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1 Introduction

This appendix to “Monetary policy and resource mobility” sets out the basic
model of Lechthaler and Snower (2010) and derives the second-order approxima-
tion to the welfare of the representative household that is discussed in section 3
of the paper. It also describes the derivation of the two sector model with costly
hiring that is discussed in section 6 of the paper. This discussion is preliminary.

2 Quadratic adjustment costs

This appendix to Monetary policy and resource mobility sets out the basic model
of Lechthaler and Snower (2010) and derives the second-order approximation to
the welfare of the representative household. The reader is referred to Lechthaler
and Snower’s paper for more details. This appendix corrects some errors in
Lechthaler and Snower’s Kiel WP1453, Jan. 2010 version.

2.1 The basic equations
The preferences of the representative household are given by Welfare is given
by
W=E Y6 [U(C) V(L))
t=0

where C' is consumption, L hours worked, and 0 < § < 1 is a discount factor.
The two key equations describing household behavior are the Euler condition
and the labor-leisure choice. These are given by
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2.1.1 Fintermediate Firm

Intermediate goods producing firms face costs of adjusting their labor, a simple
production technology such that output Y; is A;L;, where L; is employment,
and output is sold in a competitive goods market in which intermediate firms
take the relative price of their output as given. If @; is the price of intermdiate
goods in terms of final goods, profits for the representative intermediate firm

are 9
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where U is a parameter that captures the costs of adjusting firm employment.
These firms pick L; to maximize the expected discounted value of profits, taking
aggregate output Y; in (1) as given.

The first order condition that determines labor demand is
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(2)

2.1.2 Pricing decision

Final goods producing firms face a demand for their output with constant price
elasticity €. They also face quadratic costs of adjusting their price as in Rotem-
berg (1982). Thus, The expected profits of a final goods firm are

Pu\'"* <P”>‘E <I>< P, )2
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where Ay ;4 is the household’s time ¢ discount factor for period ¢+ 4 payments.
Recongizing that all final goods producing firms face an identical problem so
that P;+ = P; in equilibrium, the first order condition for the optimal choice of
P; + can be shown to imply

)

Ct+1 ) I d

P Y;
Q¢ = ,lfl + = (II; — 1) IT; — BE; ( C, = (TLpp1 — 1) I < Hl) (3)

Yy

where
>1

€
h=o
is the markup.



For future reference, suppose the demand elasticity ¢ (and so the markup) is
stochastic and the firm also faces a tax/subsidy so that it’s revenues after taxes
are (14 7) (P;/P;)' " Y;. Then

_ (0] C 7P Y;
Qu=p;"+ gt(Htl)HtﬁEt<ggl> Et(Htﬂl)HtH( ;1>

(4)
where u, = e¢/(e¢ — 1).
2.1.3 Goods market clearing

Equilibrium in the goods market requires that total output be used for con-
sumption or be absorbed in adjustment costs:

B U/ L 2 ® )
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From the production function, it also holds that

Y, = AL, (6)

2.2 The welfare approximation

Welfare is given by
W =E» B'U(C) V(L)
t=0

A second order approximation to W around the steady state takes the form
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In terms of deviations from the efficient Ramsey equilibrium (denoted by *),
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where

Gt = Ct — C?;’
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where B R
Iy =1 — 1.

Hence, expressed in terms of gaps from the efficient steady state,
o ViL\ - _ _[1
W = W4+UcCl|é— (222 )| +UcC |=(1—0)&E + (1 - 0)ciéy
UcC 2
_ |1 ~ ~
—ViL |:2(1 + (,D)l? + (1 + (P)l:lt:| + t.2.p.
Remark 1 Note that it is the linear terms I need to deal with since the mar-

ket equilibrium is inefficient even if a subsidy eliminates the distortion due to
imperfect competition.

Define )
At = |:5t + 5(1 — O')é? + (]. - O')Czkét:|

-1 . .
By = [lt +50+ )f + (1+ go)l;f‘lt]
2.2.1 Goods clearing/resource constraint

Using the goods clearing (5, LS eq 12) and the production function (6, LS eq.
11),

2
Cy= ALy — v ( L _ 1> AL, — ¢ (I, — 1)* Ay L.
2 \Li_, 2

In the zero inflation steady state, C =Y, and
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Hence,
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Therefore, the goods clearing condition becomes, to second order,
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and up to second order,



Hence,

R 1, Y/ 1 VY /- - \2 OV
o gt (o gt ) - g (i) - 5
Uy D
= Y- gAlt - Eﬂf

Collecting results,
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Since 22 — (2*)% = (z — z*)* + 22"z — 2 (z*)?, we can write welfare as
. v o O
W = W+UC [Qt - §Alt2 - 27%4
_ |1 ~

_ |~ 1 ~ ~

~ Assume the standard fiscal subsidy so that in the steady state, u = 1 so
UcY = Vi L, then since § = [, the first order terms § and [ drop out and
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Because individual firms neglect the effect their choice of production levels
has on aggregate income, they ignore the effect of Y; on the costs of labor
adjustment terms. The solcial planner would not neglect this effect, and so the
condition efficiency (LS, eq 14) takes the form

Ly L, Y, Ct+1 -7 Lt+1 Lt+1Yt+1
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where
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is the term absent from the private market condition (2). Since I'; is of second
order, it drops out of the linearized model. Since I is zero in the steady state, it
is only of second order and so only contributes third order or igher order terms
to the welfare approximation. Thus, up to second order, the contribution of I';
drops out of the welfare approximation.



