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The species–area relationship (SPAR) is one of the cornerstones of ecological science. We use
information about the geographic distribution of species to deduce the SPAR from a new
model; our results complement existing ones that explain SPARs on the basis of equilibrium
theory or species-abundance relationships. We assume that each species is characterized by
a geographic range and level of abundance (occupancy). We use a mixture of analytical (in
one dimension) and numerical (in two dimensions) methods to create SPARs that are concave
and can often be parametrized by a power law with exponent less than 1. We show that the
main features of the SPAR depend upon the way that one censuses patches and on the
characteristics (range and occupancy) of the species. Our approach identifies the key field
variables that need to be measured and have implication for conservation, particularly when
one estimates the number of species lost after habitat destruction.
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1. Introduction

The goal of this paper is to show how
species–area (SPAR) and commonality–distance
curves are related to biogeographic character-
istics of organisms, particularly geographic range
and occupancy. To do this, we first develop
methods to simulate maps of species living in
single regions of different spatial scales. We also
briefly consider the case of a collection of
disconnected patches, such as a set of islands.
Because geographic range and occupancy can be
estimated in the field, our theory can be used to
show how observed SPAR and commonality can

reveal the spatial arrangement of species and vice
versa.

The species–area relationship (SPAR§) is one
of the foundations of modern ecological science
(Connor & McCoy, 1979; McGuinness, 1984;
Rosenzweig, 1995; Durrett & Levin 1996). The
commonly used SPAR is that the number of
species S(a) contained in area a is

S(a)=Caz (1)

where in the simplest case C and z are constants.
Typically, zQ 1 (observed and also predicted,
see e.g. Gotelli & Graves, 1996, Chap. 8), so that
although the number of species increases with
area, it does so at a decreasing rate [Fig. 1(a)];
this has important implications for conservation,
because it means that one predicts only moderate
loss of biodiversity associated with considerable
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§Following Rosenzweig (1995) we use SPAR rather than
SAR.
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F. 1. The SPAR (a) and commonality (b) for species
that are distributed according to a uniform occupancy
distribution. The maximum occupancy in this community is
0.5% of the total area. Error bars are due to spatial
fluctuations. The upper curves are SPARs (a) or
commonalities (b) for our model. The lower curves are
derived from a continuous version of this model (Coleman
et al., 1982). The inset in (a) shows a ln–ln plot of our model
result. A linear fit to this curve [which corresponds to a
power law fit to the original curve, see eqn (1)] gives
z=0.72 0.1. Exact results.

or Mauer, 1994), and deduce the SPAR with a
new model.

Common explanations for the SPAR based on
equilibrium theory (MacArthur & Wilson, 1967)
or species-abundance distributions (Preston,
1962; Coleman, 1981) assume that each species is
uniformly distributed in space, these explana-
tions are subject to controversy (see e.g. Gotelli
& Graves, 1996). Furthermore, it has been
argued that spatial patterns play a role for some
communities (Leitner & Rosenzweig, 1997), and
one should consider environmental conditions
such as habitat diversity when constructing
SPARs (Buckley, 1982; McGuinness, 1984;
Gotelli & Graves, 1996). Here, we show how the
geographic arrangement of species affects the
SPAR. We describe the spatial organization of a
community with two probability distributions,
one for the geographic range (area inside a curve
that bounds occupied sites) and one for
occupancy (actual area occupied by the species,
i.e. the geographic range minus open spaces
between occupied sites). Our approach produces
SPARs that vary significantly in shape according
to the specifics of these distributions. However,
they share features that we specify. We also
generate commonality curves (species in com-
mon to two spatially distinct patches).

In Section 2, we describe the model and two
quantities of interest, namely the species–area
relationship and the commonality. In the next
three sections, we present several calculations in
various cases that are then put together in the
discussion section. We first consider two types of
species that bound the members of a community
living on a single area. In Section 3, we consider
a widespread species community, in which all
members have a minimal degree of aggregation
(random placement of species). In Section 4, we
consider aggregated species, in which all
members have a maximal degree of aggregation,
i.e. range is a single patch. The SPARs deduced
in this manner will thus bound a more realistic
SPAR for a community that mixes species with
various degrees of aggregation. In Section 5, we
use a simple assumption to determine island
SPARs that are compared with nested SPAR in
Section 6. Section 7 is a summary of the results,
where we consider potential applications of the
model.

loss of habitat (e.g. Simberloff, 1992; Koopowitz,
1994; Holland & Petersen, 1995).

The usual procedure to determine the SPAR at
a single field site is to count species in patches of
increasing area, and eventually average the
number over different locations. Another ap-
proach is to determine the abundance curve
(number of individuals of each species), and get
the SPAR from a model that links the two
(Preston, 1962; Coleman, 1981; Coleman et al.,
1982). Here we propose to assess the geographic
ranges of species (e.g. Legendre & Fortin, 1989
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2. The Model

2.1.    

We are going to show how SPARs can be
constructed knowing the spatial arrangements of
species. If one draws a map of a region with
colors representing various species, one can see
patterns, e.g. patchy superimposed colors. Some
species can be found everywhere and have a
density ranking from rare to common. Other
species are aggregated in one or several patches
(see e.g. Gaston, 1990). These patterns reflect
environmental heterogeneity (in habitat, re-
sources, altitude . . .) and interspecific inter-
actions; they can vary through time. In order to
take into account spatial heterogeneity without
specifying the system in detail, we proceed as
follows. A grid of cells is superimposed on this
map. Each cell can support one or more species.
We count the number of species in each cell and
specify their presence or absence.

