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1 Derivations for section 2.1

1.1 The flexible-price equilibrium output (eq. 9)

When price are flexible, equations (4) and (7) of the text imply that equilibrium
requires
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where ® = 0/(0 — 1) is the markup. From the resource constraint, Cy = v,Y;,
and from teh production function, Y; = A;N;. Thus, we can rewrite (1) as
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Solving for Y yields the expression for equilibrium output under flexible prices:
1
—o 4l4n\ oE7
th — £ UA; ! ' ’
XPR;

which is equation (9) of the text.

1.2 The social planner’s problem under flexible prices (eq.
12)

We solve a simple one-period version of the social planner’s problem to show
how the fiscal variable v, affects the efficient level of output.
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The social planner’s problem is
maxU(C,N)+ A[AN —C - G] + p[(1 —v)AN — G].

First order conditions are
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Eliminating the Lagrangian multipliers implies
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In teh text, the utility function is assumed to take the form
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Evaluating (2) yields
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where Y/ is the flex-price output level when ® = Rf = 0.

1.3 The real interest rate in the Euler equation (eq. 14)

Using the resource constraint, the Euler condition (3) can be linearized around
the steady state to yield

ét — Jét = Et (ét+1 - Uét+1) + ft.

Using the resource contraint (C; = ~,Y3), this can be written as
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Y, =— (;) E; (§t+1 - gt) + Et('7t+1 - ’Yt) +EYip1 — (;) Tt.
Expressed in terms of the output gap, the Euler condition becomes
ot 1 2 2 ~ A ? o f of _vfY_ (L)
Yi—Y, = - > Ey (§t+1 - ft) +E (Y1) +E: (Yt+1 - Yi+1)+Et (Y;t+1 -Y; )_ s Tt
Finally, defining

i =0 (B - 5) - (B~ &) 40 (B -7).



the Euler condition can be written as
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where r, = Ry — E¢m¢41. This is equation (14) of the text.

Equation (3) shows that the real interest rate in the flexible-price equilibrium
will be affected by productivity (via Etﬁil —th ), taste, and fiscal shocks, unless
these shocks follow random walk processes.

2 Welfare approximation

2.1 The loss function

In this appendix, the approximation to the welfare of the representative house-
hold is derived. In doing so, we follow Woodford (1999). Our model differs from
his in three ways. First, we assume the utility of the representative household
depends on consumption and leisure, while Woodford assumes it depends on
consumption and output, where the role of output is to capture the disutility
of work. This change does not affect the results. The second, more substantive
change, is that we allow explicitly for stochastic variation in the share of output
going to the government. Finally, the steady-state values in our model are not
independent of monetary policy (as they are in Woodford) because the level
of the nominal interest rate in the steady-state affects equilibrium output and
employment.
We make use of the following notation:

Notation
X Steady-state value
Xt Efficient level
th Flex-price equilibrium level
X, X, — X
X, log X; — log X

Given this notation,

X, X, 1 X \1? s 1.,
nltlog () 4= |log ([ 2E)] =1+ X, +=X2.
< +og<X)+2[og<X)] + t+2 ¢

Because one can always write X; = X (% — 1), it follows that X; ~ X (Xt + %Xf)
Utility is assumed to be separable in consumption and leisure and takes the
form
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We begin by approximating the utility of consumption. The second order Taylor
expansion for U(Ct, &,) is
~ N | N ~ .z 1 =2 s =
U(Cr, &) ~ U(C, )+U(C, 1)Cit5Uee(C, DCHU ¢(C, D& +5Ue 61 +Uee&iCre
We assume the government purchases individual goods in the same proportions
as households and that aggregate government purchases are proportional to
output; Gy = (1 — v,)Y:, where v, is stochastic and bounded between zero and
one. The aggregate resource constraint then takes the form Y; = C; + Gy =
Ct + (1 - ’7t>Yt’ or
Cr =1 Ys. (5)
_ _ . N2
This implies that C; = 7Y [’Ayt +Y, +1 (’Ayt + Y}) } . Given the utility function
specification (4), the utility of consumption becomes
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Ignoring terms of order X for i > 2,
_ o L 1 N2
U(Ci&) ~ U(C,1)+U(C, 157 [(1 +8) (5 + V) + 51— o) (3 + 1) }
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The next step is to obtain an approximation for the disutility of work. The
second order Taylor expansion for V(N;) is

_ 1 s
V(N;) = V(N) + Vn(N)N; + §VNN(N)Nt2 (7)
where aggregate employment is
~ 1
0

For employment at firm 1,

Each firm has a production technology given by y:(i) = Ayn: (7). Hence,

flt(l) = ZQt(Z) — Ay



We can then write

Q

N, /01 7y (1)di = n/ol {m(z‘) + %m(m] di

7 Uol J.(i)di — A, +%/01 (z}t(i) - At)Qdi] .

Substituting this into (7), and ignoring terms of order X2 and higher powers,

V(N,) ~ V(N)+Vn(N)y Vol Ge(i)di — Ay + % /01 (gjt(i) — At)Q dz}
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Given the demand functions facing each individual firm, the aggregate out-
put variable Y; is defined as

1
Y,;:/ yt(i)%dﬂ
0

This implies
1
. 1/0-1
Y = / ge(1)di + 5 <—> var;Ji(1).