2.2.2 Collecting terms

Since to first order ¢; = ¢y = [, we can write welfare as
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where we have used the result that & =~ j2 = [?. Or
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where
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To evaluation c*¢ and the other terms, we only need a first order approxi-
mation to é and [. From the goods clearing condition, ¢ = ¢ = a +1, so
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2.2.3 Socially efficient condition
To a first order, the condition for efficiency (7, LS eq 14) is

G = [goZ;; Yo (at n i;:)] +U (Z;‘ - ZH) — BUE, (i;;l - Z;)
= (1-0)a = (0 +¢)lf + VAl — BYE,ALL,, (8)

Therefore,
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2.2.4 Discounted welfare
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2.3 Linearized equations
From (2),
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A first order approximation to the left side is
QtAr ~ 1+ Gt + ay.

A first order approximation to the terms on the right side yields
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Collecting reults,
LY .
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Since ¢; = gy = ar + Zt, to a first order, this becomes
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2.3.1 Inflation

From the first order condition for pricing setting,
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one obtains to first order
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where 7 is used to ensure y = 1. Hence, since QQ = 1,

T = BEime1 + (%) (Ge + f1y) - (11)

3 Sectoral reallocation and hiring costs

4 Introduction

5 Two sector model with firm specific labor

The model consists of a representative household and two consumption aggre-
gates produced in different sectors. Each sector consists of a continuum of firms.



Firms in each sector employ labor supplied by households, and prices are sticky
in both sectors. Sectors-specific variables are denoted by superscripts s = 1, 2.
Individual firms are denoted by subscript j.

5.1 Households

Representative household consisting of a continuum of members. The household
enters the period with N7, workers employed at firm j in sector s. Household

utility is given by
o 1+ .
53 | VG~ (e o ()™ Ny
t 1 1+ .
—(5) Jo (120" N2

where U(C}) is the utility from consuming an aggregate basket of goods and

terms of the form )
1 s \1+7m s .
(1 + n) /0 () N

represent the disutility of work in sector s. The N7, members of the household
who are employed at firm j in sector s and each work hj, hours.
Aggregate consumption is defined by

: (12)

a—1 a—1
a

C, = {(yl)i (ch) +(72)5 (c3) @ Tl,a>1, 442 =1. (13)

n (13), C}, s = 1,2 denotes the consumption of sector s goods. In turn, C} is a
Dixit-Stiglitz aggregate of the goods produced by individual firms in the sector:

1 05—1 95 —1
s = { /0 (c1)™ dj] .

The domestic household’s relative demand for C} and C? will depend on their
relative prices. The problem of minimizing the cost PLC} + P?C? of achieving
a given level of C; yields the first order conditions
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and

P2\
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The utility-based aggregate consumer price index is

_1
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Given consumption C} of sector s goods, a similar cost minimization problem
implies the demand for individual goods is given by

Ps —6° Ps —6° Ps —a
Cs, = Jt 8 =~° J>t -t C
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where P?, is the price of firm j in sector s and

! 1-0° . o
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Aggregate employment in sector s is N7 = fol N?.dj, Ny = N} + N2, and
aggregate unemployment, defined as the number of unemployed members of the
household, is

U=1-N}-N}=1-N,.

Each unemployed worker is assumed to search for a job. Thus, the labor force
participation margin is ignored.
The household’s budget constraint in nominal terms takes the form

1

1
Ptct+EtDt,t+1Bt+1 < Pt |:/ w (h’;,t) le,tdj + / w (h?,t) Nj%td-]:| +Ptht+Ht+Bt—Tt
0 0

where w (h;t) is the real wage per worker at fime j in sector s, firm j working
hi(j) hours. The term bU; is a real unemployment benefit. Households can
purchase bonds whose time ¢ price is E;D; +11 and which pay off one dollar at
t+ 1.

