level of unemployment, this yields
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where 7§ is the equilibrium real interest rate in the efficient equilibrium.

In addition, the IS relationship in the efficient equilibrium takes the form
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where 6, = (1 — p) (kV/aU) (¢ — 1+ U/pN).. The responses of the efficient unemployment
rate 4y, ; and the real interest rate in the face of productivity shocks can be found by jointly

solving (3) and (4).2 Equations (3) and (4) imply that the equilibrium unemployment responds

to productivity shocks even under flexible prices.

2 The linearized structural equations

The model consists of the following core equations (see paper for definitions of the variables and

a discussion of the model equations):
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2Tn (4), we have followed Neiss and Nelson (2003) in defining ag 4 relative to last-period’s efficient unemployment
rate. Thus, the path of ﬂf_H is that for an economy that has always been in an efficient equilibrium. Alternatively,
Woodford (2003) defines the flex-price and efficient equilibria conditional on the actual outcomes in the previous
period. In that case, 47, ; would depend on ;. Edge (2003) discusses these two alternative definitions in the
context of a model in which the lagged capital stock is an endogenous state variable. We follow the Neiss-Nelson
definition; as Edge shows, it proves more convenient for deriving the welfare approximation we use to characterize
optimal monetary policy.
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plus the Fisher equation linking the nominal and real interest rates, the first order condition for

price adjusting firms, and the definitions of A as the marginal utility of consumption, ¢; as the
probability a vacancy is filled, p; as the probability an unemployment work finds a match, and b,
and z; are exogenous bargaining and productivity shocks.

When linearized around the steady state of the model, one obtains
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From (6) - (8) and the model of price adjustment,
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The Fisher equation is
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These eight equations, when combined with the production function and a specification of mon-
etary policy, can be solved for &, @, N, U, U, ét, ity, Tt, ¢, and i;. We proceed to obtain a
version of the model that consists of three structural equations in 7y, %, and 9t.

Define n = (1 — p) (N/u) and p, = (1 - p) (1 — pN/a). We can use (11), (12) and (13) to
write
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Since U; = 0y + Uy,
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The constant returns to scale technology for whoelsale good’s production implies, when linearized,

that §; = iy + 2;. Thus, g; can be eliminated from (9) to yield
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We can now use (18) to write the goods market clearing condition (19) as
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where v = ¢, /(p; + ¢5). It is straightforward to show that when the efficiency condition (2)
holds, v = 8/(1 + B) so that (21) becomes
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Using (14) to eliminate real marginal cost from the inflation equation (15),
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Equations (17), (22), and (23) gives three equilibrium conditions in terms of unemployment,



labor market tightness, and inflation that could be combined with a specification of monetary
policy.

A version of the model that is even more similar to a standard new Keynesian specification
can be obtained by using (17) to eliminate 0; from (23) to yield two structural equations, an
unemployment based IS relationship and an unemployment based Phillips curve. These two

relationships are
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A primary difference from a standard Phillips curve is that inflation is affected by current and

expected future values unemployment, as well as by the real rate of interest.?

3 Natural levels (flexible prices)

From the marginal cost expression when prices are flexible,

3To obtain a single equation representing the contraints on monetary policy (as long as interest rates do not
appear in the central bank’s objective function), the IS relationship can be used to eliminate the real interest
rate from the Phillips curve. In this case, inflation will depend on current and expected future changes in the
unemployment rate as well as its level.
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Comparing this to (1) shows that the equilibrium will be efficient if b = 1 — o (the Hosios
condition), b; = 0, and p = 1. Linearizing (26) around the efficient steady-state, and letting a

superscript e denote the efficient equilibrium, one obtains
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Since d; = —[03, so we also can rewrite (27) as
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The IS relationship (22) holds whether prices are sticky or flexible, so
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It will be convenient to rewrite this in terms of employment as
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4 Welfare

To derive an approximation to the representative agent’s utility, it is necessary to first introduce
some additional notation. For any variable X;, let X be its steady-state value and let X, =
log (Xt /X ) be the log deviation of X; around its steady-state value. Using a second order Taylor

approximation,
_ _ (X - (- 14
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Employing this notation, we develop a second order approximation to the utility of the represen-
tative household. In doing so, we found the work of Edge (2003) very helpful.