The simplest assumption one can make about
the spatial arrangement of species is that they are
uniformly and independently distributed in
space. This is called the passive sampling
hypothesis (see e.g. McGuinness, 1984). It is a
zero order approximation and is the starting
point of our analysis. Each species is assigned a
number of cells, namely its occupancy (Gaston,
1994), which is drawn from a random distri-
bution. Different occupancy distribution func-
tions lead to different SPARs. With the
assumption of uniform species distributions,
there is no variation through space apart from
statistical ones. If a cell is restricted to hold one
and only one individual, then occupancy is
equivalent to the abundance of the species.
Furthermore, in the continuous limit of our
model, that is, when the cell size tends to zero,
one recovers the random placement model
(Coleman, 1981; McGuinness, 1984; Gotelli &
Graves, 1996). It has been studied in detail by
Coleman who calculated the SPAR averaged
over the abundance distribution, and the
variance. We will compare our results to his.

As a first order approximation, we assume that
some species are aggregated. Beside occupancy,
each species will be assigned a geographic range.
Aggregation is maximum for a highly restricted
geographic range, i.e. species occupying only one

small patch. This case was investigated in
continuous space by Leitner & Rosenzweig
(1997). The other limiting case, i.e. minimum
aggregation, corresponds to widespread species,
i.e. species whose range is the total area.

Given a number of species and a map divided
into cells, a configuration of species is con-
structed as follows. Each species is characterized
by an occupancy (number of cells occupied), ni,
and geographic range (area within a curve that
bounds all occupied sites, including empty sites
between occupied patches), ri, both picked
randomly from appropriate distributions. Occu-
pancy is smaller or equal to the range. The two
can be correlated: some empirical data suggest
proportionality (Gaston, 1994), while Leitner &
Rosenzweig (1997) use a power law relationship.
Species maps are drawn independently and then
superimposed. We do not study interactions
between species specifically here, but our
methods are easily adapted to study guild or
antagonist communities. Since the species do not
have necessarily comparable spatial require-
ments, we can deal with a community of species
from different taxonomic groups as long as one
can assume a single distribution for the
geographic range and one for the occupancy.

2.2.    



For a given map of species, several SPARs can
be computed depending on the way areas are
censused. One could start with one center, say in
the middle of the region, count the species in a
patch, say a square, and enlarge the square until
the border of the region is reached. Within the
passive sampling hypothesis (all species are
uniformly distributed), going from one center to
another, or even changing the shape of the patch
considered, will not significantly change the
SPAR. This is not true when some species are
geographically restricted. Therefore the SPAR
will be either averaged over many centers
(simulations) or averaged over the distributions
P(ri) (analytical calculation). The analogy is to
phase space and time averages in statistical
physics, but we know of no ergodic theorem in
this case (Rosenzweig, 1998).

The shape of the SPAR can sometimes
discriminate between communities, and reveals
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the main features of the distributions P(ri) and
P'(ni). But this is not true in general. There are
other quantities that might be used to distinguish
between communities having uniformly dis-
tributed species and communities having some
aggregated species. Consider the number of
species in common to two patches of equal area
at a distance d. We call it the commonality
(Harte et al., 1997a, b, use commonality for this
quantity divided by the number of species in
the areas considered). The commonality is
analogous to the variogram (Cressie, 1991) since
it describes spatial correlation and has been
measured in some field studies (Whittaker, 1972;
Cody, 1993; Palmer & White, 1994; Harte et al.,
1997b).

3. A Community of Widespread Species

First, we assume that all members of the
community are widespread in the sense that each
species is distributed randomly on the grid. In
the terminology that we have introduced in the
previous section, this means that geographical
ranges cover the whole area under consideration.
Therefore, the spatial arrangement of the
species is entirely specified by the occupancy
distribution.

3.1.  

We start with a region of area A populated by
a pool of N species (this can be any area with any
shape or a collection of patches like islands in a
lake). Smaller areas, denoted a, are defined as
collections of unit cells, either connected or not.
Each species is assigned an occupancy consisting
of ni occupied cells randomly placed. Occu-
pancies are drawn from a single distribution
function, P'(ni). We will show that this model
has a continuous limit in which one recovers the
random placement model studied by Coleman
(1981).

The probability that the first cell designated to
be occupied by species i is not in area a is
(A− a)/A; if all subsequent areas are unit
valued, then the probability that it is not
found in the second cell is (A− a−1)/(A−1),
etc. . . . Thus the probability that species i is

not present in a set of cells of total area a
is

qi(a)= t
nr −1

m=0

A− a−m
A−m

(2)

if ni EA− a and qi =0 otherwise. The prob-
ability that this species is present in a is denoted
by pi(a)0 1− qi(a). In the limit where the unit
cell much smaller than A, eqn (2) simplifies to

qi(a)101−
a
A1

ni

(3)

if ni�A− a [i.e. m is neglected in eqn (2)]. This
is exactly what Coleman obtained with the
following model. Each species is assigned a
number of individuals that are randomly placed
in area A. In particular, the probability that a
given area a supports all individuals of a given
species might be small but not zero. Here, an
occupancy of ni cells translates into a number of
individual of ni.