Letting A¢ be the Lagrangian multiplier on the budget constraint, utility
maximization implies

Uc,t = P
and
A
EiDyip1 = ﬁEt< ;“)
t
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The first order condition for labor hours in sector s is

— (k)" N, + MNP’ (BS,) N5, =0,

10



so hours must satisfy the standard conditions that require the marginal rate of
substitution between leisure and consumption to equal the marginal wage:

(h5)"

’LU’ (h:;,t) = W, S = ].,2

Define W7, as the surplus to the household of having a member employed
at firm j in sector s. This surplus is

s \1+7m
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The first term is the wage the worker earns from working 5 ; hours. The second
term is the disutility of earning this wage. The third term is the continuation
value of being employed at this firm in the following period, where p® is a (sector
specific) exogenous separation rate. The final two terms measure the opportu-
nity cost of having a worker employed as opposed to unemployed.! These include
the utility value of any unemployment benefit b/Uc and the possibility, if un-
employed, of finding employment during the period. The value of this is equal
to the probably of finding a job in sector s, denoted by 7, times the expected
value of the subsequent job. With probability r; (vf,/v;) the worker is hired
by firm ¢ in sector s, where v, is the number of vacancies that firm has posted
and v} is the aggregate number of vacancies in that sector.

5.2 Firms

The profits (expressed in terms of the final consumption basket) of firm j in
sector s are given by

P?3
Jst s s s IrSs
(R)”t w(h,)N; — BJH3,, (15)

where w(hj)t) is the wage schedule at firm j, hj, equals hours per worker at the
firm, N7, is the number of employees, v ; is the number of job vacancies the firm
has posted, and H7, are the number of new hires by the firm. There is a fixed
cost k per vacancy posted, as well as costs associated with hiring new workers
equal to ®{. To capture costs of shifting resources (labor) between sectors,
we assume that there are adjustment costs associated with new hires that are
related to the number of workers hired in sector s that previously worked in
sector 7 # s. One approach would be to model labor as heterogenous so that
the costs of recruitment /training in sector s would be increasing in the fraction
of the unemployment pool who have a comparative advantage in working in

I This assumes workers cannot immediately switch from a job in sector s to a job in sector

r#Ss.
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sector r (as in Epstein 2010). Instead, I assume hiring costs in sector s are
increasing in the fraction of the unemployed (and therefore of new matches)
who were last employed in sector r # s. These are assumed to be independent
of the firm but are sector specific.? Specifically, assume

s T s 9 k#s s 1+e
o =& +1—+€(Aﬁ —/\t) e >0, (16)
where )\f 7% i3 the share of the unemployed job seekers last employed in sector

k # s. So in the steady state, ®; = ®*
Firms maximize profits subject to a technology given by

S _ S1S S . —
C;=AjRS N7y s =1,2,

and a demand curve given by

Ps\ "
s _ Jst
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In addition, labor is specifc to the firm, and the firm’s work force evolves ac-
cording to

st,t-s-l =(1- Ps)NjS,t + H;,ta
where H7, is equal to new hires by firm j. New hiring is equal to
Hjy = qivj;

where ¢ is the fraction of the firm’s vacancies that result in a new hire.

With firm specific labor, the firm does not face a fixed wage per hour of
labor. To induce more hours, it needs to initially induce more effort on the part
of its existing workers. Therefore, the expected real value of firm j in sector s
is

s _ s Pﬁt s s s K s
I, = (1+7°) 7, ) Cit —w(hj)Nj, — Toy ) Ut
1 s _S,.,S S

- <UCt) £9: V5 + B Dy Il5 44

where 7° is standard subsidy to offset the mark up in the steady-state, x repre-
sents the cost of posting job vacancies, and ®g;vj, represents hiring costs.
Demand facing the firm is

Pg. —0° Pé —6° PS —a
s J,t s s Jst t
5 — C: = — C
i=(w) o (3) (B) @

while from the production function,

J;ts

Cie = Aihj Nj,

2For a model with quadratic costs of labor adjustment, see Lechthaler and Snower (2011).
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and
st,t+1 =(1- P)Nj‘g,t + QtU;,t-

Rewrite the firm’s problem as

Py s S $ $q; H
o (1+71) ( 7, ) Cja — wlhi NG, — (ﬁ - (I)tqt) St
maxE, 3" Do, +mes, [Agh N7, — 3]
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where mcj ; is real marginal cost for firm j in sector s while ¢}, is the marginal
, ,

value of an additional employee.
The first order conditions for hours, vacancies, and employment are

w'(h3,)
Aj
S < 1 )( —|—(DS S)+ S S 0:> S ( 1 ><K‘ +¢)s> (17)
Vst — K . = , — J— —
it Uc.t t 4t P14t Pt Uct @ t

N7 piar =95 i+ Ee Dy 41 [mcj,t-&-lAf-&-lh;,t-&-l —w(hj ) + (1 - PS)SD;HJ] (18)

With sticky prices, firms produce to meet demand, so
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Thus, real marginal costs can be written as

C? 1
s __ ./ Jt =
ijVt =w (AfN;t> Af (19)

5.3 Wage determination

To determine the real wage, we assume Nash bargaining with fixed shares of the
joint surplus to a match going to workers and firms. From (14), the surplus of
a match for workers is

(hs )"

(L+mUc

(b) Zk/l U ) By, Wy di
- - r i ae
Ucs R t 0 vf 1YY G 1

where 7F is the probability the worker finds a job in sector k and vft JvF is the
probability that job is with firm 7. From the firm’s perspective, the surplus
value of additional worker is

ws:, = w(hS )—

Jrt J,t

+ (1= p*)EeDe i W)y

S;,t = mcj?’tAfhj’t — U}(h;t) + (1 - ,DS)EtDt,t+1S;7t+1. (20)
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Let x be the firm’s share of the total surplus. Then, under Nash bargaining,
(1=x)Sj: =xW;,, s=1,2.