4.1 Household utility

The second order approximation to household utility, which is a function of total consumption, is
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4.1.1 Second order expansion for market consumption

Market clearing requires
CZnDt = ZtNt — K/‘/t,

where

measures the dispersion of relative prices. So
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4.1.2 Second order expansion for vacancies
Since V; = 0,Uy,
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is exact, but to express this in terms of 7, we need to use the correct second order approximation

for unemployment in terms of employment. Since Uy = 1 — (1 — p)Ny_1,
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This then implies 47 = n?n?_;, so (34) becomes
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4.1.3 Second order approximation for labor market tightness

Now we need a second order approximation for labor market tightness, 9t. From N; = (1 —

p)Ni—1 + p0{'U;, we obtain
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Now, using (36)-(38) in (35),
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4.1.4 The approximation for market consumption

We can now use the expressing for vacancies given by (39) in (33) to obtain
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and

since d; is already second order,

4.2 Evaluating utility

Repeating (32),
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4.3 The present discounted value of utility

From (42),
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4.3.1 First order terms

In section 1, it is shown that in the efficient equilibrium, §; = —fd5. Therefore, the first order

terms become

—~U.Nds Z B' (Bivegi — Megio1) + ti.p.

i=0

= —U.NG {Bi — i1 + B*Re1 — B + ...}
= U.N&sm:_1

which is independent of policy.

4.3.2 Second order terms

The second order terms are
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Price dispersion term Up to second order,
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where ¢ is the standard new Keynesian coefficient giving the elasticity of inflation with respect to

marginal cost.

Term in employment squared The next term is
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Cross products with productivity This leaves us to deal with
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Start with the third term involving the cross product expression, (7i;—1 — 7t) Z;. Using (29),

('ﬁ/tfl - ﬂﬁt) 2t = My_1Zt — Pz = Nye_12¢
N Ne ~e ~ ek é 1 ~e
—Bi {62 [(1 + B)g — BER,, — ntfl] - (?) (;) Tt}
_Bﬁ’tEtétJrl

13



SO

oo
> B (fuyicr = Bhuri) By = 12— BB

=i Q

1
B {52 (14 B)RE — BES 3 — g ] — ( ) <;> t}
+B0 B 21 — 52Etﬁt+15’t+2

C\ /1
B {2 (4 Wity - 8Bt -] - (5 ) (5) 7o}
+....

~e ~ex C 1 se -
= My_12 — Zﬁ { 1+5)nf+i_ﬂEtnt+i+1 Ny 1] - (?) <g> ’rt+i}nt+i

But 7;_12; is independent of policy at time ¢.
So the terms in X; involving cross product terms with the shocks (the first and third terms

in 43) become, in expected present value terms,*
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The real interest rate terms cancel out since d; — 3d5 = 0, so we are left with
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so when we take present discounted values, the 9: LiPui—1 and ﬂEtéte Lit1Pu s terms will

cancel (except for the first, puéf fy—1, but that is independent of policy. Thus,
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as the present discounted value of the cross product terms among the variables in X; (i.e., terms
2 and 4 of 43). From (38), this can be written as
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For future reference, notice that

oo oo oo
> B (G1fueri + Ganegio1)’ =05 Y B (—PBisi + neyi1)’ =05 Y B (Rsio1 — Bii)
=0 i=0 =0

4.3.3 Collecting results on all second order product terms

Adding together the PDVs of B; and Gy,
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Terms involving the CRRA Start by focusing on all the terms that are multiplied by &.

These are 6U.N (Cm) 52 times

oo (oo}
% ~e ~e ~ex ~ 1 VAN ~
Jo=) B+ By — BEMY oy — AT 1] Prs — B > B (i1 — Biugs)® . (49)
i=0 =0
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It follows that
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Notice first term (B8a§ — A" ) fy—1 is independent of policy.

Using these in (49) yields
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So the terms involving ¢ are equal to
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4.4 Final results

Collecting results, we can now write (48) as
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5225 Pegi1 — 1) — B (e — n8y,)]" + tip

Recalling that 6 = 0C™ /C, the correct second order approximation for welfare is therefore
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given by

iBiU(Ct) _ u@ iUcéi,@%rf
=0

=0
1 (VY o= i (4 e \2
(1= a)5UN (%) > 8 (0si — 01
=0
1 N 2 S 7 ~ ~e ~ ~e 2 :
_§O'UCN (5) 05 ZB [(Peric1 — Ry pi_y) — B (Rewi — 05)]" + tip.
i=0

It is useful at this point to recall that (20) implies we can write, in gap terms,

N N _ _ N _ _
Ct = — (T]—C> (61ut+1 + 62Ut) = (E) (61nt + 62”1’71) .

Using the efficient condition, this becomes
& = - (%) 53 (Bite — 1)
Hence, the last term in the welfare approximation is equal to
1 >
fiaUCCZ B2,
i=0
Thus, we have that

N = —U(é) E AN g 4] KV =2 0\ .
;5 Uuc,) = -5 %UCC;ﬁ [W? +(1-a) <g> <?> 0, +o (g) Cfﬂ-]
+t.2.p.

which is produces (23) of the text.
Since our structural model is expressed in terms of inflation and unemployment, it will be

useful to similarly express the loss function in terms of these two variables. Since 411 = —nny,
and 0, = ((%p) (7 — py,7ie—1). In addition,

G = — (%) 02 (BN — Mp—q) = (%) (Blig1 — )

so we can write the loss solely in terms of unemployment relative to the efficient level 4°. Doing
so yields (26) of the text.
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