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1 The efficient equilibrium

Using the assumed functional form of the matching function, the social planner’s problem can be

written as
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First order conditions are
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while the third then implies




We can write the fourth of these first order conditions as
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Rearranging this condition for efficiency and noting that @65~ - q(6;) yields

Zy = w'+

K

_ u K At41
= aq B (1 B p)ﬂEt ( At ) OéQ(9t+1)
+(1 - p) (1 — ) 8E, (ﬁ;) KOri1. (1)

In the steady-state, this condition becomes

L+ e 1) (252 e
aq aq «

But as ¢ = pN/V and 8 = V /U, we have
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Note that d; is the net consumption generated by one additional match (the match produces 1
unit, but home production falls by w*, and to fill the march required posting 1/(0m/dv) = V /apN
vacancies at a cost k each).

Equations (11) and (12) imply that the job posting condition takes the form
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When prices are flexible, u, = p > 1 for all . However, a tax-subsidy policy that offsets the

allocative effects of the steady-state markup is not sufficient to ensure that the resulting flex-price
equilibrium is efficient as is the case in the standard new Keynesian model. Inefficient job posting
can lead to an inefficient level of vacancies and unemployment. Efficiency requires p; = =1 and
by = 1—a. This second condition is the familiar the Hosios condition for efficient vacancy creation.!

Letting a superscript e denote the efficient equilibrium, the job posting condition takes the form
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!The Hosios condition requres that labor’s share of the surplus, b, equal the elasticity of matches with respect to
unemployment, 1 — a.




When linearized,and expressed in terms of the efficient level of unemployment, this yields
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where r{ is the equilibrium real interest rate in the efficient equilibrium.

In addition, the IS relationship in the efficient equilibrium takes the form
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where d; = (1 — p) (kV/aU) (e — 1+ U/pN).. The responses of the efficient unemployment rate
47, ; and the real interest rate in the face of productivity shocks can be found by jointly solving (3)

and (4).2 Equations (3) and (4) imply that the equilibrium unemployment responds to productivity

shocks even under flexible prices.

2 The Nash bargaining solution

The value of a match to a firm is J;. For a worker, the valuation equation for being in a match that

produces in period t isFor a worker, the valuation equation for being in a match that produces in

period ¢ is
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since a matched worker survives the exogenous separation hazard with probability 1 — p, is exoge-
nously separated but finds another match with probability pps11, and fails to find a match with
probability 1 — p;11. The valuation equation for being unmatched is
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In (4), we have followed Neiss and Nelson (2003) in defining 4§, relative to last-period’s efficient unemployment
rate. Thus, the path of 4f,; is that for an economy that has always been in an efficient equilibrium. Alternatively,
Woodford (2003) defines the flex-price and efficient equilibria conditional on the actual outcomes in the previous
period. In that case, 4¢,; would depend on 4;. Edge (2003) discusses these two alternative definitions in the context
of a model in which the lagged capital stock is an endogenous state variable. We follow the Neiss-Nelson definition;
as Edge shows, it proves more convenient for deriving the welfare approximation we use to characterize optimal
monetary policy.



An unmatched worker finds a job and survives the exogenous separation hazard with probability
pt(1 — p), finds a job but does not survive the exogenous hazard with probability ¢;p, and fails to
find a job with probability 1 — p;. Thus, the value of a match to worker is
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The value of a match to a worker is equal to the wage w; net of w" plus the expected discounted

value of being in a match in the following period. The probability of being in a match is 1 — p,

the probability of surviving the exogenous separation hazard, plus the probability of exogenously
separating but finding another match within the period, or p.

Let b; denote the worker’s share of the job surplus in period ¢, where b; is assumed to follow a

stationary stochastic process. Under Nash bargaining, the sharing rule implies
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We can use this in (5) to write the worker’s surplus as
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So (6) becomes
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Solving for the wage,
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Doing it correctly, equation (13) of the most recent draft is
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which, using the wage equation (7) yields
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So the definition of the &, the effective cost of labor, is
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3 The linearized structural equations
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The model consists of the following core equations (see paper for definitions of the variables and a
discussion of the model equations):
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plus the Fisher equation linking the nominal and real interest rates, the first order condition for
price adjusting firms, and the definitions of A as the marginal utility of consumption, ¢; as the
probability a vacancy is filled, p; as the probability an unemployment work finds a match, and b;
and z; are exogenous bargaining and productivity shocks.