Using the expressions for S7, and W7;, one obtains

ey B
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Then, since

(1=x)Sj: =xW;, = (1 = X)EtDt14155 111 = XEt Dy e a WSy =0,

this expression becomes

s (n5.) " b
w (h5,) = +n)Uc: (Uc,t)
1 P .
— k127t [fo < 7) EtDtthWftHdZ}

Solving for the wages, the wage schedule at firm j in sector s is
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From (18) and (20),

This means that Nash bargaining implies
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Using this result,
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Earlier, the vacancy posting condition (17) was shown to imply

1 K
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so using this to eliminate ¢, from the wage expression yields
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But since neither ¢° nor ®° depend in 7, and
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the wage becomes

w(hj,) = (1=x)mej A7hS; + X

Then, because (see below)
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Notice that the last term is independent of i. It does depend on the relationship
between a sector’s ®° and its relative share of vacancies.
Using the expression for wages,

s s s X (h§7t)17
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which agrees with the earlier result.

5.3.1 Vacancy posting

From the wage equation and the first order conditions for v{(j) and N7 ,(j)
reported above, one obtains
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So using the wage expression,

mc;,t-s-lAf-s-lh?,tH - w(h;,m-l)
+(1 - p*) ( ! ) (f +(I)§+1)

Uc,t41

w(hj,) = (1=x)mej, A7hS, + X

s (1t
(h5) +< b )
(1 + W)UC,t Uc,
1 1
NNTER PRNTER Y
(=0 (g ) e+ (1= (e 3 ol
the vacancy posting condition is

(G + )
ai

S S S S S K
B |:UC,t+1ij,t+1At+lhj,t+1 —w(hi, 1)+ (1= p%) <qt+1 + ‘I’%-;-l)}

BE¢x

(h3es0) ™"
Uc,t1mclp 1 ALy hf e — ﬁ h

—B(L = X)KEby 11 — (1= X) BBy > iy ®Fyy
k=1,2

+m1;ﬂm(§‘+¢a0

Qi1
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The new terms relative to a standard specification are ®' and ®2 and the
sector specific ¢’s.
Equation (21) allows marginal cost to be eliminated,

<I€s) = PEix [(117» (hj,tJrl)lJrn - b} —B(1—x)KEi 1

qi

+00- ) () + 80— B (81) - 97
11

—BE; Z [(1—x) 7"f+1] ®f, (22)

k=1,2

which depends on both adjustment costs in the own sector and in the other
sector.
Note that in the absence of hiring costs, (22) would take the form

(5) - wom ()t

+6(1—pS)Et( . )

441

which would imply all firms in sector s have the same expected hours. Hence,
we could write this as

Ui s O\t s
XBE; <1+77) (hiy1) "= X;

where

X; = (q“) +Bxb—6(1—ps)Et( . )

t A1
which does differ by sector.

5.4 Labor flows

Employment in sector s is given by
N/ = / N7 .dj.

st,t—i-l =(1- PS)N;,t + qtvgs',t-
Ny = (1= p°)Ny + Hy.
New hires in sector s are g; v
Ny = (L= p° )Ny + qivi = H = pN
S0

niy = (1= p°)nf + p° (G + 07)

17



Aggregate employment is
N; = N} + N2

The number of job seekers is
Ut :17Nt+pNt
Job seekers last employed in sector s evolve as
U = pN; + Uiy — 111Uy = pN; + (L= 1) U,
Then
U = U'+U=pNi+ (1 —7r1) U4
= pNi1+(1—r) (1 —Neei 4+ pNiea)
= (1-r)=Q=r)(1=p)Nia

5.4.1 The matching function

Total matches in sector s are a function of the number of vacancies in the sector
and the number of unemployed workers. We assume that the number of matches
actually made depends on the fraction of the unemployed who worked in sector
s. Specifically,

Aﬁzwwﬂa@f+u—o@?ﬁjﬁa

with 0 < g < 1. If we define \* = u®/u as the fraction of the unemployed who
last worked in sector s, then

1—

N e a1
Mp = )l foo (%) +u—<><t )

t %

l1—a

CON +a-0a-x)°]"
(

Total matches are

v =g 402 = el o) (2) 40 ()]

(7 UV
Then
oo M )Tt (o)
t v; vi Vg
w8 a—1
= o700 (4)



where 0; = v;/u; is the aggregate measure of labor market tightness.
For a worker, the probability of finding a job is

_ o a l—a
e = u (ve)" uy U

and

=) Gi) = Gi) ()
LA (i —r (L) (&
q; M My M U

5.5 Price setting

Following Thomas (2009), define mc;, s as the real marginal cost of firm j in
sector 2 at time T if that firm last reset price in period t.