In general, the average number of species in a
is

S� (a)= s
N

i=1

pi(a)=N−N s
A− a

n=1

P(n) t
n−1

m=0

×
A− a−m

A−m
(4)

so that

dS�
da

=N s
A− a

n=1

P(n) s
r−1

k=0

1
A− k

t
n−1

m=0
m$ k

×
A− a−m

A−m
(5)

decreases monotonically as a increases, implying
that the SPAR has a concave shape regardless of
the distribution P(n). The variance is (see
Coleman, 1981; and Feller, 1950)

Var(S)= (S−S� )2 = s
N

i=1

piqi (6)

Now we count the number of species,
C(a1,a2,d), in common to two patches of areas a1
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and a2 at distance d from each other. This
quantity does not depend on the specific patches
or the distance d, but only on areas a1 and a2. The
probability that species i is present in both a1 and
a2 is

pi(a1a2)=1− qi(a1)− qi(a2)+ qi(a1)qi(a2=a1)

(7)

where the probability that species i is not in a2

knowing that it is not in a1 is

qi(a2=a1)= t
ni −1

m=0

A− a1 − a2 −m
A− a1 −m

(8)

In the limit, where ‘‘i in a1’’ and ‘‘i in a2’’ are
independent events, as in Coleman’s model, eqn
(7) simplifies to pi(a1a2)= pi(a1)pi(a2).

In general, the commonality is given by

C� (a1,a2,d)= s
N

i=1

pi(a1,a2) (9)

which, in the case with a1 = a2 = aEA/2 is

C� (a,a,d)=N $1+ s
A− a

n=1

P(n)0t
n−1

m=0

A−2a−m
A−m

−2 t
n−1

m=0

A− a−m
A−m 1% (10)

Note that since the commonality does not
depend on the distance between the two patches,
it is also 2S� (a)−S� (2a).

Since our model becomes identical to the
random placement model of Coleman when
n�A− a, we expect similar curves for S(a) or
C(a,a,d) until a approaches O(A− nmax).

If P(n) is known, one can derive S(a) and
C(a,a,d). Conversely, knowing S and C permits
one to determine the moments of the distribution
P(n) (Coleman, 1981). To investigate this
correspondence, we use a uniform distribution
for geographical range. Assuming that species
occupancies take discrete values between nmin and
nmax,

P(n)=
1

nmax − nmin
(11)

if n is between the two limits, and P(n)=0
otherwise. Using this expression in eqns (4, 6, 10)
and nmin =1, we find that if nmax =A/200
(A=1000, so nmax is only 5), the SPAR is close
to a power law [Fig. 1(a)]. Geographic ranges are
small, so species are relatively localized. By
contrast, when nmax =A/10, the SPAR grows
linearly and saturates rapidly at its maximum
value [Fig. 2(a)] reflecting the fact that species are
distributed widely.

One can compare these curves with those for
the random placement by taking the small-n
limit. The summations in the various equations
are evaluated in the continuous limit. Straight-
forward integrations yield the average number of
species in a. When nmin =0, we obtain

S� (a)=N $1−
(1− ax)nmax −1
nmax ln(1− ax)% (12)

F. 2. The SPAR (a) and commonality (b) derived from
our model for uniformly distributed species, with a uniform
occupancy distribution between 0 and 10% of the total
area. Exact results.
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where

ax=
a
A

(13)

And the number of species in common to two
patches having the same area is

C� (a,a,d)

=N $1−
4(1− ax)nmax −3−(1− ax)2nmax

2nmax ln(1− ax) % (14)

Figure 1(a,b) show the similarity of the curves
for the discrete model and its continuous version.

For some communities, the geographic range
distribution might be well approximated by a
gamma density such that most species have small
ranges and relatively few have large ones
(Gaston, 1990):

P(n)dn=
nk−1e− n/v

G(k)vk (15)

Depending on the two parameters, k and v,
this function has a maximum or not, and is
asymmetric (the mean and the variance of this
distribution are, respectively, kv and kv2). In
this case, the continuous limit gives

S� (a)=N $1−
1

(1− rv)k% (16)

where

r0 ln(1− ax) (17)

This was first derived by Coleman (1981).
To characterize the shape of the SPAR given

by eqn (16), we use the slope in the small area
limit

dS�
da

1N
A

kv (18)

and the area at which 90% of the species are
included [set S� =0.9N and get ax] from eqns (16,
17)]

ax90 =1−e(1−10l/k)/v (19)

These show that unless the fraction of species
with small range is large (i.e. the average range,
k, is about 0.1% of the total area), the SPAR
saturates very quickly. It is more concave than a
power law (Fig. 3). We plot the various

F. 3. The SPAR for a community of uniformly
distributed species, with exponential occupancy distribution
favoring very small values (continuous model). A linear fit
to the ln–ln plot in inset gives z=0.32 0.1, but a better fit
to the SPAR is S(a)=0.2 ln (a)+1 (the continuous line)
rather than a power law. Exact results.

quantities for k=1 and v=10 [in eqn (15)] so
that P(n) decreases exponentially as n increases.
In that case, eqns (18, 19) imply that the slope at
the origin is 10N/A and that 90% of the species
are included when a/A passed 0.6 (Fig. 3). In
reality, in most field studies one does not reach
this saturation point, which is one reason why it
is difficult to predict the total number of species.
These results are similar to those with the
uniform distribution of eqn (11). In Section 6 we
discuss how these conclusions contrast with
results for a community of aggregated species
derived in Section 4.