Uolﬁt(z‘)dir = {Yt —~ % <0T1> Uarigjt(i)r ~ V2.

Note also that )

/01 G (i)2di = [/01 gt(i)dz} + vars G (i).

Hence,

Therefore,
1
/ 9e(3)2di = Y2 + var; g (i).
0
In addition,
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Using these results, equation (8) becomes

V(N:) =~ V(N)+Vn(N)g {Yt — A - = (—) vari;gt(i)}

+%VNN(]\7)372 (¥ - At)Q . )



Combining terms, and using the utility function (4),

V(Ny) = V(N)+Vn(N)g |:Yt — A+ % <1> varygq (i) + %(1 +17) (Yt — At)2] .

0
(10)
Combining equations (6) and (10),

U(CL&) = V(N = U(C', 1) = V(N)
HUACTY [+ E) (304 72) + 50— 0) (3, +72) ]
+U (G, D + %Uf,géf

—Vn(N) [gift — A+ % (%) varg (i)

+%(1+n) (Yt —fltﬂ (11)

Before simplifying this expression, note that the steady-state labor market
equilibrium condition becomes Vi /U, = @ = 1/PR. If we define O such that
1-6= ;,
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then Vi (N)y can be written as U.(C)5
that terms such as ('7<I>R)71 V2 =(1-
we can now write equation (?7?) as

©). We will assume O is small so
become simply Y;2.! In this case,

U(Cr&) = V(N) =~ U(C,1) = V(N) + UOFY [(1 +&) (1 +7:) +50-0) (7 + Y)]
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Collecting terms,
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I This is stronger than the corresponding assumption made by Woodford (1999). He as-
sumes (<I>)71 is small. The presence of 4 and a positive steady-state nominal interest rate
increase the average distortions in the economy relative to the case in which the monopoly
distortion is the only source of inefficiency.



Define

t =
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Then the utility approximation can be written as

UGYn€) - VIN) & UV,1) = V()= 5 (0 +m) U (V- 2 - =)
—%UC(Y)Y (%) var;§e (i) + t.0.8.p.. (12)
where
tisp. = U(C,1)AY [(1 + &)+ (1— @)At} +U ¢(C 1),
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are terms independent of stabilization policy.
Recalling that

of 1—|—7’] i 1 Af_A _ (o R
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Z; can be written as

Zt_ytu(a-lm) (R[qwt).

With the assumed utility function,
log (i) = log Yy — 0 (log pe (i) — log 1)

SO
var; logy:(i) = 0%var; log p¢(2)

The price adjustment mechanism involves a randomly chosen fraction 1 —w of
all firms optimally adjusting price each period. Define P, = E;logp:(i) and
A; = var; log p(i). Then Woodford (2000) shows that

Ay~ wA 1 + <L> 77?,

1l—w

where 1 — w is the fraction of firms that reset their price each period. If A_; is
the initial degree of price dispersion, then

o w o . .
;,@’tAt = [—(1 — = wﬂ)} ;,@ 77+ ti.p.,



where t.i.p. denotes terms independent of monetary policy.
Combining this with (12), the present discounted value of the utility of the
representative household can be approximated by

S AU~ T-03 6L,
t=0 t=0

where )
Lt:wf+A(ﬁ—Zt—z*) ,
1. -~ w
Q:— CY 9)
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The parameter & is the coefficient on real marginal costs in the inflation adjust-
ment equation.

2.2 The demand shock in eq. 26

In equation (26) of the text, a demand shock u; appears. Using the results from
section 1.3 above, and replacing Y7/ with Y*,

¥ 9 9 O 1 *
Vi ¥y =By (Yo = ¥ ) - (;) (re = 79),
where

Py =0 (Eth% - ff;) - (EtétJrl - gt) + 0 (Ee¥yy1 — ) -

From the definition of Y;* given in equation (24),

EthL—Yt* = (0 n Tl) [(1 + 1) (B¢ Ay — /L) — (B — ) + (EtgtJrl - ft)}

Hence, the Euler condition can be written as

1 ~
Ty = E¢Tip1 — <;> (Re — Eymeqn) +ue (13)

where
1 N o 1 A N R R
ur = <;) T: = (EthTH - Y ) - (E) (Et§t+1 - St) =+ (Et’Yt-H - ’Yt)

(0 j_ 77) [(1 + n)(EtAt—&-l - /Alt) - (Z) (Et%t—i-l - ét) + %(Eﬁytﬂ —A01

which is equation (29) of the text.