When linearized around the steady state of the model, one obtains
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we need an expression for ét, the effective cost of labor. Start with
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So collecting these results after noting that £ = 1/u:

Recall that
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Evaluated around the efficient steady state,
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From (9) - (11) and the model of price adjustment,
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The Fisher equation is
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These eight equations, when combined with the production function and a specification of monetary
policy, can be solved for é&, 4, 7, Uy, Ut 9t, iy, T+, ¢, and i;. We proceed to obtain a version of
the model that consists of three structural equations in ¢, 1, and 0,.

Define n = (1—p) (N/a) and p, = (1—p) (1 — pN/a). We can use (14), (15) and (16) to write
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The constant returns to scale technology for whoelsale good’s production implies, when linearized,
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that ¢ = ny + 2;. Thus, ¢ can be eliminated from (12) to yield
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We can now use (21) to write the goods market clearing condition (22) as
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where v = ¢, /(p; + ps). Tt is straightforward to show that when the efficiency condition (2) holds,
v = B/(1+ B) so that (24) becomes
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Using (17) to eliminate real marginal cost from the inflation equation (18),
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Equations (20), (25), and (26) gives three equilibrium conditions in terms of unemployment,
labor market tightness, and inflation that could be combined with a specification of monetary
policy.

A version of the model that is even more similar to a standard new Keynesian specification can be
obtained by using (20) to eliminate ; from (26) to yield two structural equations, an unemployment

based IS relationship and an unemployment based Phillips curve. These two relationships are
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A primary difference from a standard Phillips curve is that inflation is affected by current and



expected future values unemployment, as well as by the real rate of interest.?

4 Natural levels (flexible prices)

From the marginal cost expression when prices are flexible,

Zt K 1— 1 K 1—
1-b)—=01-b)w"+—-6,"*—(1- (—)E(—H > — kbO . 29
( ) 7 ( t) ot ( p) R, t o bt t0t+1 (29)
Comparing this to (1) shows that the equilibrium will be efficient if b = 1 —a (the Hosios condition),
by = 0, and g = 1. Linearizing (29) around the efficient steady-state, and letting a superscript e

denote the efficient equilibrium, one obtains
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The IS relationship (25) holds whether prices are sticky or flexible, so
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It will be convenient to rewrite this in terms of employment as
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5 Welfare

To derive an approximation to the representative agent’s utility, it is necessary to first introduce
some additional notation. For any variable X;, let X be its steady-state value and let X; =
log (Xt /X ) be the log deviation of X; around its steady-state value. Using a second order Taylor

approximation,

(X (e 1,
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3To obtain a single equation representing the contraints on monetary policy (as long as interest rates do not appear
in the central bank’s objective function), the IS relationship can be used to eliminate the real interest rate from the
Phillips curve. In this case, inflation will depend on current and expected future changes in the unemployment rate
as well as its level.
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Employing this notation, we develop a second order approximation to the utility of the represen-

tative household. In doing so, we found the work of Edge (2003) very helpful.

5.1 Household utility

The second order approximation to household utility, which is a function of total consumption, is

_ _ 1 _

If we define

Then (34) becomes
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5.1.1 Second order expansion for market consumption
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5.1.2 Second order expansion for vacancies

Since V; = 0.Uy,

Uy = Op + Uy
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is exact, but to express this in terms of 7;, we need to use the correct second order approximation

for unemployment in terms of employment. Since Uy =1 — (1 — p)Ny_1,
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5.1.3 Second order approximation for labor market tightness

Now we need a second order approximation for labor market tightness, 9,5. From N; = (1—p)N¢—1+

pb7 Uy, we obtain
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Now, using (39)-(41) in (38),
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5.1.4 The approximation for market consumption
We can now use the expressing for vacancies given by (42) in (36) to obtain
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since d; is already second order,
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5.2 Evaluating utility

Repeating (35),

Recalling that

and noting that
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we can express utility, after some simplification, as
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5.3 The present discounted value of utility

From (45),
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5.3.1 First order terms

In section 1, it is shown that in the efficient equilibrium, §; = —(3d2. Therefore, the first order

terms become

o0
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which is independent of policy.