The pricing decision at time ¢ for firm j in sector 2 maximizes (once demand
curve has been used to eliminate Y;*)

o ps 11-6° ps 1-¢°
T—t I Jrt s s J,t s
rgaxEt E oy "Dy { (PT) [P;} Cr mce; v/r [sz} Cr

at T=t

First order condition is

171 e e [117" X
EtZOéQ DtT{( ) |:PS:| (PJ*;) ¢ — g mcjt/T (P*a) 1-0 |:P,15—':| }C%

PS 1-06° 1 1 —6°
o (D) [A] mtrem [3] oo

T=t
05
is the markup in sector s.

We can also write this first order condtion as

. pN[11" 117"
E: Z oy "Dy (PT) [Pg} P —pomcs yp {Ps} Cy=0
T T

T=t

where
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or

P 1-6° § oo - 1 —6°
E; Z ag 'Dir (PT) [PS} PO = uEy Z agT tDt,Tmc‘;-’t/T LDS] Ct
T=t T T T=t T

So the LHS is

Ps =0 N\ [Pl
et () ] ren - et (B[R] e
T=t
1-6° —0° px
_ P\ [P¢ 1 P
= Etzag "'Dyr ( PT> [Pt} {Ps} 5 Cr
Tt T T t t

—0° * 1-6°
1 P S Ps Ps
= — E —tpD t o3
[Pf] Py tz% tT(PT> [PT] ’

and the RHS becomes

_p* _ps _p°
1 Py 1
Bt Z oy "Dy TC;, t)T [ ] Ccyr = pE Z ag "Dy TC;, s {PS ] {PS} Ct
T=t T=t t

—0° oo —0°

1 _ N .

pe | 55| Eey_as 'Dirmer || Ch
P = P

so equating the LHS and RHS and canceling (1/P?)~?

P 0o B P ps 1-6° o - ps —0°
2 LE, Z% "Dir <PT) {Pg } Ci = pEe Y o 'Dirme], p L;] cs
T

by T=t

or

ps1?
P B Y7 ap Dy TME] 4 { T} Cr
= : 0°—1
_ Ps Ps
By of D (5) 2] o

Py
Remark 2 Under flexible prices,

P*S P P
J,t T T
p = (e os= (7)) ()

so marginal cost depends on the markup and the relative price of the sector.

We can also write this first order condtion as

P*a P PS 0°—1 [eS) B Ps 0°
Pe - B Za§ Dur <P ) {PJ C =By a3~ Dirme;,r {Pj] Cr
T=t
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Remark 3 Linearizing this — start with LHS:

PS = - *S S s s S S
(P> CEr > al™'Dyr [1+4p}% —pi +py —pr — (1 - 6°) (07 — p}) + ]
T=t

Remark 4 Now RHS:
o0
pemc®C°Ey Z as 'Dyr [1 +me; ,p +0° (p7 — i) + CST]
T=t

Equating the two sides and canceling the c5., the 6% (p5. — p;) and the 1
terms,

oo o0
— * T— —
By al ' Dur [p3s — 0} + 07— pr — (07 — )] =B Y _ ol ' Dyrme,
T=t T=t
oo oo
Eq Z al 7'Dy 1 (p}5 — pr) = B¢ Z agitDt,TmC;’t/T
T=t T=t
1 (e ]
(=) = B3 i
s T=t
oo
pii = (1—aB)E, Z ost*t,BT_t(mc;t/T +pr)

T=t

= (1—a.B)(me], +p) + (1 — auB) asfBe Y oI 87 (mes, p + pr)
T=t+1

= (1-asB) (mcit + i) + s BED] G

From (19),

A5 AsUcr

Csr ) 1 (hj,t/T>n

s /
mc =w —_
5,t/T s 5
ATN]’,T

and
S _ S1,S S
Gl = A7hG Ny

SO n
s n
= ) [ Chon (1
J:t/T A‘%Ucﬂﬂ A%st,t/T A%UC,T

Log linearizing,

mes g = mer + 1 (Q;_t/T - :0%) -7 (ﬁ;t/T - ﬁ%) .
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Furthermore,
Ui =97 — 0" (0j% — P7)

SO
e = er = n0° (o35 = py) = (35,0 — 7).
Hence, we obtain

oo

Py = (L—aB)E Y ol 78" (mes, r +pr)
T;t

= (L—aB)B Y al =" [der —nb" (05— ph) =1 (70 — 03 ) + 1]

T=t

or

(L 07) 35 = (1 — ) Be S ol =87 [ier + (1 +00%) piy — 0 (5,00 — 7 + b7 — P}
T=t

Remark 5 Compare to (27) in Thomas (2009) — new term is the relative price

effect on the end.