3 Optimal monetary policy

In order to contrast results with and without the cost channel, it will be useful
to introduce the index variable ¢ defined as

5= 0 if there is no cost channel
~ | 1if there is a cost channel

and to write the inflation adjustment equation as

T = BEtﬁt—l—l + H(O’ + 7])1375 + 5I€Rt, (14)

3.1 Discretion: derivation of equation 30

The problem of the central banker is to choose a path for Rt, and the implied
paths for z; and 7, to maximize

Ut = —%Et {Z

i=0
subject to
1 N
Ty = E¢Tip1 — <;> (Re — Eymeqn) +ue
and .
m¢ = PEsmi1 + k(o +n)ay + kR,
where
l+m i i AW 2 n . .
= — E/A — A) — (—) E — —(E -
(2 <U+Tl) [( A1 — Ar) . (Bt — &) + T +77( tYer1 — Ve)

Let x, and 1, denote the Lagrangian multipliers associated with each of
these constraints at time ¢. Under optimal discretion, the first order conditions
for the central bank’s problem are:

oU, 1 .
axtt = A <xt o+ 77%> oMYt x =0
oU,
om = T U=0
oU; (1)
— = =0k, + | — =0.
ok, Py p Xt

From the last of these, x, = odri, so that x, = 0 in the absence of a cost
channel (§ = 0). From the second first order condition, ¢, = 7;. Using these
results in the first of the first order conditions yields

() [ Gl

which is equation (30) of the text for 6 = 1.
The equilibrium behavior of inflation is found by substituting equation (15)
into the constraints (13) and (14), and solving the resulting two-equation system.




3.2 Commitment: derivation of first order conditions un-
der commitment

The fully optimal commitment policy involves a choice of current and future
values of inflation, the output gap, and the nominal interest rate to maximize

1 e’} 1 2
—ZE S g w2+A[x—<—)ﬂ

1 .
+Xt [ﬂct —Eizi1 + — (R — Eemygq) — gt]

o
+, [m — BEimes1 — k(o +n)z — ,%M:Et} } ,

where x and v are Lagrangian multipliers. The basic problem of time inconsis-
tency is illustrated by contrasting the first order conditions for time ¢ and for
future periods t 4+ ¢ for ¢ > 0. At time ¢, the central bank sets m¢, x¢, and R,
such that

T+, =0 (16)
Moo= (755) 1] + 3 - o+ mw =0 (1)
(%) N T—. (18)
while for ¢+ > ¢,
Teri + (Vepi = Yegio1) = Xepioa (%) =0 (19)

1 . _
A |:$t+z' — (m) ’Yt+i:| + Xeri — B 1Xt+i71 — k(o + ;=0 (20)

1
(;) Xi+i — 0k, = 0. (21)

If 6 = 0 (no cost channel), x;,, = 0 for all i and these first order conditions
reduce to the case considered by Woodford (2000), Clarida, Gali, and Gertler
(1999), or McCallum and Nelson (2000). When 6 = 1, the nature of the time
inconsistency inherent in this problem shows up in the comparisons of (16) to
(19) and (17) to (20). These first order conditions for time ¢ can be rewritten

G ey

and for ¢t +14, 7 > 0, as
Tevi = —Vpp + (L+K) Vppi g (22)
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1 . _
A [xt+i - <0—+77> 7t+z} =p 10“¢t+i—1 + KNy (23)

Svensson and Woodford (1999) have described a policy that implements equa-
tions (22) and (23) for all ¢ as the timeless perspective precommitment policy.
3.3 Simulations

To carry out the simulations, we write the model in state space form:

[ ’:Yt+1 i i ’:Yt+1 ] [0 ] [ U~t+1 1
§t+1 §t+1 0 Ugyyy
at41 at+1 0 Uat41
v vy 0 0
)A/te = A Y/te + 0 Rt + 0 )
Tt Ty 0 0
Btk
Etfﬂt+1 Et$t+1 0’13 0
| Eymiqr Eimgir | L B U L 0 _
where
i P~y 0 0 0 0 O 0 0 ]
0 Pe 0 0 0 O 0 0
0 0 Pa 0 0 O 0 0
el 1 1+
. —1W ﬁ ﬁ 0 0 O 0 0
- U_H] U_H] otn 0 0 O 0 0
—5 0 0 000 0 1
nl=py)  Znl=pe)  (I4n)(1—p,) wlotn) 1
o+n o(o+n) o+n 000 I+ of oB
0 0 0 000 -4z 1

The equilibrium under optimal discretion and commitment are obtained us-
ing the programs of Paul Soderlind, available at http://home.tiscalinet.ch/paulsoderlind/.
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