3.2.  

Numerical simulation allows one to test a
wider range of occupancy distributions. For each
distribution, we pick N cells to be occupied, and
then distribute them uniformly on the grid. We
repeat this procedure a number of times to
reduce sampling error (which is smaller than the
data point symbols on all our figures). We plot
SPAR averaged over the various possible
locations of the censused area [from eqn (4)], and
the variance gives the error bars [from eqn (6)].

The SPAR can be fitted by a power law, eqn
(1) with exponent smaller than one, only if the
occupancy distribution is bounded at very low
values (typically no species may occupy more
than 5% of the total area), like in Fig. 1(a). As
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F. 4. The Kawasaki algorithm begins with a random
distribution of occupied (black) cells, and creates aggre-
gated distributions as Monte Carlo time increases. We show
two cases, corresponding to different occupancies: 10% (a)
and 50% (b), and three Monte Carlo time steps. At each
step, one considers A (total number of cells) pairs of
neighboring cells for an exchange (see Appendix). The lower
figure required 300 000 steps. Simulation.

a grid with larger unit cells. In case (ii), the
SPAR and commonality are computed as
follows. We randomly pick a set of centers, and
squares of increasing size are defined at these
centers. The number of species in each square of
the same size is determined, and then an average
over the various centers is performed. The SPAR
for both cases are not significantly different
[Fig. 5(a)] indicating that we can classify both
patterns as widespread species communities (also
suggested by Williams, 1995).

F. 5. (a) Widespread species with different degrees of
aggregation (upper curve: non-aggregated, and lower curve:
patchy) give similar SPARs. The occupancy distribution is
uniform between 0 and 20% of the total area. (b) A
restricted community also shows similar SPARs with
different densities (upper curve: density 1, and lower curve:
density 0.01) within a patch. The range distribution is a
truncated exponential and vanishes at about half of the
total area. The SPAR can be approximated by a power law
with exponent z=0.52 0.05 (see ln–ln plot in inset).
Simulation. Error bars due to sampling of the distributions
are smaller than the data point symbols in every simulation
(sample size is 50).

the number of species with large occupancy
grows, the SPAR becomes more concave than a
power law, with a rapid growth towards
saturation [Fig. 2(a)].

We also consider two communities with
increasing degree of aggregation, but identical
occupancy distributions: (i) uniformly dis-
tributed species, (ii) aggregated species in
uniformly distributed patches of various sizes
(but isotropic shapes). The ‘‘patchy arrange-
ments’’ are generated with a method derived
from statistical physics (Appendix). In this
simulation, computing time plays the role of
aggregation (see Fig. 4). That way, we study the
effect of cell size since one can consider that a
patchy arrangement is a uniform distribution on
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4. A Community of Geographically Restricted
Species

Now we consider a community in which each
species is localized in its own patch. We first
consider the case where occupancy equals
geographic range, r. The shape and the size of
each species patch can vary, and the SPAR might
depend on the shapes of censused areas, a. To
simplify, we study regular isotropic patch areas,
namely squares (or intervals in one dimension),
which are distributed uniformly in the region of
interest. More realistic patch shapes are studied
in Section 4.2. We show that as long as patches
are isotropic and randomly distributed, any
shape leads to the same SPAR.

4.1.  

We study a particular spatial discretization
where analytical calculations are possible. If one
considers regions with a gradient, such as
altitude, one can expect that sometimes species
arrange themselves in strips perpendicular to the
gradient. In this case, species can be counted in
one direction, which allows for a one-
dimensional model.

We assign the N species to an interval of length
A that is divided into cells (unit intervals). For
each species a geographic range, ri, is picked
from the distribution P(ri). Then one chooses an
interval of length ri at random and assigns it to
species i. Occupancy is ni = ri (i.e. density=1
within a patch). This is done independently for
all species. The probability, pi, that species i
belongs to a patch of length a depends on the
location of a. We consider two typical cases.
First, if a is adjacent to one edge then

pi(a)=
a

A− ri
(20)

if r is not larger than the remaining interval (i.e.
ri QA− a), and pi(a)=1 otherwise. Second, if a
is in the middle of the total interval A, then

pi(a)=
a+ ri

A− ri
(21)

if r is not larger than the remaining area on the
side of a (i.e. ri Q (A− a)/2), and pi(a)=1
otherwise.

We determine the SPAR in the two corre-
sponding cases, which will be of importance for
the discussion on edge effects. First, areas
censused are all adjacent to the same edge and
the SPAR is given by

S0(a)=N s
A− a

r=1

P(r)
a

A− r
+N s

A

r=A− a+1

P(r)

(22)

Second, areas are in the middle of the interval A,
so that

Sc(a)=N s
(A− a)/2

r=1

P(r)
a+ r
A− r

+N s
A

(A− a)/2+1

P(r)

(23)

We talk of an edge effect when eqns (22) and (23)
give different results (we will see that, with some
range distributions, this means that species are
less abundant near the edges).

