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(d) Let ESMW\MEE_N&;E. Show that on L*, f has a

formally :os-mowgﬁ.ﬁo critical ﬁo:.: at 0, yet this oncomw point
i3 not isolated.

2.5 THE INVERSE AND IMPLICIT _uC.ZO._._OZ THEOREMS

The inverse and implicit function theorems are pillars of nonlinear
analysis and geometry, se we give themspecial attention in this section.
Throughout, E, F,...,arc assumed to be Banach . spaces. In the finite-
dimensional case these theorems have a long and complex history; the
infinite-dimensional version is due to Hildebrandt and Graves [1927].

We first consider the inverse function theorem. This states that if the
linearization of the equation f(x) = y is uniquely invertible then locally so is
f; i.e. we can uniquely solve f(x) =y for x as a function of y. To formulate
the theorem, the following terminology is useful.

2.5.1 Definition. .\_ map f: UCE—VCF (U,V open) is a C" diffeo-
morphism if f is of class C’, is a bijection (that is, one-to-one and onto V), and
f~Vis also of class C".

2.5.2 Inverse Mapping Theorem. Lletf: U CE — Fbeof class C',r

1, x, €U, and suppose Df(x,) is a linear isomorphism. Then f is a C*
diffeomorphism of some neighborhood of x, orito some neighborhood of f(x,)
and Df~'(p) =[Df(f~ " (yN~" for y in this neighborhood of f(x,).

Although our. immediate interest. is the finite-dimensional case, for

Banach spaces keep in mind the Banach wmoBo_ﬁEmE theorem: if 7: E —» F
is linear, g.moaﬁ, and continuous, Eon T ! is continuous. (See Box 2. N>v

m.__.g\ &. 5@%&3 252 We cmmE by mmmnBEEm a m@é standard lemmas.
First recall the contraction mapping principle from Section 1.2.

253 Lemma. Ler M be a complete metric space with distance function d:
MxM—R. Let F: 3 - M a:& assume’ Sm__.m isa SEEE > 0< A <1 such
SE. forall x, ye M,

d(F(x), F(y)) < K? n.
Then F has a unique fixed point x, € M, that is F(xy) = x,.
This result is the basis of BEQ important existence theorems in

analysis. The other fundamental fixed point theorem in analysis is the
Schauder fixed point theorem, which states that a continuous map of a
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noEﬁmQ oow<mxmo25mwm5mo:%mcmmm%:o :mm_m wmmmﬁxma Uo::] noﬁ
necessarily 55:0 however. S :

254 Lemma. hmm QHAM F) denote the set of b:m_nw EQEQQ?@S@ Sfrom m.

onto F. Then GL{E, F)C L(E, F) is open.

m.wee\.. Let
lla]| = sup [ja(e)]

ecE
le]| =t

be the norm on L(E, F) relative to given norms on E and F.

We can assume E = F. Indeed, if ¢, € GL(E, F), the map ¢ = @5 ' o4
from L(E,F)to L(E,E)}is oodsscocm and Qﬁm F)is Eo inverse image
of GL(E, E).

‘For ¢ € GL(E, E), we shall prove that any ¢ sufficiently near ¢ is also
invertible, which will give the result. More precisely, || — || <|l@ !|| "
implies { € GL(E, E). The key is that ||| is an algebra norm. That is,
(1B = ol < ||Blll|et]] for e« € L(E, EY and B € L(E, E) (see Section 2.2). Since
y=@o(I—g le(qp— ¥)), ¢ is invertible, and our norm assumption shows
that __61 Lo(q ~ )| <1, is sufficient to show that I - £ is invertible whenever
€|l <1. (I is the EQ:_Q O@Smﬁoﬂv Consider the mocogbm sequence (called
the Neumann series):

__yl~+m
E,=T+E+Eo £

M:MN+m+mn,m+...+Amomo... o).