5.3.2 Second order terms

The second order terms are
© 1 ©
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plus a term in 2? that is independent of policy.

Price dispersion term Up to second order,

> Bl = —2% > Bt
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where ¢ is the standard new Keynesian coefficient giving the elasticity of inflation with respect to

marginal cost.

Term in employment squared The next term is
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i=0 1=0

1 _
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which is independent of policy.
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Cross products with productivity This leaves us to deal with
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But 7n4_12; is independent of policy at time t.

So the terms in X; involving cross product terms with the shocks (the first and third terms in
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46) become, in expected present value terms,*
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Using this to replace n:2; in the expression for the present discounted value expression yields

o i % 1.
UcNZgﬁ |:(1 — Oé) (-OépN) ( t+i ,BpuEt H—Z-‘rl) — 61rt+i:| Mgt
— 0 i A N 2 ~e ~e ~ ex N e R
HUND 5\ 50 cm 05 [(L+ )iy — BEMG i1 — N5 1] s — 8027 it ¢ -
i=0
The real interest rate terms cancel out since 61 — 3d2 = 0, so we are left with
UcN i ﬂz (]_ — a) HV <0t+2 /BpuEté:+i+l> ﬁt«m’
i=0 apN
oA N 2 — i1 ~e ~e e R
FUNG (G ) 53D 67 [ B)f s — BEG i1 — i1 e

1=0

for the cross product terms involving n and 2. But
~e ~e " ~e . PN ~e .
(9,: — ﬁPuEtetH) iy = 0, (punt—l + 04,09t) — BEO,1py Nt (47)

so when we take present discounted values, the 9: 1Py yi—1 and 6Etéf Lir1PyMei terms will cancel
(except for the first, pu@: n¢—1, but that is independent of policy. Thus,

Ae
Zﬁz < t+i — BpuEit t+z+1> Ntti = aPZﬁ Or1i0 t—l—z + Pyt 10

=0
The coefficient on 77 is 36 (CL) 8o (g) (L), but
() () (2) = #(F)(@)=(F) )
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Hence, for the PDV of the cross product terms we have

> ; ~ K‘,‘_/ > ;A ~e
‘B i = UCN 1—« e 0 19 i
;5 ot ( )(N>;ﬂ t+ifty

_ (N > . A o .
HONG () o0 36 0 it = BBy AL s (09

Cross products with other variables Define

s i . 1 — I{V 1 2> AN ~ 2
;ﬂ Giyi = _EUCN(I —a) (W) (a_p> ;5 (Rt+i — pyfit+i—1)
1 B N 2 oo ‘
_§6UCC’m (C'_m) ;ﬂz (61714i + Oafigri1)? (49)

as the present discounted value of the cross product terms among the variables in X; (i.e., terms 2
and 4 of 46). From (41), this can be written as

ZﬁiGtH = _%UcN(l —a) (/@'V) Zﬂié?ﬂ'
i=0 j
B

For future reference, notice that
> B (1hui+ Saiuri1)® =03 Y B (—Bhui + i)’ =05 Y B (Rugir — Bheyi)®.
i=0 i=0 i=0

5.3.3 Collecting results on all second order product terms

Adding together the PDVs of By and Gy,

A 7 N
X: = (1-a)UN <W>iz;ﬂ19t+i9t+i

~ \T N S % ~e ~e ~ ek ~
+oU.N (%) 03> BT+ B)AGy; — BEAG i1 — A1) P
=0

1. - KV = a2
—5UN(1 - a) (W) ;ﬁ 0,

1. _(N = ;.. X ,
—50UN (E) 03> B (Ruyio1 — Bhusi)” + tip (50)
i=0
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or