In order to avoid this edge effect, one could
also consider periodic boundary conditions (that
is, a loop in dimension one or a torus in
dimension two). Then eqn (23) would hold for
any interval a along this loop. Leitner &
Rosenzweig (1997) do a similar calculation but,
in a continuous two-dimensional space. On a
two-dimensional grid with periodic boundary
conditions and square ranges, the number of
species is S2d(a)=N a

r
P(r)pr,a where pr,a is the

probability that range r overlaps area a (denoted
pi above).

One obtains this probability by looking for all
possible locations of a species whose range is a
square of area r such that it overlaps a given
square of area a (just as we did above), in one
dimension. A species with range r larger than
(zA−za)2 will overlap a given area a, i.e.
pr,a =1, and pr,a =(zr+za)2 otherwise [see
also eqn (2) in Leitner & Rosenzweig, 1997].
Therefore, the number of species can be written
as a sum of two terms, similar to eqn (23), which
can be evaluated knowing the range distribution.

Returning to the one-dimensional case, the
number of species in common to two patches of
length a1 and a2 at a distance d is

Cc(a1,a2,d)1N s
A

r= d

P(r)
r− d
A− r

(24)
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where (r− d)/(A− r) is the probability that
range r contains the interval of length d that
separates a1 and a2. To avoid edge effects we
consider areas a1 and a2 that are far from the
edges (which is indicated by the subscript C).
The distance d is limited by the size of the total
interval and of a1 and a2. As d increases, C
decreases and vanishes when d= rmax. Further-
more, the intercept when d=0 (adjacent
patches) is a constant that depends on the
distribution P(r), since CC(a,a,0)=2SC(a) −
SC(2a).

One could use any distribution and determine
the expressions for S and C numerically. Here we
consider the uniform distribution for compari-
son with the results of the previous subsection.
Combining eqns (22–24) and (11), we perform
the summation. The results depend on how rmin,

rmax and A− a are ordered.
When rmin =0 and rmax =A, for areas adjacent

to one edge (with ax0 a/A)

S0(a)=N(ax− axlnax) (25)

which gives

dS0

da
=N ln

A
a

(26)

On the other hand, for areas centered in the
middle,

Sc(a)=N $ax−(ax+1) ln 01+ ax
2 1% (27)

from which

dSc

da
=N ln

2A
A+ a

(28)

Thus, when a/A�1, S0 =0 whereas SC =Nln(2)
[the latter depends on the distribution P(r) in the
general case]. The slope of SC at small areas is
steeper than the one of S0, but in both cases the
slope of the SPAR decreases as a increases and
vanishes when a approaches A. Thus, the SPAR
has a concave shape and is asymptotic to N,
regardless of the distribution P(r). In general
SC(a)−S0(a)q 0 and the difference increases
with rmax, i.e. the edge effect.

For rmin =0 and rmax�A (so that we consider
commonality without the edge effect), the

number of species in common to two patches of
area a at a distance d is

Cc(a,a,d)=N $ d
rmax

−1

−0A− d
rmax 1 ln 0A− rmax

A− d 1% (29)

where dQ rmax. Since

1C
1d

=
N
rmax

ln 0A− rmax

A− d 1 (30)

=1Cc /1d = decreases as rmax increases.

4.2.  

One is forced to use numerical simulations to
study a two-dimensional map and various
geographic range distributions. A map of species
is constructed as follows: one picks N areas from
the range distribution, and for each value assigns
a patch of the given area to the species (since
patches have a fixed shape, they can not be
located anywhere). Patches are either squares or
isotropic (see Fig. 4). The SPAR is not
significantly different in either case. The critical
assumptions are the fact that patches are
isotropic and randomly distributed in space (in
both cases) which induce an edge effect: there are
fewer species near the edges than in the middle
of the map. The edge effect is shown analytically
in one dimension in Section 4.1, and numerically
in two dimensions (Fig. 6). It is an artifact of the
simulation, as noted by Colwell & Hurtt (1994).
The larger the species ranges, the deeper the edge
effect penetrates into the region.

As mentioned above, one way to suppress the
edge effect is to use periodic boundary con-
ditions, that is, place species on a torus (Leitner
& Rosenzweig, 1997). The expression for the
number of species given in Section 4.1 [between
eqns (23) and (24)] can be evaluated directly
when the range distribution is a gamma density,
eqn (15), and summations are converted into
integrals. We can also use our numerical
simulation; we did both as a test of this
simulation.
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F. 6. The edge effect is demonstrated by the deviation
between two SPARs. One is given by the average over many
square patches (fluctuation between locations of the
censused areas give the error bars). The lower curve is given
by the number of species in a square located at one of the
map’s corner. It supports fewer species than the average
square patch. Ranges are uniformly distributed between 0
and 100% of the total area. The SPAR can be
approximated by a power law with exponent z=0.12 0.05
(see ln–ln plot in inset). Simulation.