Using the triangle inequality and the foregoing norm inequality, we can
compare this sequence to- the sequence of real numbers; 1,1 +]|&]l, 1 +[&|+
II€]I3, . .., which we know is a Cauchy sequence since ||§|| < 1. Because L(E, E)
is complete, £, must converge. The limit;- say p, is the inverse of I — m
Indeed (I — mvmz = ~ {Eofo . o£) 50 the result follows..: v

255 Lemma. Letd: GL(E,F)— GL(F, E): ¢ = @~ '. Then 9 is of class
C* and D3 () ,,_‘_ =— eu_%el Quoﬁ D%, see Box 2. uﬁv

bc_,aa\ We may assume Qh?m. Fy=o. If we can show that bmﬁeu % =
— @ leyog!, then it will follow from Leibniz’ rule that § is of class €*.
Indeed, DS = B(9, 9) where. B-.€ L>(L(F, E); L{L(E, F), L(F, E))) is de-
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fined by B(y,, ¥, 4)y= —+, ¢ d o, where ¥, {p €EL(F, E) and A€
L(E, F), which shows inductively that if ¢ is C* then it is C**'. Since
,,v - — eleea_ is :baE. (¥ mhﬁm F)), we must show that

i __eaf? |e-_§1_+eee _v__u,c_.
V-9 Iy~ @il

Note that
4 (9 o e+ oo ) = 297 4 g7 g
=T @) (- e)e
Again, using ||B = a| < [|o}{||B]| for a € L(E, F), 8 € L(F,G),
' b= 9o~ (b — @Yo <™ Il — ol 2lle I
With this inequality, the limit is clearly zero. ¥

To prove the theorem it is useful to note that it is enough to prove it
under the simplifying assumptions that x, =90, f(x;) =0, E = F, and Df(0)
is the identity. (Indeed, replace f by A(x) = Df(x,) "' o[ f(x + x¢)— f(x,)})

Now let g(x)=x — f(x) so Dg(0)=0. Choose r > 0 such that ||x|i<r
implies ||Dg(x)|| <%, which is possible by continuity of Dg. Thus by the
mean value inequality, ||x|| < r implies [|g(x)|f < r/2. Let D (0)={x € Fj||x|

<€), Forye D, (0), let g (x)=y+ x— f(x). w% the mean value inequal-
ity, if

VAS W«\NAS and x;,x, € W%S.
then .
(i) M_wf?v__ _C\__+_ﬂm?v__

and IR TAEAEPAENTE M__H_iu_w..

,EEm by Lemma 2.5.3, g, has a E:n:a fixed point x in ..w (0). H_ﬁm no:: xis
the unique solution of f(x)= y. Thus f has an inverse

\,_“s@ﬁ@éuﬁ@is.vnﬁs_.

From (ii) we have ?e ()= 0l < 2y, = wall so \r_ is n.o.sasc-
ous.

From Lemma 2.5.4 we can ocooma r small enough so that Df(x)™" will
exist for x € D (0). Moreover,’ _uw‘oo_;ca._:._:% (1DF(x)"")i < M for some M

THE INVERSE AND IMPLICIT FUNCTION THEOREMS 105

and all x € D,(0) can be assumed as well. If y, y, € D, ,(0), x, = o)
and x, = f~'(7,), then

1) = )= DF (x3) ™ (= )l
=l = %= Df ()" [F () = £()N
=IDf(xy) (DF (x) (3 = 20) = () + £ (32 )
< M| f(x:)— f(x3)= Df (x2)(x; = x|
This, together with (iii), shows that f~! is differentiable with derivative
Df(x) ' at f(x); ie, D(f )=GeDfefon V= a\NAS This formula,

the chain rule, and Lemma 2.5.5 show inductively that if /' is C*~! then
flisCtforl<k<r. B

This argument also proves the following: If f: 7=V is a C” homeo-
morphism where U C E, and V' C F are open sets, and Df(u) € O;m F)
for u €U, then fis a C" diffeomorphism.

BOX 2.5A THE SIZE OF THE NEIGHBORHOODS IN THE
INVERSE MAPPING THEOREM

An analysis of the preceding proof also gives explicit estimates on
the size of the ball on which f(x) =y is solvable.! Such estimates are
sometimes useful in applications. The easiest one to use in examples
involves ommBmﬁnm on the second derivative.

Mmm Ooqo__m—.m_ .m.:ﬁh&m\qﬁnmiﬁa c\.nmn% mewaomq
and U%Axov is an isomorphism. Let . -

L=|Df(xo) and M=|Df(xs)”
Assume : C
__bﬁxv__ K 5 lx—x,ll<R and Dg(x,)cCU.
Let

. . 1
x_HEEA mmﬁxuwvu

(1 1y R,
R,=minl—,————— ! gnd R,=22,
2 ELP“NE?+§~L e K791

We thank M. Buchner for providing this formulation.



