
Solutions to Practice Problems for Exam 1

October 16, 2010

1. Find the cosine of the acute angle between the planes

2x− 2y + 3z =8 (1)

3x+ 4y − 2z =7. (2)

Solution:

First remember that an acute angle is less than 90◦. So the cosine of an
acute angle must be between 1 and 0.

The angle between two normal vectors of the planes is the same as one of
the angles between the planes. We can find a normal vector to each of the
planes by looking at the coefficients of x, y, z. This gives us

~n1 = < 2,−2, 3 >

~n2 = < 3, 4,−2 >

where ~n1 is normal to plane (1) and ~n2 is normal to plane (2). By using
the identity

~a ·~b = ‖~a‖‖~b‖ cos θ.

where θ is the angle between the given vectors in the dot product. This
gives us that

~n1 · ~n2 = ‖~n1‖‖~n2‖ cos θ

cos θ =
~n1 · ~n2
‖~n1‖‖~n2‖

.

Pluging in our values for ~n1 and ~n2 we get

cos θ =
−8

(
√

17)(
√

29)
.

We can immediately see that since this is negative, the angle θ must not be
acute. The acute angle between the planes must then be the complement
to this angle 180◦ − θ.
Since cos is a nice periodic function, we can compute cos 180◦ − θ by using
the properties of the cosine function, namely

cos 180◦ − θ = − cos−θ = − cos θ.
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This gives us that cos 180◦ − θ = 8√
17
√
29

.

Alternatively, we could have re-computed the dot product with different
normal vectors, −~n1 and ~n2 or ~n1 and −~n2 would have given us positive
cosine values.

2. Find the equation for the plane containing the points (3, 1, 1), (2,−1, 1),
and (7, 2, 2).

Solution:

For a plane equation we need two pieces of information, a point on the
plane and a vector that is normal to the plane.

For the point we can pick any of the ones we are given (say (3, 1, 1)), and
we can find a normal vector by taking the cross product of any of the
vectors between these given points.

For our vectors we will pick the two going from (3, 1, 1) to the other two

points. This gives us ~a =< −1,−2, 0 > and ~b =< 4, 1, 1 > and ~n =
~a×~b =< −2, 1, 7 >. Which gives us the plane equation

−2(x− 3) + (y − 1) + 7(z − 1) = 0.

We can check that all three points are on this plane by plugging the points
into the plane equation.

3. Find the area of the triangle with vertices (3, 1, 1), (2,−1, 1), and (7, 2, 2).

Solution:

If one was to pick a point (say (3, 1, 1)), and take the vectors ~a and ~b to
be the vectors from that point to the others (i.e. ~a =< −1,−2, 0 > and
~b =< 4, 1, 1 >). We could see that the parallelogram spanned by these
vectors has an area exactly twice that of the triangle encompassing these
points.

The area of this parallelogram can be obtained by finding the magnitude
of the cross product of these vectors.

~a×~b =< −2, 1, 7 >

‖~a×~b‖ =
√

54

So the area of the triangle must be
√
54
2 .

4. Find the points where the line, < x.y.z >=< −7,−4, 3 > +t < 4, 3,−5 >
intersects the plane x+ y − z = 22

Solution:

The fastest and easiest way would be to look at the line equation in the
following form
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x =− 7 + 4t

y =− 4 + 3t

z =3− 5t

and then plug these into the plane equation.

(−7 + 4t) + (−4 + 3t)− (3− 5t) = 22

−14 + 12t = 22

12t = 36

t = 3.

Plugging this value in for t in our line equation gives us the point on the
line which intersects the plane.

< x, y, z >=< −7,−4, 3 > +3 < 4, 3,−5 >=< 5, 5,−12 > .

5. Draw the traces of z = y2 − 4x2 for z = −1, 0, 1, 2.

Solution:

Plug in each value in for z and plot the resulting equation in the XY -plane.

6. Find the distance from the point (1, 2,−5) to the plane 3x− y − 2z = 6.

Solution:

There is a nice pre-computed equation for this in the book. The distance
from the point (x1, y1, z1) to the plane ax+ by + cz = d is given by

D =
|ax1 + by1 + cz1 − d|√

a2 + b2 + c2
.

Plugging in our points and plane equation we get

D =
|(3)(1) + (−1)(2) + (−2)(−5)− 6|√

32 + (−1)2 + (−2)2

D =
|7|√
14
.

Alternatively, if you cannot remember this equation, but can remember(or
derive) the equation for the component of projecting one vector onto an-
other, then one can arrive at the same solution by finding the component
of projection of the vector from (3, 1, 1) to any point on the plane.

The equation for component of vector ~a onto ~b is given by

compa(~b) =
~a ·~b
‖a‖

.
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7. Find an equation for the line of intersection of the planes 2x+ y− 3z = 4
and x− 3y + 3z = 0.

Solution:

The general way of finding intersections of equations is by combining equa-
tions in some way to reduce the number of variables.

In this case we will add the two equations together to get

2x+ y − 3z =4

x− 3y + 3z =0

−−−−−−−−−−−
3x− 2y =4

Which gives us x = 4+2y
3 . Plugging this back into one of the plane equa-

tions, we can now solve for z in terms of y as well. We plug our solution
into the second plane equation to get

4 + 2y

3
− 3y + 3z =0

4 + 2y − 9y + 9z =0

4− 7y + 9z =0

9z =7y − 4

z =
7y − 4

9

Assigning y to our ”free floating” variable t we get the parametric equa-
tions

x(t) =
4 + 2t

3
y(t) =t

z(t) =
7t− 4

9

Alternatively, for a line equation we technically only need a point on the
line and a vector parallel to the line. We can get the vector by taking the
cross product of the normal vectors of the planes.

Getting a point on the line is more tricky, it needs to satisfy both plane
equations. If you can find one by guessing thats great, if not then you will
end up having to do the same kind of algebra as above.

If you know a point p0 = (x0, y0, z0) is on the line and the vector ~v =<
a, b, c > is parallel to the line, then the equation of the line can be given
by
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f(t) = p0 + ~vt

or identically

x(t) =x0 + at

y(t) =y0 + bt

z(t) =z0 + ct.

8. If ~v · ~w = 0 and ~v · ~v = ~w · ~w = 1 show that (~v × ~w) · (~v × ~w) = 1.

Solution:

The fact that ~v · ~w = 0 tells us that the vectors are perpendicular. The
fact that ~v ·~v = ~wcdot~w = 1 tells us that both are unit vectors (magnitude
1).

The claim that (~v× ~w) · (~v× ~w) = 1 is equivalent to showing that the cross
product is also a vector of magnitude 1. This is equivalent to saying the
area of the parallelogram that is spanned by ~v and ~w has area 1.

Putting our information in the context of the parallelogram. The fact
that ~v · ~w = 0 tells us that the parallelogram is a rectangle. The fact that
~v ·~v = ~wcdot~w = 1 tells us that all sides of the parallelogram are of length
1.

With all the information put together, we can conclude that the parallel-
ogram that is created by ~v and ~w is in fact a square with side length 1, so
it must have an area of 1, proving the claim.

9. Determine whether the lines are intersecting, parallel, or skew. If they
intersect, find the point of intersection. If they do not intersect find the
distance between them.

Solution:

To determine if the lines intersect, we can try to plug parts of one line
equation into the other. For example, we can take y−4 = x+ 1 and make
it into y = x+ 5 and plug that into the first half of the first line equation
to get

x− 1

2
=
x+ 5

3

3(x− 1) = 2(x+ 5)

3x− 3 = 2x+ 10

x = 13.

To be finished...
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