Furthermore, consider two communities with
increasing degree of aggregation. We vary the
density within a patch, i.e. occupancy divided by
range: (i) geographically restricted species occu-
pying a single (square) patch but with a low
density (0.01 in this case), (ii) restricted species
occupying a single patch with density 1. This
excludes cases where individuals are not dis-
tributed uniformly within a patch. Our results
suggest that one can classify these two cases in
one category, namely restricted species commu-
nities, since there are no significant differences in
the SPAR [Fig. 5(b)]. However, going to an even
smaller species density will eventually lower the
SPAR, and increase the exponent z.

F. 7. SPARs (a) and commonalities (b) when ranges are
uniformly distributed between 0 and P% of the total area,
with P=100, 50, 30 or 10. Larger maximum ranges imply
greater saturation levels. The highest curve is the same as
in Fig. 6, where z1 0.1, and the lowest curve clearly yields
z1 1. Simulation.

It has been suggested that the range distri-
bution is characteristic of the size of the region
(Gaston, 1994). A large region is likely to
support species whose ranges are smaller than
the total area available; then the distribution
might look like an exponential (with few species
having large ranges and many species having
small ranges). If the region studied is limited to
a much smaller scale, species will have ranges
that overlap the entire region, and the distri-
bution might be flat (like a uniform distribution,
for instance). An intermediate size area might
show a range distribution with two peaks at both
extremes (large and small ranges), see Gaston
(1994). If the range distribution is a truncated
exponential that vanishes at about half of the
total area, the SPAR is a power law [eqn (1)] with
an exponent z1 0.5 [Fig. 5(b)]. By contrast, if it
is a uniform distribution with minimum range 1
and maximum range equal to the size of the
region, the SPAR is more concave, that is, the
exponent is smaller (z1 0.1 in Fig. 6). The
commonality (species in common to two patches
of equal area) weakly depends on area, but
decreases with distance [see eqn (30) in
dimension one and Fig. 7(b) in dimension two].
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In Section 6.1 we compare the two kinds of
communities (aggregated and widespread), and
we discuss a more general community.

5. Island Species–Area Curve

To evaluate the SPAR for a collection of
disconnected patches (like a set of islands), we
assume that we know the range distribution,
P(r), and the probability that a species of range
r reaches an island of area a, pr,a. We then
distribute N species on a set of islands (or
patches) or various sizes 4a5.

The simplest additional assumption for islands
is the following: a species establishes itself on
island a with probability pr,a =1 if its range is
smaller than the island area, and pr,a =0
otherwise. Then, the SPAR is given by

SI(a)=N s
r

P(r)pr,a =N s
rE a

P(r) (31)

One gets very different shapes depending on
the shape of the range distribution, particularly
its variance.

When variance is zero, if all ranges equal r0,
then SI(a)/N is a step function, it is zero if aQ r0

and 1 otherwise [from eqn (31) with
P(r)= d(r0)]. Any distribution that is peaked at
some r0 with a small variance around this value
yields a SPAR that looks like a step function but
with smooth edges. If one fits a power law to this
curve (or at least a large part of the curve), the
power would be very small, i.e. z�1 in eqn (1).
The other limiting case is when the variance of
the range distribution is very large. The
maximum variance is for a uniform distribution
taking values between 1 and A, the area of the
largest island. Then SI(a)/N is a straight line
between zero and one, that is, a power law with
exponent z=1. For a general distribution, with
a width between 0 and A and a mean r0, the
SPAR fits between the step function and the
straight line. For a fixed mean, as the width
decreases from A to zero, z decreases from 1 to
0. On the other hand, for a fixed width, the larger
the mean range, the larger the area of the islands
where species can establish themselves, thus the
later the saturation of the SPAR (the area where
the number of species reaches N).

In Section 6.2, we compare these island
SPARs with nested SPARs that we obtained
previously.

6. Discussion

In this section, we combine results from the
previous three sections. First, we study the
impact of species degree of aggregation on the
SPAR and commonality curves. Second, we
investigate scale effects. We finally compare
SPARs for regions at various scales and also
with island SPARs.

6.1.  .  

We consider a community of species that live
in a single patch. Our methods generate a family
of SPARs that are concave, like power laws with
exponent smaller than 1 (in contrast to some
logistic curves that have a point of inflection).
The SPARs have distinctive shapes depending
upon whether one considers a community of
geographically restricted species or widespread
species. In the case with restricted species, one
gets a power law [eqn (1)]: the less restricted the
species, the smaller the exponent with a faster
saturation [Fig. 7(a)]. On the other hand,
widespread species show a more abrupt change
in the SPAR, which grows rapidly to saturation
(Figs 1 and 2). The difference between the two
types of community comes from the fact that in
one case a species can be found anywhere,
although it can be rare, while in the other case
it is restricted locally. Therefore, we can
anticipate that species (either regularly spaced or
grouped in patches) distributed in the entire
region, all belong to the same category of
widespread species and lead to similar SPARs
[see the numerical study in Section 3; and
Williams (1995) for the random placement
model]. Geographically restricted species are a
distinctive category; in particular, our results
suggested that the density within an occupied
patch (the factor of proportionality between
range and occupancy) is not relevant for the
SPAR. The two categories share some proper-
ties, such as decreasing slope of the SPAR as the
censused area increases, and they become similar
if species ranges are small.
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A real community will have species with
various geographic ranges and occupancies.
What matters then is the fraction of species with
maximum degree of aggregation (restricted to
one patch). From this information and the
knowledge of the distribution of occupancy, one
can predict the SPAR. Similarly, the SPAR and
commonality reflect the spatial distribution of
species, and can be used to get an idea of the
fraction of restricted species and of the
distribution of occupancy. For example, we
simulate a community having an exponential
occupancy distribution and either ranges equal
to occupancy (one patch) or the whole region
(uniformly distributed species). We vary the
fraction of widespread vs. restricted species. The
latter has to be large enough to prevent a rapid
saturation of the SPAR induced by the
widespread species.

