=

is onto for some Uy €U, then f is Joc
\ ally onto;
w%a% Q_ of ug and ¥, of f{u) such that f|U,:
(1) is onto Jor ue U, then fis an open mapping I

BOX 2.58 PROOF

THEOR OF THE LOCAL SURJECTIVITY

Mwwe\wm:w%w@ i to «mmm: from Section 2.1 that E/ker Df(uy)=E.

- Space with norm (|[x]| = inf{jx + VARG
”%omw. [x] is the equivalence class of x. To mmﬁ__wm f M__V_Mm _MM N\A "o
-cration scheme in E, and E simultaneously. Now b\ o) foduces 20
.aoEoEEmEﬁmolv ?&Emconmmb

. N...u S0 Nf.ém .
1somorphism theorem. Write L(F. E)) exists by the Banach

as - flx)=y

flug+hy=p, je. wLC\.f\?c..TSv.uo
where x = u, + .

To solve this equation, defi enc
. , define
L, is a coset of ker Df (u,)) and Mmoasouom = mM\wﬂ.b\aaov o

« s -
uﬁﬂﬂb\.ﬁﬁcvu \mO e .NLO mam_Hu and - ” h: CE HHHQ.C.OQ(‘OH% .U.w. .N\O =

h:"h:lu+H|A&l.\?o.+3|_vv Gv

and selecting 4, € L, such that

Wy~ h,_di<2iL; -1

zlu__. AMV
The latter is possibie since I ‘
, L,~L,_\l=inf{)h—p
muﬁwﬂn .@z.‘.l _.m NSI i h:l 1 = N.l ;bﬁ.\.Am&Dv}::l _vu m%l H__ __k € N\:v.

L, H.HLTN —fluy + \ﬁxi_v.._.b.\.?ovbf_v.

Subtracting this from the same expression for [, gives
. . i n—1
L, I..h;i = =T Y f(uy+ B )= f(uy + hys)

= Df(uo)(h,_y = h,_y)). 9.
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For ¢> 0 given, there is a neighborhood U of u; such that | Df(u)—

Df(ug}| <eforueU, since fis C'. Assume inductively that u, + &,
EUand uy+ h, ,<U. Then from the mean value inequality,

MLy~ Lyl < el Apoy = hysl (4)

By (2),

Wy = Bill S AL, = Lo < 28T Yl — Byl
Thus if ¢ is small,
_“\a: - \malu_m IA....W:&:I_ - \_Blmm_.

Starting with h, small and [k, — Aol <3|hgll, ug + A, remains
inductively in ¥/ since

Al < Aol 4Ry = Aol HlAy = All+ - - - +lh, — |

1
N:I_

< ?T o gl < 2yl

It also follows that &, is a Cauchy sequence, so it converges to
some point, say h. Correspondingly, L, converges to L and A€ L.
Thus, from (1),

0=T""(y—f(ug+1))
and so

y=f(up+h). =

This proves that for y near y; = f(ug), f(x)= y has a solution. If
there is a solution g(y) = x which is C', then Df(x;)e Dg(y,)= I and’
so-range Dg( ), ) is an algebraic complement to ker Df(x,). It follows
that if range Dg( y,) is closed, then ker Df(x,) is split.

. In many applications to nonlinear partial differential equations,
methods of functional analysis and elliptic operators can be used to
show that kerDf(x,) does split, even in Banach spaces. Such a
splitting theorem is called the Fredhoim alternative. For illustrations of
this idea in geometry and relativity, see Fischer and Marsden
[1975],[1979], and in elasticity, see Marsden and Hughes [1982, ch. 6].
For such applications, 2.5.8 suffices.

The locally injective counterpart of this theorem is the following.