Solution method employed by Thomas (2009) follows Woodford (2005), and
begins by guessing that

*S __ %8 *S > ~ks kS
Djx =Pt —T Nyt = Pjp = —T Njt, (23)

where p; (7;) denotes the price (employment) of firm j relative to sector average.
From the production function,

78 __ ~s s A5
hie = Uje — ap — M,

so if ?th is the hours at firm j relative to sector average,

Beo = (5= 97) = (A5, — )
= 0" (55, i) — (35, — )
= —95155,1: - ﬁj‘,t
Also,
Epiin = as (ﬁj’,t _ﬁf+1) + (1 —ay) (ﬁ;,st—i-l - ﬁf-;—l)
as (50 = Dipr + 07 — D7) + (1= as) (D551 — Disa + 9050 — D)
as (P54 — f — mi1) + (1= ay) (B34 — Pria + Biia — Piga)
= (ﬁ;,t - 7Tf+1) +(1— o) (ﬁ;,stﬂ =Dt + P —ﬁf+1)
Then since

NS

P = (1—ay)p;® +asp;_y
= s (pf —Pj-1) = (1 — as) (Br° — B7)
=

l—« o "
= ( ) (r° —p7)

g
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we have

~ ~ A% Ak «@ *
Eepj 41 as (B — mi) + (1 — a) [pj,stﬂ — P+ <1 ja ) Wti&
S
= asﬁ?,t — (1 —ay) (ﬁ;,stﬂ ﬁ:&)
~s *S >
= asp;y— (1= ag)T M 141
Hence,
Etﬁ;,tJrl —0°Eup; 111 — 1
= —0° [O‘Sﬁj,t -(1- as)T*sﬁj t+1] - ~?,tﬂ
= —a0°pj, —[1 - (1 —ag)7m™0°|nj, ., =0
SO 0"
- e
141 = — L (- as)T*SGS] Pie = —T"" P (24)
which is Thomas’s Proposition 1 (p. 13).
From the equation for P, the term
o0
B3l 0T [( -~ 3)] = B3l T
T=t T=t
and
E, Z g BT Ry = At sy Z oy T8RS
T=t
= nj, —7"asPE Z al7tptt ( PT)
T=t
Using this result, we can re-write
o0
(1+n0°)p}y = (1 —asB)Ee Yy _al 17" [n’ch + (1 +n0°) p5 —n (ﬁj,t/T —
T=t
as
o0
(L+00°)p5s = (1—aupB)Be > ol 78" mer + (1+10°) py + pr — pi]
T=t

(1 - a,fB) EtZaT tgT—t ( A% — nT)

=t

Remark 6 This deviation is actually provided below. See (25).
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Log linearize the vacancy posting condition From (22),

<Ks) = PEx [(1Z77> (h;,t+1)1+n - b} —B(1—x)KEbi 1

ai

+B(1 — p*)E, < = > +B(1 = p*)E; (D741) — ©F
i1

—BE; Z [(1—x) Tf+1] ®f

k=1,2

Notice that nothing depends on j except hj,,,, so expected hours must be
independent of j. Therefore

(qé) = PR [(1zn> ( f+1)1+n —b} — B (1 —=x)KEbi 41

LA(L— B, ( L ) LB~ p)E, (85,,) — B

i1

—BE, Z [(1 -X) Tfﬂ] q’?ﬂ

k=1,2

Sa-a) = (1) 00 (1 aemig, )] - s

+B8(1 = p°) (;) E; (1—-q;y1) + B(1—p*)P°E, (1 + &fﬂ) —®°(1+ ég’i)
1 .
—B-E Y [2rk¢k(1 + k) (1 + ¢f+1)} .
k=1,2

In the symmetric steady state,

Bs 1+n
-l
(L= p) o+ 80— p)B -0
—B(1=x)r®
So when the steady-state is symmetric,
~(5)ar = sy e - 50 -0 () B
+6(1 = p")PEG, 41 — 2,

1 R ~k
-B(1-x) §T¢’Et Z (i1 + Grpn)-
k=12
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From the matching function,
V¥ a—1
— GLL 1 )\6 t
0 (2)

g0 = [C O+ (1= (1= 2)’]

where
l—a

5

G; = (a—1)0; + (a—1) (8] — ) + g

and in a symmetric strady state,

g (g = [g (1+6%) + 01 o(v#ﬁ5(1+5ﬁ¢ﬁ}
(V)7 [1+¢oA; + (1 g)axf¢f

- @ﬁ@+ax—u—oﬁﬂ
(V) = (V) (1—20) 84,

Since in the symmetric steady state,

kﬁ+{1—gnﬂ

C+A=QIN =X

I3

gﬁ

we have

( 5)%—0%Nﬁéﬁ—@bﬂ%ﬂf

l1—a

Therefore, since

A = a5 — iy
@ = (a—1)b+(a—1) @ — o)+ (a—1)(1—20) A

= (l-a)i+(a-1)+(a—1)(1-20)A\
= (a—1)[0] —ds + (1 —2¢) (4 — Gy)]

SO

Qi = (a=1) [0 + (1 —20) (@ — )] .