The commonality computed numerically is
similar to the analytical results of the previous
section. The commonality has distinctive shapes
for the different categories of species community.
When the species are all widespread, the number
of species in common to two patches does not
depend on the distance between the two, but
does depend on the patch areas and on the
occupancy distribution [Fig. 8(a)]. In contrast,
for a community of restricted species, the
commonality decreases as distance increases and
depends very little on the areas of the two
patches considered. It vanishes when the distance
is equal to the larger range linear size in the
community [Fig. 8(c)]. In a community where a
fraction of the species are restricted to one patch
while the others are widespread, the commonal-
ity is a mixture between the two shapes and starts
to decrease before it saturates at a value that
depends on the patch areas [see Fig. 8(b), and
Section 7 for a comparison with field data].

6.2.  . 

SPARs for a collection of disconnected
patches (island SPARs) are estimated in a
different manner from those for a single region
(mainland SPARs). To compare the two, we first
specify the range distribution. For mainland
SPARs, it will depend on the size of the region
A considered. If A is small, then most species
ranges will be large compared with the total area,

F. 8. Commonalities when two kinds of species are
mixed: some species are uniformly distributed with
occupancy of 5% of the total area, other species are
restricted to one patch with range distribution as in
Fig. 5(b). (a) The commonality is constant as a function of
distance between patches, but varies with the area (upper
curves: area is 1.5% and lower curves: 0.4%) when all
species are of the first kind. (c) It decreases and vanishes at
about half the largest distance when all species are of the
second kind. (b) A mixture of 30% of the first kind and 70%
of the second is a compromise between the two previous
curves. Error bars reflect spatial fluctuations. Simulation.

that is, the range distribution has a large mean
(in the extreme case, it is a widespread
community where all ranges equal the entire
area). If A is large, then most species ranges will
be much smaller than A. The range distribution
will have mean and variance much smaller than
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A. We have already seen that larger ranges imply
earlier saturation of the SPAR (the smaller the
area where we detect all species), and thus
smaller exponents in eqn (1), see e.g. Fig. 7(a).
Therefore, different range distributions explain
why exponents are smaller for small A SPARs
(i.e. large ranges compared with A) and larger
for large A SPARs. For instance, Rosenzweig’s
review (Fig. 9.11 in Rosenzweig, 1995) gives as
typical values, z=0.15, for SPAR within
provinces (small A) and, z=0.9 for SPAR
between provinces (large A).

We do not know the appropriate range
distribution that verifies our assumption that a
species cannot establish itself on an island of area
smaller than its range. However, consider a
range distribution with narrow variance around
a small mean range. We showed in Section 5 that
zQ 1. On the other hand, since small ranges,
which correspond most likely to a large A
(mainland), mean a late saturation of the SPAR
and a large z, the island exponent is smaller than
the mainland exponent. Next, consider range
distributions with large variance. Then the
opposite inequality between exponents holds: the
island SPAR gives an exponent close to 1 while
the mainland SPAR gives a smaller exponent.
Therefore, we get that the island SPAR exponent
is larger than the small A mainland SPAR but,
smaller than the large A mainland SPAR.
Rosenzweig gives typical values for island
SPARs, z=0.25–0.45 (Fig. 9.11 in Rosenzweig,
1995). If one compares with the values of the
previous paragraph, one sees that the inequalities
between the three exponents are in agreement
with our argument (see also Rosenzweig, 1997
for a discussion on these issues).

7. Conclusions and Perspectives

We developed methods for modeling the
SPAR that includes the generic properties of
species of geographic range and occupancy.
Our numerical methods can be used in one, two
or three dimensions. They rely on three
assumptions that could be released easily if field
data would suggest otherwise: (1) species are
distributed independently, (2) are uniformly
distributed within their ranges, and (3) ranges
have isotropic shapes. We need not specify the

abundance of the species (number of individuals
in a cell), only their presence or absence, which
is easier to observe in the field.

We generated nested SPAR for communities
of species living in an area consisting of a single
region. When the SPAR can be approximated by
a power law, the exponent depends on the
relative importance of the range distribution
characteristics (mean and variance) and the size
of the region. For instance, we studied a
community where each species is geographically
restricted, that is, occupies one patch of range
given by a random distribution. We showed that
larger ranges compared with the region size
imply smaller exponents. If some species in the
community are widespread, then the SPAR tends
to be more concave than previously (as the
exponent decreases). Furthermore, SPARs for
communities of species living in several discon-
nected patches (like sets of islands) lead to
exponents that are intermediate between large-
scale and small-scale nested SPARs. These
results are in agreement with reported field data
(see e.g. Rosenzweig, 1995).