X, = —%(1 —a)U, (%) Zﬁi (étﬂ' - é:+i>2

1=0
S
+oUN % 03 Zﬁ [(1—1—,@)71“_1 /BEtnt_H.i_l Nyyi 1] N+
t=0
1 _ (N >
—50UN (m) X E%ﬂ (Rutio1 — Biss)” + tip (51)

Terms involving the CRRA Start by focusing on all the terms that are multiplied by &.
These are 6U.N ( ) 62 times

Je =Y B (14 B)gys — BEM 1 — A1) i — Zﬁl (i1 — Biuga)?. (52)

=0

First, note that
(1 +B)i = BEA .y — ni™a] A = [(BAF — #§%1) — (BEenfiy — AF)]

It follows that

o0 oo
Zﬂlﬂ [(1 + B)ys — BB i1 — ﬁ:‘ﬁi*l] vy = Zﬂlﬂ [(ﬁﬁteﬂ - ﬁfﬂ‘q) - (ﬁEtﬁeriH - ﬁfﬂ)] T4i

=0 =0

— B(BA5 —Agy) — (BEwif,, —75)] n

+ﬂ2 [(ﬂnt-l-l - ’flf*) (/gEtﬁ§+2 - ﬁ§+1)] Ng+1 + ...

= (Bng —nf*y) 1 — (BAF — 1§y (A1 — Bny)
—B (BEng .y — 1f) (e — Brgyr) + .+ Lip.
= (/Bnt - nt 1) g1

- Z B (B — fy 1) (Ruyio1 — Bryyq)

Notice first term (ﬁﬁf — ﬁfil) ny—1 is independent of policy.
Using these in (52) yields

o0
Joo= =Y B (BAf — i) (Aeyion — Brugs) — (Pgio1 — Bhesi)” + tip.

1=0

o0
A A~ ~ 2 .
= Zﬂl Ryt — BNg) (Rugior — Brss) — (Nigi-1 — Brgys)” + tip.
=0

1%
S

l\DIr—t

R
T2 Zﬁz (i1 = Birgs) = (Aiioa — ﬂﬁf+i)]2 +t.i.p..
i=0
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So the terms involving & are equal to
1 ~ \T N > % ~ ~e ~ ~e 2
_EO-UCN (%) 5% ;ﬁ [(nt—i—z’—l - nt+i71) - /8 (nt+i - ntJri)] . (53)

5.4 Final results

Collecting results, we can now write (51) as

1. - (Vo= ./~ e \2
Xy = —(1- a)EUCN (%) Zﬁ’ <9t+i - 9t+i)
i=0
1. (N 9 = PR e . Lo V12 ;
—§O'UCN @ 52 ZIB [(nt+i_1 - nt+i71) — /B (nt+i - nt+i)i| + t.Z.p
i=0

Recalling that 6 = 0C™/C, the correct second order approximation for welfare is therefore

given by
= U(c) £ A 2
Y BUC) = 5 2—6U6025Zwt
=0 =0
1 = /d_/ > A ~e 2
—(1 - a)iUcN (W) ﬂz (0t+i - 9t+i>
i=0

It is useful at this point to recall that (23) implies we can write, in gap terms,
N N
&t =— | —= | (01841 + 92u;) = | = | (817 + Saftg—1) .
== (35) G + 6ai) = (5 ) Goie + G )
Using the efficient condition, this becomes
N

& =— (5) 5o (Bity — fig_1) -

Hence, the last term in the welfare approximation is equal to
1 A=
—50UC Z g2,
=0
Thus, we have that

iﬂiU(Ct) = @ - %Ucégﬂi [77? L (1-a) (g) (%) 7.t o (g) agﬂ.]

+t.2.p.
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which is produces (23) of the text.
Since our structural model is expressed in terms of inflation and unemployment, it will be

useful to similarly express the loss function in terms of these two variables. Since ;41 = —nfy,
and 0; = (i) (e — pynit—1)- In addition,

ap
&= — (%) 02 (B — Mg—1) = (%) (Blgs1 — )

so we can write the loss solely in terms of unemployment relative to the efficient level 4¢. Doing so
yields (26) of the text.
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