Remark 7 If ( = 1/2, get standard result that ¢° = (a — 1)98.
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Remark 8 If( > 1/2, there is "home bias" in employment and as ¢ increases,
the effects of 4 (4°) decrease (increase) on the probability a firm in sector s can

fill a vacancy. For example, if { = 1/2,
g; = (1 —a)tis + (a — 1)0]

and only total unemployment matters, while if { =1,

g, = (1 —a)ig + (a — 1)o7

and only sector s unemployment matters.

We also have
Ty vy
()
q; Ut
SO R
Y= Gf O+ 0 — 0 = G 0] — U
Therefore
s\1+n
R qBxn (h 55 s
@G = - l)@?(ﬁ)] Ehiyq + B(1 — p)EeGi iy
1 s ~8 1 ~k#s ~8
+,8 i(l—X)T‘—(l—p ) ¢Et¢t+l +ﬁ(1—x) §T¢Et¢t+1 +®¢t
1 . . .
+6(1—X) 5T PE: Z (@1 + s — G-
k=1,2
s\1+n
s aBxn (h 2o o
qQ = - [(/1) Etht+1 +B(1 - p>tht+1

1 s 1 ks
#8500 = (1= )| B+ 500 raBd]]

s 1 .
+0¢, + 8 (1 —x) §r<I>Et Z (G4 + 041)
k=12

1 .
- (1 - X) §T‘I’Etut+1~

From the production function,

78 _ ~§ s ~s
hi = g; —ay — iy
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SO

q; p E¢ (051 —ajyy — 05y y) + B — p)EeGiyy

— [qﬁxn(hs)m7

+B[ 1—x)r—(1—p )} By +B(1—X) r@Etasfff

+®¢; + 5 (1 - x) §T‘I)Et Z (GF1 +0541)
k=12

1 N
—B (1 — X) §T¢Etut+1.

Linearization of job finding rate

re = 67 [g (A (i)“+g()\?) (i)a]
r=2 (;)aH“g (\)

r(l+7) = (;)aa"(lﬂzat {g (A) [L+a (8 = o)) +9(A) [1+a(of —0,)]}
< () o { S )
(1+7) = >a9“(1+a9>{g( D[ +a(of —o)] +9 () [1+a(0f —d,)]}

1+a9t) {1+9/ +a(d) —0) +1+ 67 +a(0f — )}

N— N~ N
—~

DN =

I
N TN N

{2+2a9t+§tl+a(ﬁtl—6t)+gf+a(ﬁf—f)t)}

=3
&~
I

) [2aét +gf +a (i} — o) + 97 +a (07 —ﬁt)}

g9¢ = (a=1) (1 = 2¢) (af — )

which implies
(D@+i) - @-va-20 (L) @-a+i-a
— (-1 (1-20) [(;) (8} +i2) u]

= 0
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So

1 o
Po= <2> (200, +a (6} = ) +a (5} — 00)]
1 )
= <2> [2@6,5 +a (b + @f)} — aby
= G/ét

which is just as in a single-sector model.

Labor adjustment costs Labor adjustment costs are

)

s _ HS s\1+e€
(I)t_é 1+6(At) )
8\ oz 19 -\ 1+e€ ~8
B1+d) =@ — ()T 1+ 1+ X]
~S ,19(5\)1"1‘6 . 9 e . 9 1 1+e
= M) ® ¢_1+5(A) _¢_1+e(2>
So .
"8 P (N
t:—g('&,‘f—f%%g: ((Iz

Log linear system Complete pricing system:

oo
L+n0) s = (1= auB)Be Y al “ 87 (@er + (1+00%) pi =1 (#5/7 — %) +pr — i)
T=t

(oo}
(1—aB) By altg"" [ﬁch + (1+n0%) p — 15y + P — pST}

T=t
Since

~S _ ns ~s
i1 = —T Pje

oo o0

T—t T —t~s _ =s T—t T —t~s
Et E Qg B nj’t/T = nj,t+asBEt E 78 6 nj,t/T+1
T=t T=t

o0
> S T—t QT —t ( A N
= n;',t — 7" B, Z Qg fﬁ (p;‘,t - p;“)
T=t
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Thus,

(1+n0°)py = (I—af)E Y ol 7" [W?CT + (14 n60%) pr — 10§ /7 + P — PT}
T=t
(1—B)Ee Y al 7" [mer + (1+10°) pi + pr — py]
T=t

+nm™asB (1 — asf) By Z CYT tﬂT ! (pj t IasT) —(1—asB) nﬁj,t

T=t
L+n0°)py = (I—aB)Ee Y ol 78" [mer + (1+10°) pi + pr — py]
T=t

— (1= aB) it , + " e Bp5, — " asB (1 — auB) By Y ol 8T (%)

T=t

(L+00° = aB)pfy = (1—aB)E Yy ol 87" [mer + (pr — p7)] — (1 - asB) nits,
T=t

+(1 - aB) EtZaZ P+ 00" — 0l B)] Py
=t

(1+¢)pys = (1= aB)E Y ol 7'87 " [mer + (14+0°) p5 + (pr — )] —(1 — asB) it .
T—=t
(26)
where
7°=n(0° — 1) .