We showed that the number of species in a
patch depends not only on its area, but also its
shape and location, in particular we studied an
edge effect that implies a diminution of the
number of species near the edges. This has
important implications for conservation. Taking
into account spatial arrangement of species in
the way we did in this paper, leads to a new
SPAR that gives the number of species left after
habitat loss.

Commonality curves (number of species in
common to two patches as a function of their
area and distance) decrease as the distance
between patches increases, and vanish when one
reaches the larger range linear size of the
community. In the limiting case when species are
widespread, the commonality depends solely on
area. Such behavior has been observed in field
experiments: for plants in a meadow in Colorado
(Harte et al., 1997b), species in a forest in
Carolina (Palmer & White, 1994), trees in a
mountain in Oregon (Whittaker, 1972), and
birds in Australia (Cody, 1993). Commonality is
not used consistently in the literature. For
example, Harte et al. (1997a, b) show a plot of
our commonality divided by the number of
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species in each of the two patches considered; it
decreases with distance but shows no saturation.
This probably means that some species have a
restricted range (implying distance dependent
commonality) while other species can be found
everywhere in this region (since the commonality
does not saturate as a function of distance, and
it depends on area). Palmer & White (1994) show
a plot of the number of species in each of the two
areas considered minus the commonality (Fig. 4
in Palmer & White, 1994). Their curves are either
flat or increasing with distance (cf. our Fig. 8).
A more systematic study of field data is needed
to check that what we predict for the range
distribution by looking at the species–area and
commonality–distance curves is actually verified.

Finally, our work suggests a number of
potential avenues of future research:

, more work needs to be done to confront
models of SPARs to field data;

, careful empirical attention to our method
and others by which SPARs are created and
the different methods should be compared at
the same site;

, solution of the inverse problem relating
commonality and SPAR to the spatial
distribution of the species;

, a dynamical model might be coupled to our
model: starting from the map of species that
we were able to create, one could study the
evolution and stability of the spatial patterns
when dispersal, life cycles and competition
are taking into account (e.g. Durrett &
Levin, 1996). This could be useful especially
when studying species displacement after
habitat loss.
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APPENDIX

Generating Patchy Spatial Distribution of Species

.1.    

To generate the spatial distribution of species,
we need an algorithm that applies for wide-
spread, patchy or localized species arrangements.
We use the Kawasaki model, introduced in
statistical physics to study atomic aggregation
(Kawasaki, 1979). One starts with a random
configuration of individuals of a certain kind of
species and begins with a map divided into cells
that are black (white) for occupied (empty) cells;
the black and white cells being mixed in a way
such that one can not distinguish any pattern.
If this species is meant to be an aggregated
species, then one has to group the black cells in
patches, the more aggregated the smaller the
number of patches. The Kawasaki algorithm
does that by introducing an attractive interaction
between the occupied cells. As the simulation
time increases, species become more and more
aggregated, i.e. time plays the role of the degree
of aggregation.

In Fig. 4(a,b), we show the evolution of two
configurations that have different densities of
black cells. This density is the occupancy of the
species under consideration whereas time can be
translated into an average patch area (related to
the geographic range since the longer the
simulation goes the more aggregated the species,
i.e. the smaller its range). This correspondence
can be done empirically or using the fact that the

average patch area grows with time as a power
law (for a range of values of K, see Kawasaki,
1979).

.2.  

The Kawasaki algorithm works as follows.
One assigns an ‘‘energy’’ to each configuration of
black and white cells in a way so that the
preferred configuration is a segregation of the
colors, e.g. a single black patch in a white
background. If one starts with a random
configuration, the dynamics lead the system
towards its most energetically favorable
configuration. The model fulfills this require-
ment by giving a rule (described below) that
generates a sequence of configurations that is a
Markov chain (Cressie, 1991). We generate a
new configuration from the previous one by
Monte Carlo methods (Krauth, 1996; Hilborn &
Mangel, 1997).

We start from an initial configuration I
(a random distribution of black cells, in our
case). The next configuration in the Markov
chain, F, is obtained by considering a pair of
neighboring cells and exchanging their color if
they happen to be different. This can be seen as
the move of one color until it reaches a patch
of the same color. The difference in energy
between the two configurations is then deter-
mined using the Ising model (Cressie, 1991;
Krauth, 1996).

E(C)=−K s
�i,j�

sC
i s

C
j (A.1)

where sC
i takes the value 1 if the cell is black and

−1 if it is white. The sum is over neighboring
cells (each cell has four neighbors, except on the
edges). To minimize this energy one has to keep
the product sC

i s
C
j positive, that is, neighboring

cells prefer to be of the same color. In other
words, the system will tend to form patches that
will grow through time as cells of the same color
aggregate. The parameter K controls the shape
and the rate of formation of the patches. Here,
we fixed K=0.25, which is larger than a critical
value below which the system would tend to
equilibrium configurations with no spatial
pattern (Kawasaki, 1979).
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Finally, we compute the probability of moving
to the configuration F [using the Metropolis
transition probability (Cressie, 1991; Krauth,
1996)]

p(I : F)=min[1,exp(E(I)−E(F))] (A.2)

This is implemented using a single uniformly

distributed random number 0QUQ 1, and we
move to the new configuration under the
condition that UQ p(I : F). Therefore, the
transition probability is 1 if the final configur-
ation energy, E(F), is smaller than the initial
configuration energy, E(I).
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