
FINAL REVIEW
1. [almost half of exam] Two points are given in the upper half plane. Give a Euclidean construction of

the hyperbolic line which joins them.

Problems on compositions of isometries. One will use the reflection trick sketched here.
2. What does a rotation by θ radians do to directions? Does it matter what the center of rotation is?
P1 and P2 are two distinct points. Let R1 be rotation about point P1 by θ1 radians counterclockwise

and R2 rotation about P2 by θ2 radians counterclockwise.
Can R2R1 be a translation? Answer: Yes !
If it is a translation what relation must be obeyed by θ1 and θ2?
Suppose that θ1 = 90o and θ2 = −900. Then R2R1 is a translation. In what direction? By how much?

Suppose here that that the vector P1P2 is 5 units long and points in the positive x-direction and 5 units
long.

To solve this problem: write R1 = S0S1 and R2 = S3S0 where the Si are reflections about lines and S0

is the line joining P1 and P2.

3. [Stated in a T/F setting]
What is the maximum and minimum number of fixed points a non-identity transformation can have if
a) it is an orientation preserving isometry of the plane?
b) it is an orientation preserving isometry of the sphere?
c) it is an orientation preserving isometry of the hyperbolic plane (use upper half plane model)?
d) it is a Mobius transformation acting on the Riemann sphere?

4. T/F? Reason required as per midterm
a) Every orientation reversing isometry of the plane has at least one fixed point.
b) Every oriientation reversing isometry of the sphere has at least one fixed point.
c) Every orientation reversing isometry of the hyperbolic plane has at least one fixed point.

5. Which of the following admit invertible conformal maps from one onto the other?
a) The upper half plane to the interior of the unit disc.
b) The full plane to the upper half plane.
c) The sphere to the plane.
d) The sphere minus one point to the plane
e) The sphere minus one point to the upper half plane.
f) The upper half plane to the sphere.

5. M is either the Euclidean plane (E), the sphere (S), or the hyperbolic plane (H). You are given a
geometric property of M . For what M ’s does this property hold? Your answer will be a subset of the symbol
set {E,S,H}, so there are 8 = 23 possible answers, ‘none’ or “∅ ” being one. Give supporting arguments.

Example. Any line divides M into two congruent parts.
Answer: {E,S,H}. Reason: Reflection about a line is an isometry in all three geometries.
a) There is a triangle in M whose side lengths are in the ratio 2 : 2 : 5.
b) There is a positive number δ with the following property. Take any triangle in M . Name its edges

a, b, c. Then the set of all points lying within a distance δ of a ∪ b contains the the third side c.
c) Let ` be a line and point P in M with P /∈ `. There is a unique line m through P parallel to `.
d) Let ` be a line and point P in M with P /∈ `. There are infinitely many lines m through P parallel

to `.
e) Let ` be a line and point P in M with P /∈ `. There is no line m through P parallel to `.
f) Let δ > 0 be a small number. If ` is a line in M and you form the set of all points a distance δ from

` and lying on side of ` (see Example question above) then this set is itself a line in M .
g) Make your own problem! Make an angle deficit problem!
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