Averaging across j and since adjusters are chosen at random, we obtain

(1+6")p;" = (1= ) E > _ ol 78" [mer + (1+7°) b7 + (pr — 7))
T=t

(27)
Subtracting (27) from (26),

(L+7°) Bz = =0
which is consistent with (23) iff

ks |:(1-0@ﬁ)n:| ﬁs‘t
s

p]t:—'T n77t__ 1_’_,;7,8

or

s [(1—0435)77} _ [ (1 —asB)n }
1+7° 14+ n0° —nr™sa,p
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From (24),
ns __ ases
= (1= ) Te0°

so these two equations need to be jointly solved for 7*¢ and 7.

T

Phillips curve From (26) and p;° — p§ = [as/(1 — as)] 75, and

(1= o) (i1 — 7)) = mipa,

and

A+7)p;° = (1— BBy ol ~'p" [mer + (1+7°) by + (pr — p7)]
T=t

= (1—apf)[mec+ (1 +7°)p; + (pr — p})]
+afE (14 10%) piiy

we can get
1+2°) (B;° —p7) = (1—ash)[me:+ (pr— pj)]
+as BB (1+7°) (9751 — i)
+ (1 =asB) (1 +0°)pf + asB(1+0°)p; — (1 4+0°) by

) ($2 ) m = (= aud) [+ G o)

—s 1 %S
+afE; (14+1%) (1—(1) T

s K* — s *S
Ty = (1 T 7—75> [me + (pe — pt)] + BEimil4

where
s (1—045) (1_0556)

Qs

30



5.6 Linearized model

Euler condition:

Goods market:

Inflation /prices:

/431 ~ *
T = ( > (et + (o = p})] + BB,

K2 _ "
ﬂ'f = < ¢2> {mcf + (pt — pf)} + ﬁEtﬂ'til

. P\ P2\
bt = ?pt‘F ?pt

Dt = Py—1 + Ty

15% = ﬁtlfl + 7Tt1
P;=pi_, + 7

Tt :ﬁt *ﬁt—l

Employment: .
hy =g —aj — iy
hi =97 — aj — 73
e = (1= pY)ig +p' (@ + ;)

At = (L= p*)if + o (37 +07)

gl =(a—1)d, +2(1-C)al.

2 =(a—1)0;, +2(1-¢) i



b, =02 — i
X qBxn (h) ] :
qtl = — [w Ethtl+1 + /6(1 - p)tht1+1
1 s ~1 1 ~2
+8 |51 =x)r = (1= p")| ®Eigy 1 + B (1= x) 5rPEd, 1
~1 1 . .
+®¢, + B (1 - x) §T<I’Et Z (@1 + 1)
k=1,2
1 N

-B(1-x%) ir@EtutJrl-
R qBxn (h) ] .
qt2 = — [W Eth?-‘,-l + 6(1 - p)EtQtQ-i-l

1 ~2 1 A1
5[5 007 = (- )| #BGL + 50 -0 rem,
A2 1 R .
+@¢, + B (1 —x) §T<I’Et Z (Qerl + Ufﬂ)
k=1,2
1 .
*/6 (1 — X) §T¢Etut+1.

Remark 9 Note that each of these can be rewritten as

s\1+n
. aBxn (h ; 5
q% = — [W Ethtl+1 + 6(1 - p)EtQtl-i-l

~1 ~1 N
—B(1 = p*)PE;p; 1 + P, + Eilyq.

sy1+m
. qBxn (h 7 5
th = — [2) Eth?+1 + 6(1 - p)thngl
s ~2 ~2 N
—B(1 = p*)PE;¢y 1 + PPy + Eirga.
.1 2k ke sk -
o= SAO-)r® | D (6 +d )

k=1,2

= B(l-x)rd % Z($f+di")+ét

k=1,2
) NN ) )
iy =p <> Apy+ (L =7) g — 7
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X N2 N A
u? = p <> nf—l + (1 - T) u?_l —Trre

= (;) (i +7)
e = (;) (n} + i)
o = (;) (o1 +97)

Marginal costs:

1 . .
me, = (n+0)g — (L+n)a; —niy

—~2 A~ ~
me; = (n+0) g — (1 +n)ai —nif

Management costs:

[ V)

b= (1+ X
b =1+ ek

Policy rule:
it = ¢7T7Tt
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